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I. CLASSICAL SCINTILLATION

1. Turbulence and scintillation [1]

Turbulence is a phenomenon found in fluids. The air in the atmosphere is an example of such a fluid. Turbulence
causes random fluctuations in the refractive index of the fluid. On the other hand, scintillation is what happens
to light propagating through a turbulent fluid. It is caused by the phase modulations induced by the random
fluctuations in the refractive index, together with the subsequent diffraction. Refractive index fluctuations
vary as a function of both time and space — the refractive index is a random three-dimensional function that
gradually changes with time.

2. Refractive index fluctuations

The fluctuations of the refractive index in a turbulent atmosphere are very small compared to the average
refractive index of the atmosphere, and can be written as

n(x) = n0 + δn(x), (1)

where x is the position vector in three-dimensional space, n0 is the average refractive index, which is approxi-
mately equal to 1, and the fluctuations in the refractive index is denoted by δn(x). These fluctuations are much
smaller than the average refractive index.

3. Scintillation: phase modulation + diffraction

Although the primary effect of turbulence on the traversing optical beam is a pure phase modulation, after
some subsequent propagation, the diffraction induced by the random phase modulations causes fluctuations
in the intensity of the beam, which can for instance be observed as the twinkling of stars in the night sky.
This combined effect is the scintillation process. The random phase modulation is done continuously along the
propagation path — hence, an accumulated effect. Together with the diffraction of the beam, the random phase
modulation progressively aggravates the distortion of the beam with increasing propagation distance. Figure 1
shows what a Gaussian beam looks like after it suffered severe scintillation.

FIG. 1: Example of the intensity and phase of a distorted optical beam due to scintillation.

4. Weak/strong turbulence vs weak/strong scintillation

Strong turbulence implies that the fluctuations in the refractive index are relatively large. However, strong
turbulence does not necessarily imply strong scintillation. The amount of scintillation that an optical beam
experiences depends on various parameters, including the strength of the turbulence and the distance of propa-
gation. Scintillation increases with distance of propagation and it increases more rapidly in strong turbulence.
Scintillation can still be weak even if the turbulence is strong, provided that the light propagated for only a
short distance. The opposite is also true. If the turbulence is weak the scintillation of the beam can be strong
if it propagated far enough.
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5. Experiment to measure scintillation

To measure scintillation one can use the experimental setup that is shown diagrammatically in Fig. 2. Two
beams are sent parallel to each other through the turbulent medium, separated by a distance ∆x. The inter-
ference between the beams after they passed through the turbulence gives an indication of the strength of the
scintillation.

Turbulent
atmosphere

x

x

∆x

2

1

∆θ

FIG. 2: Experimental setup to measure scintillation.

6. Phase structure function and phase autocorrelation function

The ensemble average of the interference between the two beams in Fig. 2 gives the phase structure function

Dθ(d) = 〈[θ(x1, y1)− θ(x2, y2)]
2〉, (2)

where 〈·〉 is the ensemble average, Dθ is the phase structure function and

d =
√

(x2 − x1)2 + (y2 − y1)2. (3)

For a homogeneous isotropic medium the structure function depends on only the distance d between the two
points (x1, y1) and (x2, y2).

The phase structure function is related to the phase autocorrelation function

Dθ(d) = 2Rθ(0)− 2Rθ(d), (4)

where the phase autocorrelation function is given by

Rθ(d) = 〈θ(x1, y1)θ(x2, y2)〉. (5)

7. Phase from refractive index

The accumulated phase in the experiment in Fig. 2 is given by

θ(x, y) = kn0z + k

∫ z

0

δn(x) dz, (6)

where k = 2π/λ is the wavenumber. The first term gives an unimportant overall constant phase, which can be
ignored.

8. Refractive index structure function and refractive index autocorrelation function

The phase autocorrelation function can now be written as

Rθ(d) = k2
∫ z

0

∫ z

0

〈δn(x1)δn(x2)〉 dz1 dz2. (7)

The integrand is the refractive index autocorrelation function

Rn(r) = 〈δn(x1)δn(x2)〉, (8)

where r = |x1−x2|. The refractive index structure function is again related to the refractive index autocorrelation
function

Dn(r) = 2Rn(0)− 2Rn(r), (9)
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where

Dn(r) = 〈|δn(x1)− δn(x2)|2〉. (10)

Note that the refractive index structure function and refractive index autocorrelation function are three-
dimensional functions whereas the phase structure function and phase autocorrelation function are two-
dimensional functions.

9. Kolmogorov refractive index structure function

Based on the Kolmogorov theory of turbulence [1], the refractive index structure function is given by

Dn(r) = 〈|δn(x1)− δn(x2)|2〉 = C2
nr

2/3, (11)

where C2
n is the refractive index structure constant with units of m−2/3. The Kolmogorov theory is only valid

in the inertial range, between an inner scale and an outer scale. The strength of the turbulence is determined
by C2

n, with values ranging from about 10−17 m−3/2 for weak turbulence to about 10−13 m−3/2 for strong
turbulence.

10. Wiener-Khintchin

It is often more convenient to work in the spatial Fourier domain. According to the Wiener-Khintchin theorem
[2], the Fourier transform of the autocorrelation function gives the power spectral density function. Treating
the autocorrelation function as a function of three spatial coordinates, one obtains a three-dimensional power
spectral density

Φn(k) =
1

(2π)3

∫

Rn(x) exp(ik · x) d3x. (12)

However, in a homogeneous isotropic medium the power spectral density only depends on the magnitude of k.
Hence, Φn(|k|).

11. Kolmogorov power spectral density

The power spectral density for the Kolmogorov theory is given by

Φ(|k|) = 0.033 C2
n|k|−11/3. (13)

This is a sharply peaked function, shown in Fig. 3, and is singular at the origin.

FIG. 3: Shape of the Kolmogorov power spectral density function.

