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What Is Unitarity?
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Every scattering amplitude can be expanded in terms of partial waves.

A(θ) = 16π

∞
∑

l=0

(2l + 1)alPl(cos θ) (1)

0.5-0.5

1.0

Im(al)

Re(al)

Unitarity condition: |al| ≤ 1.

If perturbative calculation is valid then

unitarity must be obeyed at the tree level 1, i.e.,

|atree
l | ≤ 1

Lesson : If the tree level amplitude grows with energy then we will have

trouble with unitarity at high energies.

1M.S. Chanowitz et al, Nucl. Phys. B 153(1979) 402-430
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e−(p1) + e+(p2) → W−
L (k1) + W+

L (k2) (SM)
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Aγ
a =

e2

M2
W

v̄2/k1u1 +O(1) (7)

AZ
a =

g cos θw

2M2
W

[

g

cos θw

(1/2 − sin2 θw)v̄2/k1u1

− g

2 cos θw

v̄2/k1γ
5u1 − me

g

2 cos θw

v̄2γ
5u1

]

+O(1) (8)

Ab = − g2

4M2
W

[

v̄2/k1(1 − γ5)u1 + mev̄2(1 − γ5)u1

]

+O(1)(9)

Awithout higgs = Aγ
a +AZ

a +Ab = − g2

4M2
W

mev̄2u1 +O(1) (10)

Ac =
g2me

4M2
W

v̄2u1 +O
(

1

E

)

(11)
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gVVh = (1 − x)× (gVVh)
SM (12)

gtth = (1 − f )e−iδγ5 × (gtth)
SM (13)
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We have derived the following amplitudes at the leading order,

AWW→WW = 2
√

2GFE2(2x − x2)(1 + cos θ) (14)

At̄t→WW = −2
√

2GFmte
−iδY(x, f , δ)E (15)

where, E is the CM energy, mt is the top-quark mass, θ is the scattering

angle, and

Y(x, f , δ) =
[

eiδ − (1 − f )(1 − x)
]

(16)

For Eq. (15) we have assumed the initial state fermions have the same

helicities. The final energy growth in Eq. (15) will have the same structure

for all SM fermions. The unitarity condition |a0| ≤ 1 puts the following

limits on the CM energy :

Emax ≤
(

4
√

2π

GF

1

|(2x − x2)|

)
1
2

[from WW → WW] (17)

Emax ≤ 4
√

2π

GFmt

1

|Y(x, f , δ)| [from t̄t → WW] (18)

6 / 10



 0

 2

 4

 6

 8

 10

 12

 14

-1 -0.5  0  0.5  1

E
m

ax
 (

T
eV

)

x

f = -1

f = -0.5f = 0

f = 0.5

f = 1

WW WW

δ = π

 0

 2

 4

 6

 8

 10

 12

 14

-1 -0.5  0  0.5  1

E
m

ax
 (

T
eV

)

x

f = -1
f = -0.5

f = 0

f = 0.5

f = 1

WW WW

δ = π/2

 0

 2

 4

 6

 8

 10

 12

 14

-1 -0.5  0  0.5  1

E
m

ax
 (

T
eV

)

x

f = -1

f = -0.5

f = 0

f = 0.5

f = 1

WW WW

δ = π/4

 0

 10

 20

 30

 40

 50

-1 -0.5  0  0.5  1

E
m

ax
 (

T
eV

)

x

f =
 -1

f =
 -0.5

f =
 0

f =
 0.5

f = 1

WW WW

δ = 0

7 / 10
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Γ(h → γγ) =
α2g2

210π3

m3
h

M2
W

[

∣

∣

∣

∣

(1 − x)Fw +
4

3
(1 − f ) cos δ Ft

∣

∣

∣

∣

2

+

∣

∣

∣

∣

4

3
(1 − f ) sin δ Pt

∣

∣

∣

∣

2
]

where, SM corresponds to x, f , δ = 0, and

Fw = 2 + 3τw + 3τw(2 − τw) f (τw) (19)

Ft = −2τt [1 + (1 − τt) f (τt)] (20)

Pt = 2τt f (τt) (21)

with τw =

(

2MW

mh

)2

and τt =

(

2mt

mh

)2

. Since mh ≈ 125 GeV, both τw and

τt are greater than 1. Hence,

f (τ) =

[

sin−1

(

√

1

τ

)]2

(22)

Partial decay width modification :

Rγγ =
|(1 − x)Fw + 4

3
(1 − f ) cos δ Ft|2 ++| 4

3
(1 − f ) sin δ Pt|2

|Fw + 4
3
Ft|2

(23)
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A 125 GeV Higgs decays mainly into, bb̄(58%), τ+τ−(7%), cc̄(3%),
VV∗(24%) and gg(8%). Total decay width modification :

RT = (58%+ 7%+ 3%) + (1 − x)224%+ gl(f , δ)8% (24)

Around 85% of Higgs is produced via gluon-gluon fusion and 15% via

vector boson fusion and vector boson associated production. Production

cross section should be modified as,

RP = (1 − x)215%+ gl(f , δ)85% (25)

µ = RP × Rγγ

RT

; gl(f , δ) = (1 − f )2 | cos δ Ft|2 + | sin δ Pt|2
|Ft|2

(26)
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We have done a quantitative analysis of how the unitarity violation

scale depends on the non-standard parameters.

If the Higgs couplings settle to non-standard values then above plots

can be used to read the upper limit of the energy scale below which new

physics must set in.
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