12. Quantifying weak/strong scintillation

As mentioned above, the strength of scintillation is not only determined by the strength of the turbulence, but
also by the other relevant dimension parameters, namely the distance that the light is propagating through the
turbulence z and the wavelength of the light λ. These parameters are combined into the Rytov variance [1],
given by

σ2
R = 1.23C2

nk
7/6z11/6, (14)
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where k is the wave number (2π/λ). For plane waves, strong scintillation conditions exist when σ2
R > 1 and for

a Gaussian beam (with radius w0), strong scintillation exists when [1]

σ2
R >

(

t+
1

t

)5/6

(15)

where we defined a normalized propagation distance

t =
z

zR
, (16)

with zR being the Rayleigh range given by πw2
0/λ.

II. QUANTUM ENTANGLEMENT

1. Entanglement

A key aspect of quantum systems that is often exploited in quantum information technology is the property
of quantum entanglement. This is a nonlocal correlation that can exist in multi-partite quantum states (quan-
tum states for multiple subsystems, such as different particles). The role of entanglement was dramatically
demonstrated in the EPR experiments [3], which show a violation of Bell’s inequality [4].

Considering the pure quantum state of a pair of photons, we say that this quantum state is entangle if is not
separable, which means that one cannot factor it into a tensor product of states for the individual photons. For
instance,

|ψ〉 = 1√
2
(|1〉A|0〉B − |0〉A|1〉B) 6= |A〉A|B〉B. (17)

For mixed states the requirement of separability is generalized to become a sum of factorizable density matrices.

2. Concurrence

In general it is challenging to compute the amount of entanglement in an arbitrary mixed multi-partite quantum
state of arbitrary dimension. However, for a pair of qubits there exists a quantity called the concurrence that
can be computed fairly easily [5, 6], even if the quantum state is mixed.

The concurrence is given by

C(ρ) = max
{

0,
√

λ1 −
√

λ2 −
√

λ3 −
√

λ4

}

, (18)

where λi are the eigenvalues, in decreasing order, of the Hermitian matrix

R = ρ(σy ⊗ σy)ρ
∗(σy ⊗ σy), (19)

with ρ being the density matrix, ∗ representing the complex conjugate and σy being the Pauli y-matrix, given
by

σy =

[

0 −i
i 0

]

. (20)

3. Bell states

The Bell states are the maximally entangled bipartite qubit states given by

∣

∣Φ±
01

〉

=
1√
2
(|0, 0〉 ± |1, 1〉) (21)

∣

∣Ψ±
01

〉

=
1√
2
(|0, 1〉 ± |1, 0〉) . (22)
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III. SINGLE PHASE SCREEN APPROXIMATION

1. Paterson model

The problem of the decay of entanglement due to atmospheric scintillation has been considered from a con-
ventional optics point of view, by, in particular, Paterson [7]. He made the assumption that one can represent
the effect of turbulence on an optical field propagating through it, by a single phase screen, as demonstrated
in Fig. 4. This assumption is valid provided that the scintillation remains weak over the entire propagation
distance.

Turbulent
atmosphere

Free space

Phase screen

(a) (b)

L L

FIG. 4: Single phase screen approximation. In (a) the optical beam propagates through a turbulent medium for a distance L
and in (b) that distance is replaced by a single phase screen and a free-space propagation of distance L.

Paterson’s model is currently used as the basis for most work [8–11] that is being done on the decay of entangle-
ment for photons propagating through atmospheric turbulence. Although it is not directly formulated in terms
of quantum information theory [12], one can argue that Paterson’s model represents a valid quantum process
— it can be expressed as an operator product expansion.

2. Quantum operation for a single phase screen

Under weak scintillation conditions, one can assume that the turbulent atmosphere can be represented by a
single phase modulation. The corresponding quantum process is a single step process

ρ(z) = Uρ(0)U †, (23)

where the unitary operator is represented by a single phase factor U ∼ exp[iθ(x, y)].

Assuming that the original input density matrix is a pure state ρ(0) = |ψ〉〈ψ|, one can express the individual
output density matrix elements by

ρmn(z) = 〈m|U |ψ〉〈ψ|U †|n〉, (24)

where |m〉 represents a discrete orthogonal basis for the transverse mode, such as the Laguerre-Gaussian modes.
We insert an identity operator, resolved in terms of the two-dimensional spatial modes to obtain

〈m|U |ψ〉 =

∫

〈m|r〉〈r|U |ψ〉 d2r (25)

〈ψ|U †|n〉 =

∫

〈ψ|U †|r〉〈r|n〉 d2r, (26)

where r is the two-dimensional transverse position vector. The mode functions for the transverse spatial modes
are given by En(r) = 〈r|n〉 and the single phase screen approximation leads to 〈r|U |ψ〉 = exp[iθ(r)]ψ(r),
where ψ(r) = 〈r|ψ〉 is the input field and θ(r) is the phase function that is obtained from the refractive index
fluctuations δn by an integration along the direction of propagation as given in Eq. (6).

The expression for the density matrix element in Eq. (24) then becomes

ρmn(z) =

∫∫

E∗
m(r1)En(r2)ψ(r1)ψ

∗(r2) exp [iθ(r1)− iθ(r2)] d2r1 d2r2. (27)

3. Ensemble average of the density matrix

The unitary operator U in Eq. (24) represents the result of a particular instance of the refractive index fluctua-
tions. Since we do not presume to have knowledge of the medium at any particular time and therefore can only
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make statistical predictions about its effect, we need to compute the ensemble average over all refractive index
fluctuations. The density matrix elements are therefore given by

ρ(z) =
〈

Uρ(0)U †
〉

=

N
∑

s

1

N
Usρ(0)U

†
s , (28)

where the subscript s denotes a particular instance of the refractive index fluctuations. When the ensemble
average is applied to the expression in Eq. (27), it only affects the exponential function containing the random
phase modulations and leads to

〈exp [iθ(r1)− iθ(r2)]〉 = exp

[

−1

2
Dθ (|r1 − r2|)

]

, (29)

where Dθ(·) is the phase structure function. For Kolmogorov turbulence it can be expressed as

Dθ(x) = 6.88

(

x

r0

)5/3

, (30)

in terms of the Fried parameter [13]

r0 = 0.185

(

λ2

C2
nz

)3/5

. (31)

The ensemble average of the density matrix element is therefore given by

〈ρmn(z)〉 =
∫∫

E∗
m(r1)En(r2)ψ(r1)ψ

∗(r1) exp

[

−D (|∆r|)
2

]

d2r1 d2r2. (32)

One can turn the integration in Eq. (32) into a dimensionless integral by normalizing r1 and r2 by some
dimension parameter, such as the beam radius w0. The resulting expression that follows from the integral thus
only depends on the dimensionless combination w0/r0. All the adjustable dimension parameters are contained in
w0/r0, including the propagation distance z. As a result the complete z-dependence is determined by the w0/r0-
dependence, which sits inside the structure function D(·). The dimensionless combination w0/r0 quantifies the
strength of scintillation.

4. Quadratic structure function approximation

The integral in Eq. (32) is not analytically tractable due to the power of 5/3 that appears in the structure
function, inside the exponential function. Often this problem is avoided by approximating the structure function
in Eq. (30) by a quadratic structure function

D ∼
(

x

r0

)5/3

→
(

x

r0

)2

. (33)

FIG. 5: Comparison of the Kolmogorov structure function with the quadratic structure function.

In Fig. 5 the shape of the quadratic structure function is compared with that of the Kolmogorov structure
function.
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5. Classical singular optics in turbulence

Much work has been done on optical vortices in turbulence in the context of classical light. Some notable
examples are the following. David Fried identified [14] the effect of ‘hidden phase’ in adaptive optics systems;
Gbur and Tyson [15] performed numerical simulations to study the conservation of topological charge in atmo-
spheric turbulence; Dipankar, et al. [16] studied the trajectories of optical vortices in atmospheric turbulence;
numerical simulation were also performed by Voitsekhovich, et al. [17] and Rao [18] to study how the number
of vortices evolve during propagation through turbulence. Tyler and Boyd [19] performed a calculation of the
power coupled into neigbouring OAM modes during propagation through turbulence, under the single phase
screen approximation.

6. OAM entangled quantum states in turbulence

Most of the work on the decay of OAM entanglement in turbulence is based on the Paterson model. Gopaul and
Andrews [9] computed the probability to detect the photons of OAM entangled quantum states after passing
through turbulence, using the Paterson model. Jha, et al. [11] showed that one can measure the concurrence
directly in the case where qubits are encoded in a plane waves basis. They used the Paterson model to compute
the decay in the concurrence for such qubits due to turbulence. On the other hand, Semenov and Vogel [10, 20]
used a different model based on an attenuating system to study the effect of turbulence on quantum light in the
limit of weak scintillation.

FIG. 6: Concurrence as a function of w0/r0 from the single phase screen calculation.

Smith and Raymer [8] used the Paterson model with the quadratic structure function approximation to calculate
the concurrence as a function of w0/r0, for an initial state that is a Bell state in the OAM basis. They found
that the concurrence tends to decay to zero when w0/r0 is on the order of 1, as shown in Fig. 6. The fact that
the a nonzero concurrence only exists up to where w0/r0 ≈ 1 indicates that entanglement only exists as longs
as the scintillation is weak. However, the curves in Fig. 6 also indicate that for larger values of the azimuthal
index the concurrence survives up to slightly larger values of w0/r0.

7. Regions of scintillation

What are the conditions under which the single phase screen approximation is valid? Since the single phase
screen approximation assumes that scintillation is weak, we need to consider the conditions for weak scintillation.
For this purpose we use the Rytov variance σ2

R, defined in Eq. (14). The diagram in Fig. 7 shows the different
regions in terms of the Rytov variance as a function of the normalized propagation distance t. From Eq. (14)
one notes that for any particular optical beam propagating through homogeneous turbulence, the value of σ2

R is

proportional to t11/6. Three such lines are shown in Fig. 7 for different turbulence strengths. One can see that
these lines start off in the region of weak scintillation at the bottom of the diagram. Then they move up toward
the region of strong scintillation as the beams propagate further. Eventually these lines cross the boundary into
the region of strong scintillation, as given by Eq. (15). However, at the same time (for weak turbulence) or
even before it (for strong turbulence) it also crosses the line where ω0/r0 = 1 (dashed line in Fig. 7), which is
approximately where the concurrence goes to zero. The dashed line is obtained by expressing the Rytov variance
in terms of ω0/r0, given by

σ2
R = 1.637 t5/6

(

ω0

r0

)5/3

. (34)
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For ω0/r0 = 1 we find that σ2
R is proportional to t5/6.
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FIG. 7: A diagram showing the different regions of scintillation strength in terms of the Rytov variance σ2

R as a function of
the normalized propagation distance t on a log-log scale. Weak scintillation lies toward the bottom and strong scintillation
toward to top, with the boundaries between these two regions shown for both plane waves (σ2

R = 1) and Gaussian beams

[σ2

R = (t + 1/t)5/6]. The dashed line (ω0/r0 = 1) is where the concurrence goes to zero according to the single phase screen
calculations and the three slanted coloured lines indicate the increase in σ2

R with propagation distance for different strengths
of turbulence — stronger turbulence toward the left and weaker turbulence toward the right.

If one uses Eq. (15) as the indication of strong scintillation, then it seems that, according to the single phase
screen calculations, one never reaches the strong scintillation region with a nonzero concurrence, which implies
that the single phase screen approximation can be used for all situations. There are however, a few caveats:

• Is it valid to use Eq. (15) as the indication of strong scintillation for the case of quantum entanglement
decay?

• When the original qubit is prepared in terms of basis states with larger OAM the entanglement lasts longer,
according to calculations in the single phase screen approximation [8]. As a result, larger values of OAM
give entangled states that can retain their entanglement deeper into the region of strong scintillation.

• The calculations of the concurrence were made with the aid of the quadratic structure function approxi-
mation [8]. How accurate is this approximation in this situation?

These issues justify the use of a different more accurate approach. Next we follow an infinitesimal propagation
approach, which is valid for all strengths of scintillation and does not require the quadratic structure function
approximation.

IV. INFINITESIMAL PROPAGATION EQUATION

1. Operator product expansion [12]

Instead of doing the calculation in one step, going from the pure initial state to the final mixed state, one can
break the process up into infinitesimally small steps. In each step the infinitesimal propagation process operates
on the density operator of a (potentially) mixed state and produces a slightly perturbed version of this density
operator

ρ(z) → ρ(z + dz) = dUρ(z)dU †. (35)

Here dU represents the unitary operator for an infinitesimal propagation through turbulence. Again the ensemble
averaging can be expression as a summation over the ensemble elements

ρ(z + dz) =
〈

dUρ(z)dU †
〉

=

N
∑

s

1

N
dUsρ(z)dU

†
s , (36)
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where, as before, the subscript s denotes a particular instance of the refractive index fluctuations. In terms of
the density matrix elements for a single photon this becomes

ρmn(z + dz) =

N
∑

s

1

N
〈m|dUs|p〉ρpq(z)〈q|dU †

s |n〉, (37)

with implied summations over p and q. We’ll first consider the density matrix for a single photon and then
generalize it to the bipartite case with two photons.

2. Field transformation

Although the single phase screen approximation is valid in this situation, thanks to the short propagation
distances, the fact that this operation is performed repeatedly implies that one also needs to include the free
space propagation process, which is neglected in the Paterson model.a As a result dU will contain a propagation
term in addition to the random phase modulation term. To find the correct expression for dU we start with the
equation of motion in turbulence, which is given by [1]

∇2
T g(x)− i2k0∂zg(x) + 2k20δn(x)g(x) = 0. (38)

Here k0 is the wave number, g(x) represents the scalar electromagnetic field and δn(x) is the fluctuations in
the refractive index. The expression in Eq. (38) is obtained from the Helmholtz equation under the paraxial
approximation, which assumes that the optical field propagates close to the beam axis (in this case the z-axis)
and under the assumption that δn ≪ 〈n〉 ≈ 1. The conditions for both these approximations are well satisfied
in our situation.

In the two-dimensional transverse Fourier domain, Eq. (38) becomes

−|K|2G(K, z)− i2k0∂zG(K, z) + 2k20N(K, z) ⋆ G(K, z) = 0, (39)

where K = kxx̂+ky ŷ is the two-dimensional transverse Fourier domain coordinate vector, G(K, z) and N(K, z)
are the two-dimensional transverse Fourier transforms of g(x) and δn(x), respectively, and ⋆ denotes convolution.
It then follows that

G(K, z0 + dz) = G(K, z0) +
idz

2k0

[

|K|2G(K, z0)− 2k20N(K, z0) ⋆ G(K, z0)
]

. (40)

One can use G(K, z) to define a quantum state in terms of a two-dimensional momentum basis. For instance,

|m〉 =
∫

Gm(K, z)|K〉 d2k

(2π)2
, (41)

where |K〉 denotes the two-dimensional momentum basis elements and Gm(K, z) = 〈K|m〉. Note that if we
substitute G(K, z0) = Gm(K, z0) in Eq. (40), then one cannot assume that the transformed wave function is
still associated with the same basis element G(K, z0 + dz) 6= Gm(K, z0 + dz). This is due to the distortion
introduced by the noise term that contains N(K, z0).

3. Infinitesimal propagation equation

Here we do not show the complete derivation of the infinitesimal propagation equation (IPE). For a derivation
of the IPE see [21].

The expression for the infinitesimal propagation equation (IPE) for a single photon propagating through turbu-
lence, is given by

∂zρmn(z) = iPmp(z)ρpn(z)− iρmp(z)Ppn(z) + Λmnpq(z)ρpq(z)− ΛTρmn(z), (42)

a One can neglect the propagation process in Paterson’s model, because the inner products before and after a single propagation will give
the same result.
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where the first two terms represent a commutator between the density matrix and the ‘free Hamiltonian,’ (the
kinetic term)b given by

Pmp(z) =
1

2k0

∫

|K|2G∗
m(K, z)Gp(K, z)

d2k

(2π)2
, (43)

and the last two terms represent the dissipative (or interaction) terms, where

Λmnpq = k20

∫

W ∗
mp(K, z)Wnq(K, z)Φ0(K, 0)

d2k

(2π)2
, (44)

with

Wmn(K, z) =

∫

Gm(K′ +K, z)G∗
n(K

′, z)
d2k′

(2π)2
, (45)

and

ΛT = k20

∫

Φ0(K, 0)
d2k

(2π)2
. (46)

4. Index symmetries

Based on their definitions and the fact that the power spectral density is symmetric [Φ0(K, 0) = Φ0(−K, 0)],
Wmn and Λmnpq obey the following properties,

Wmn(K, z) =W ∗
nm(−K, z), (47)

and

Λmnpq = Λqpnm = Λ∗
nmqp. (48)

5. Generalizations

We now generalize the single photon expression in Eq. (42) for two-photon (bipartite) states. The density
operator for a bipartite state becomes a tensor contracted with the bra- and ket-basis vectors for both photons

ρ =
∑

m,n

|m〉A|p〉Bρmnpq〈n|A〈q|B. (49)

where |m〉 and 〈n| are the ket- and bra-basis vectors, respectively, for the one photon (A-subsystem) and |p〉
and 〈q| are the ket- and bra-basis vectors for the other photon (B-subsystem).

First we consider the case where only one of the two photons propagates through turbulence. The other photon
is assumed to propagate through free-space without turbulence. The IPE for this case contains the free-space
kinetic terms for both photons, but only dissipative terms for one of the photons. The resulting expression is
given by

∂zρmnpq = i (Pmxρxnpq − ρmxpqPxn + Ppxρmnxq − ρmnpxPxq) + Λmnxyρxypq − ΛTρmnpq. (50)

In the case where both photons propagate through turbulence, but along different paths so that the turbulent
media are uncorrelated, the expression contains dissipative terms for both photons [21]

∂zρmnpq = i (Pmxρxnpq − ρmxpqPxn + Ppxρmnxq − ρmnpxPxq) + Λmnxyρxypq + Λpqxyρmnxy − 2ΛTρmnpq. (51)

If the two photons propagate through the same turbulence, the expression contains additional dissipative terms
due to the correlations between the two photons [22]

∂zρmnpq = i (Pmxρxnpq − ρmxpqPxn + Ppxρmnxq − ρmnpxPxq) + Λmnxyρxypq + Λpqxyρmnxy

+Λmqxyρxnpy + Λpnxyρmyxq − Λxnqyρmypx − Λmxypρynxq − 2ΛTρmnpq. (52)

b The terminology of ‘Hamiltonian’ and ‘kinetic term’ is used in analogy to the situation where the system evolves in time. Here the
system evolves in z, along the propagation distance. Therefore, it is actually the z-component of the momentum operator (or the
zz-component of the stress-energy tensor).
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6. Solving the IPE

In its general form the IPE represents an infinite set of coupled first order differential equations — one for each
element in the density matrix. In practice one needs to truncate the set of differential equations by truncating
the modal basis that determines the size of the density matrix. This still leaves a large number of coupled
first order differential equations. The smallest case of an entangled bipartite state (two entangled qubits) has a
density matrix with 16 elements. For two qutrits the size grows to 81 elements. These are the only cases that
have so far been considered. The bipartite qubit has been solved in [21] and the bipartite qutrit has been solved
in [23].

To solve the IPE, one first needs to evaluate the integrals for Pmn and Λmnpq and ΛT , which are given in
Eqs. (43), (44) and (46), respectively, for a given basis. Here we’ll use the LG basis. Once these integrals have
been evaluated, one can form the set of coupled differential equations that needs to be solved.

7. Generating function for the LG modes

In terms of normalized coordinates the Laguerre-Gaussian (LG) modes can be expressed as

ULG
p,ℓ (u, v, t) =

[

2πp!2|l|

(p+ |l|)!

]1/2
(u± iv)|ℓ|(1 + it)p

(1 − it)p+|ℓ|+1
L|ℓ|
p

[

2(u2 + v2)

1 + t2

]

exp

(

u2 + v2

it− 1

)

, (53)

where L
|ℓ|
p represents the associate Laguerre polynomials [24]; the normalized coordinates are defined as u =

x/w0, v = y/w0 and t = z/zR = zλ/πw2
0, in terms of the initial radius of the mode profile w0 and the Rayleigh

range zR; p is the radial index (a non-negative integer); ℓ is the azimuthal index (a signed integer); and the ±
sign is given by the sign of ℓ. The LG modes represents an OAM basis, because the OAM of the photons in an
LG mode is quantized with a value proportional to the azimuthal index ℓ.

The integrals in Eqs. (43), (44) and (46), all involve the expressions of the LG modes in the Fourier domain.
To alleviate the evaluation of these integrals we use the generating function for the angular spectra of the LG
modes. The generating function for the LG modes, in terms of the normalized coordinates of Eq. (53), is given
by

G =
i

Ω(t, η)
exp

[

i
(u+ iv)ξ + (u− iv)ζ − (1 + η)(u2 + v2)

Ω(t, η)

]

, (54)

where Ω(t, η) = (1+ η)t+ i(1− η). The parameters ξ, ζ and η are used to generate particular LG modes in the
following way,

ULG
p,ℓ (u, v, t) =



































N
[

1
p!∂

p
η∂

|ℓ|
ξ G

]

η,ξ,ζ=0
for ℓ > 0

N
[

1
p!∂

p
ηG

]

η,ξ,ζ=0
for ℓ = 0

N
[

1
p!∂

p
η∂

|ℓ|
ζ G

]

η,ξ,ζ=0
for ℓ < 0,

(55)

where

N =

[

p!2|ℓ|+1

π(p+ |ℓ|)!

]1/2

. (56)

The Fourier transform of the generating function is given by

F{G} =
π

1 + η
exp

[

i
π(a+ ib)ξ + π(a− ib)ζ + π2(a2 + b2)Ω(t, η)

1 + η

]

, (57)

where a and b are normalized spatial frequency components that are related to kx and ky through

kx =
2πa

w0
ky =

2πb

w0
. (58)

The angular spectra of the LG modes are obtained from Eq. (57), by using the same procedure given in Eq. (55).
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8. Von Karman power spectral density

The IPE allows one to use any power spectral density Φ0(k) for the turbulence. Here we’ll neglect the effect of
the inner scales, and use the von Karman power spectral density [1],c

Φ0(k) =
0.033(2π)3C2

n

(|k|2 + κ20)
11/6

= Φ1(K), (59)

where κ0 is inversely proportional to the outer scale of the turbulence. The outer scale helps to regularize the
integrals, but in the limit of large outer scale (κ0 → 0) it disappears from the final expressions. Since the power
spectral density only depends on the magnitude of k, one can set kz = 0 (see [21]), so that k is replaced by
K = |K|.

FIG. 8: Comparison of von Karman and Kolmogorov power spectral densities.

Figure 8 shows the difference between the von Karman and the Kolmogorov power spectral densities.

9. Free-space propagation operator

First we consider the integral in Eq. (43), which represents the free-space propagation. After evaluating the
integral and removing the superfluous mixed terms containing the ξ’s and ζ’s of the same photon, we obtain a
generating function for the Pmn-integral,

PG =
π(1 + ηm)(1 + ηn)

8(1− ηmηn)3zR
exp

[

ξmξn + ζmζn
2(1− ηmηn)

]

[2(1− ηmηn) + ξmξn + ζmζn] , (60)

where ξm, ξn, ζm, ζn, ηm, and ηn are the generating function parameters, associated with the m- and n-indices.
Since the ξ’s (or ζ’s) always appear in products for the m- and n-indices, the result implies an orthogonality
condition for the azimuthal indices. The same is not true for the radial indices — one finds that the result is
non-zero when the radial indices differ by either 0 or 1. All other cases gives zero. When the difference between
the radial indices is 0 the final result for explicit modes can be expressed as

Pmn =
1 + |ℓ|+ 2p

2zR
, (61)

where the azimuthal indices are indicated by ℓm = ℓn = ℓ and the radial indices are indicated by pm = pn = p.
When the difference between the radial indices is equal to 1 the result for explicit modes is given by

Pmn =
(1 + |ℓ|+ p)1/2(1 + p)1/2

2zR
(62)

where the azimuthal indices are again indicated by ℓm = ℓn = ℓ, but now the radial indices are indicated by
p = (pm + pn − 1)/2.

c The definition here differs from that found in [1], by a factor of (2π)3, which is the result of a difference in the way we use the 2π-factors
in our Fourier integrals.
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10. Divergent dissipative term

Next we consider the integral for the dissipative term given in Eq. (46). Substituting Eq. (59) into Eq. (46), one
obtains

ΛT =
(2π)2Γ(2/3)√

3

C2
n

λ2κ
5/3
0

=
30.86 C2

n

λ2κ
5/3
0

. (63)

Hence, ΛT diverges for large outer scale (κ0 → 0). However, we’ll find that these terms are canceled by similar
terms coming from Λmnuv(z).

11. Modal correlation functions

The integral in Eq. (45) represents the correlation between the angular spectra of the OAM modes. To evaluate
this integral we express the generating function of Eq. (57) in normalized cylindrical momentum space coordi-
nates, so that kx + iky = K exp(iφ)/w0. The result of the integration, left as a generating function, is given
by

WG =
π

2(1− ηmηn)
exp

[

ξmξn + ζmζn
2(1− ηmηn)

− K2ΩmΩ∗
n

8(1− ηmηn)

+
K exp(iφ)(ζnΩm − ξmΩ∗

n)

4(1− ηmηn)
+
K exp(−iφ)(ξnΩm − ζmΩ∗

n)

4(1− ηmηn)

]

, (64)

where Ωm = Ω(t, ηm) and Ω∗
n = Ω∗(t, ηn). If we evaluate the azimuthal indices explicitly while leaving the radial

indices implicit in terms of the parameter ηm and ηn, and multiply it with the the normalization constants in
Eq. (56), one can express the correlation function as

WrG =

[

pn!

(|n|+ pn)!

]1/2 [
pm!

(|m|+ pm)!

]1/2
exp(−X) exp[i(m− n)φ](κm)|n|(−κ∗n)|m|

(1 − ηmηn)

×
M(m,n)
∑

s=0

|m|!|n|!
(−X)s(|m| − s)!(|n| − s)!s!

, (65)

where m(= ℓm) and n(= ℓn) are the azimuthal indices; pm and pn are their associated radial indices; and

M(m,n) =
1

2
(|m|+ |n| − |m− n|) (66)

κm =
KΩm

2
√
2(1− ηmηn)

(67)

κ∗n =
KΩ∗

n

2
√
2(1− ηmηn)

(68)

X =
K2ΩmΩ∗

n

8(1− ηmηn)
= κmκ

∗
n(1 − ηmηn). (69)

Note that WrG still represents a generating function with respect to the radial indices, even though the radial
indices also appear explicitly due to the normalization constant.

12. Special case: zero radial index, p = 0

A special case that is often encountered, is when the radial index of the LG modes are set to zero. This implies
that the generating parameters for the radial index are set equal to zero (ηm = ηn = 0) in Eqs. (65) to (69) .
The result then simplifies to

Wmn = (−1)|m|Y (|n|+|m|)/2 exp(−Y ) exp[i(m− n)φ] exp[i(|n| − |m|)γ]

×
M(m,n)
∑

s=0

√

|m|!
√

|n|!
(−Y )s(|m| − s)!(|n| − s)!s!

, (70)

where

Y =
K2

8
(1 + t2) (71)

exp(iγ) =

√

t+ i

t− i
. (72)
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Note that γ is the Gouy phase.

13. General dissipative term

The two-dimensional integration in Eq. (44) can be separated into a radial and angular integral in cylindrical
momentum space coordinates. Since Φ1(K) only depends on the radial coordinate (K = |K|) the integral over
φ only involves the φ-dependencies of the W ’s, as expressed in Eq. (65), or Eq. (70) for p = 0. The combined
φ-dependencies of the twoW ’s is given by exp[i(m−u−n+v)φ], where m, n, u and v are the azimuthal indices
of all the modes involved. The result of the angular integral is zero unless m− u− n+ v = 0, in which case the
result is 2π times the product of the two W ’s without the φ-dependent exponentials. As a result, many of the
elements in Λmnuv vanish.

The result of the remaining K-integral is too complicated to express as a single closed form expression. However,
one can consider the result on a term-by-term basis. These terms all have the form

fj(K) =
A exp(−BK2)K2j

(K2 + κ20)
11/6

, (73)

where j is a non-negative integer, A contains all the multiplicative parameters from Eqs. (65) and (59), and B
is a parameter composed of the parameters in the exponent of Eq. (65), as given in Eq. (69).

If j = 0 the integral over fj(K) diverges as κ0 → 0. In the limit of small κ0 the leading terms are,

∫ ∞

−∞

f0(K)K dK = ΛT − π1/2(2π)3

6Γ(2/3)

C2
nw

5/3
0 (1 + t2)5/6

λ2
= ΛT − σ

zR
(1 + t2)5/6, (74)

where ΛT is given by Eq. (63) and

σ =
π3/2C2

nw
11/3
0

6Γ(2/3)λ3
. (75)

It turns out that the ΛT -term in Eq. (51) exactly cancels off all the ΛT -terms that appear inside the Λmnpq-term
in Eq. (51) as a result of Eq. (74).

The integrals of fj(K) with j > 0 all give finite results independent of κ0 in the limit where κ0 → 0, and have
the form,

∫ ∞

−∞

fj(K)K dK =
Gjσ

zR
(1 + t2)5/6, (76)

where Gj is a numerical constant that only depends on j,

Gj = (−1)j+1 5

12

21/331/2Γ(2/3)2

2mπ1/2Γ(11/6− j)
. (77)

14. Example: symmetric bipartite qubit

Here we work through a simple example [21] where only modes of the lowest radial index (p = 0) and with
azimuthal indices ℓ = ±1 are considered. The small number of modes (only two in this case) imply a severe
truncation. The trace of the truncated density matrix is not in general equal to 1. The truncated density matrix
can be normalized to calculate the concurrence [5, 6] as a measure of the entanglement. On the other hand, the
reduced trace gives an indication of the loss of information to the higher order modes.

For p = 0 one sets w1 = w2 = 0 in all the generating functions. Then all the non-dissipative terms (those that
contain P) in Eq. (51) are equal and cancel each other, so that only the dissipative terms remain.

After evaluating the integrals for Λm,n,u,v(z) one finds that, in the limit of large outer scale, the only nonzero
elements are

Λ1,1,1,1 = Λ−1,1,−1,1 = Λ1,−1,1,−1 = Λ−1,−1,−1,−1 = ΛT − 259

144

σ

zR
(1 + t2)5/6 (78)

and

Λ1,1,−1,−1 = Λ−1,−1,1,1 =
5

144

σ

zR
(1 + t2)5/6. (79)
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The elements in Eq. (78), which contain the diverging ΛT from Eq. (63), are the diagonal elements of Λmnuv(z)
when treated as a 4×4 matrix. One can therefore view ΛT in Eq. (78) as being multiplied by an identity matrix.
The ΛT -term in Eq. (51) also represents an identity matrix, but with the opposite sign. This implies that the
ΛT -term in Eq. (51) exactly cancels the ΛT -elements in Eq. (78) for both Λmnuv(z)-terms in Eq. (51), leaving
the final expression without ΛT . As a result, one can take the limit κ0 → 0 to obtain a final expression that is
finite and independent of κ0.

Assuming that the initial state of the density matrix is the singlet Bell-state in the OAM basis (|q〉|q〉−|q〉|q〉)/
√
2,

one obtains the following solution for the truncated density matrix,

ρmnpq =
T

4







1−R2 0 0 0
0 1 +R2 −2R 0
0 −2R 1 +R2 0
0 0 0 1−R2






, (80)

where mp (nq) denote the row (column) indices, and

T = exp

[

−127

36
Z(t)

]

R = exp

[

− 5

72
Z(t)

]

, (81)

with

Z(t) ≡ σ

∫ t

0

(1 + τ2)5/6 dτ. (82)

The eigenvalues of the truncated density matrix in Eq. (80) are T (1 + R)2/4, T (1 − R)2/4, T (1 − R2)/4 and
T (1−R2)/4, which are all positive. The trace of the truncated density matrix is given by T in Eq. (81), which
is a decaying function. The trace indicates how much of the information is lost due to coupling to higher order
modes that are not represented in the density matrix. Normalizing the density matrix by setting T = 1, one
can calculate the concurrence [5, 6], as given in Eq. (18), to obtain

C =
1

2
(R2 + 2R− 1). (83)

The shape of the concurrence curve as a function of the scintillation strength is shown in Fig. 9 for three cases
where ℓ = ±1,±2,±3, respectively.

FIG. 9: Concurrence of initial Bell singlets with ℓ = ±1,±2,±3, respectively, as a function of scintillation strength, according
to the IPE.

Comparing the curves in Fig. 9 to those in Fig. 6, we see that for larger values of ℓ the IPE seems to underestimate
the rate of entanglement decay. This is the result of truncation, which excludes the elements between |ℓ〉 and
|−ℓ〉. Although the IPE can keep track of the loss of amplitude to the excluded elements, it cannot observe the
amplitude that couples back from such excluded elements. As a result it underestimates the coupling between
elements that are far apart. Truncation affects the single phase screen calculations [8] less, because the single
phase screen approach incorporates multiple scattering, which compensates for the coupling to and from the
excluded elements.
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15. Strong turbulence — fast decay of entanglement

One can evaluate the integral in Eq. (82) to obtain

∫ t

0

(1 + τ2)5/6 dτ = t 2F1

([

−5

6
,
1

2

]

,

[

5

2

]

,−t2
)

= t+O(t3) (84)

where 2F1([·], [·], ·) is the Barnes extended hypergeometric functions [25].
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FIG. 10: Comparison of von Karman and Kolmogorov power spectral densities.

For small t (where t <∼ 1/3) the result of the integral in Eq. (84) is approximately equal to t. In Fig. 10 the
shape of the function in Eq. (84) is compared with t. For propagation distances much shorter than the Rayleigh
range the integral in Eq. (82) can be approximated by,

Z(t) ≈ σt ≈ 13

4

(

w0

r0

)5/3

, (85)

where r0 is the Fried parameter, given in Eq. (31). Thus all the dimension parameters are combined into w0/r0.
If the entanglement completely decays over distances much shorter than the Rayleigh range (i.e. in the fast
decay limit) one can use Eq. (85) and thus express the entire behaviour simply as a function of w0/r0, as was
found in the single phase screen calculations [8]. For larger values of t the behaviour becomes more complicated,
as shown by the function in Eq. (84). In that case the behaviour does not only depend on w0/r0 but also on

[

w0

r0

]

z=zR

=
10.74(C2

n)
3/5w

11/5
0

λ9/5
. (86)

V. ROBUST STATES

1. Definition of a robust state

Here we investigate whether a quantum state can be optimized so that it will retain as much of its initial
entanglement as possible, while propagating in a turbulent atmosphere [23]. Such an optimized quantum state
is called a robust state. We consider bipartite qutrit states in the LG basis, consisting of the three elements
with p = 0 and ℓ = 1, 0,−1. The two photons are assumed to propagate through different uncorrelated regions
of atmospheric turbulence. We use the IPE to calculate the density matrix as a function of the propagation
distance. The turbulence is modeled by the Kolmogorov power spectral density Eq. (13), or Eq. (73) with
κ0 → 0.

2. Tangle

The concurrence [5, 6] is a suitable measure of entanglement for two-dimensional bipartite systems, but for
higher-dimensional states it is demanding to compute it directly. Instead, we use the tangle τ{ρ},

τ{ρ} = 2 tr{ρ2} − tr{ρ2A} − tr{ρ2B}, (87)
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where ρA and ρB are the respective reduced density matrices of the two subsystems. The tangle is equal to the
square of the concurrence for pure states and gives a lower bound for that of mixed quantum states [26]. For a
maximally entangled state τ = τmax = 2(d− 1)/d, where d is the dimension of the subsystems’ Hilbert spaces,
and for a separable state τ = τmin = 0.

To find the robust qutrit states, we optimize the tangle at a given propagation distance z > 0. The result
is expressed in terms of the parameters for the initial pure state that will give the maximum tangle at that
propagation distance.

3. Propagation distance functions

After solving the differential equations of the IPE to obtain the density matrix as a function of the propagation
distance, one finds that its dependence on the propagation distance is governed by Z(t), as given in Eq. (84),
and by the integral

H(t) ≡
∫ t

0

(1 + τ2)5/6
(

1 + iτ

1− iτ

)

dτ, (88)

where t is the normalized propagation distance Eq. (16). For convenience we separateH(t) into its real and imag-
inary parts H(t) ≡ Hr(t) + iHi(t). These integrals can be solved to give expressions in terms of hypergeometric
functions

Hr(t) =
11

8
2F1

([

1

6
,
1

2

]

,

[

1

2

]

,−t2
)

t− 2

8

(

1 + t2
)5/6

(89)

Hi(t) =
6

5

[

(1 + t2)5/6 − 1
]

, (90)

where 2F1([·], [·], ·) represents the Barnes extended hypergeometric functions [25].

4. Factorization law

If one party of a bipartite (or multipartite) state propagates through a dissipative channel (such as a turbulent
atmosphere), the final state’s entanglement is proportional to the initial state’s entanglement [27–30]. Hence,
the shape of the decay curve is independent of the initial entanglement. In such a case the initially state can
not be optimized — the maximally entangled states are the robust states.

This is also true where all parties of an entangled state pass through trace preserving dissipative channels [31].
However, if both parties of an entangled bipartite state pass through uncorrelated dissipative channels that are
not trace preserving, only an upper bound exists for the evolution of the entanglement [27–29]. In such a case
the initially states can not be optimized to give robust states that are different from the maximally entangled
states. Here we consider the case where the channel is not trace preserving due to post selection, which truncates
the state to a finite Hilbert space.

5. Initial state

We’ll obtain the robust states by optimizing the tangle for the most general pure bipartite qutrit state that
can be defined in terms of the Hilbert space H3 ⊗H3. In its most general form a pure bipartite qutrit state is
expressed by

|ψ〉 =
∑

m,n

cm,n|m〉|n〉, (91)

where cm,n represents complex coefficients and |m〉 and |n〉 are OAM eigenstates (LG modes) in the respective
subsystems, with azimuthal indices m,n ∈ {1, 0,−1}. The normalization of the initial state implies that

∑

m,n

|cm,n|2 = 1. (92)

The nine complex coefficients in Eq. (91) represent 18 real degrees of freedom. The normalization condition of
Eq. (92) removes one of these real degrees of freedom and the overall phase factor that can be ignored implies
the removal of another real degree of freedom. As a result one needs 16 real degrees of freedom to specify an
arbitrary initial quantum state. These are divided into 8 parameters for the magnitudes of the coefficients and
8 parameters for the complex phase factors of the coefficients. Due to the form of the normalization condition
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in Eq. (92), it is natural to represent the 8 parameters for the magnitudes of the coefficients in terms of sine
and cosine functions. Therefore, the parameterization for the complex coefficients cm,n in Eq. (91) is given by

c1,1 = sin(ka) sin(kb) sin(kd) sin(kh) exp[i(qa + qb + qd + qd)]

c1,−1 = cos(ka) sin(kb) sin(kd) sin(kh) exp[i(−qa + qb + qd + qh)]

c−1,1 = sin(kc) cos(kb) sin(kd) sin(kh) exp[i(qc − qb + qd + qh)]

c−1,−1 = cos(kc) cos(kb) sin(kd) sin(kh) exp[i(−qc − qb + qd + qh)]

c0,0 = cos(kh) exp(−iqh)

c1,0 = sin(ke) sin(kf) cos(kd) sin(kh) exp[i(qe + qf − qd + qh)]

c−1,0 = cos(ke) sin(kf) cos(kd) sin(kh) exp[i(−qe + qf − qd + qh)]

c0,1 = sin(kg) cos(kf) cos(kd) sin(kh) exp[i(qg − qf − qd + qh)]

c0,−1 = cos(kg) cos(kf) cos(kd) sin(kh) exp[i(−qg − qf − qd + qh)]. (93)

These parameters were chosen to follow the pattern imposed by the symmetries found in the couplings, discussed
below.

6. Modal scattering

The probability amplitude (coupling strength) for a particular OAM basis element to be generated when another
OAM basis element is scattered through the scintillation process, is stronger for adjacent OAM modes (those
with the smallest difference in OAM) than between OAM modes that are further apart [7, 19].
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FIG. 11: Illustration of nearest neighbour couplings between the basis elements inside the H3 ⊗ H3 Hilbert space (green
background) and the coupling to basis elements outside (white background). Vertical arrows represent nearest neighbour
couplings for the A-subsystem and horizontal arrows represent nearest neighbour couplings for the B-subsystem.

Figure 11 represents the nearest neighbour couplings between the OAM basis elements of the Hilbert space.
The shaded (green) area represents the truncated H3 ⊗ H3 Hilbert space that are included in the quantum
state tomography measurements. The diagram also shows the neigbouring basis elements outside the Hilbert
space. The dominant (nearest neighbour) couplings are represented by bidirectional arrows. The vertical arrows
represent the couplings in the A-subsystem and the horizontal arrows represent the couplings in the B-subsystem.

7. Trace — Loss of photons

There is a loss of photons that is observed due to the post selection, introduced by the projective measurements
in the truncated Hilbert space. This is directly given by the reduction in the trace of the unnormalized truncated
density matrix.

The decay of the trace as a function of the propagation distance depends on the initial state, due to differences
in the way the basis elements are scattered out of the truncated subspace. The basis elements are divided into
three groups:

• |0, 0〉: neighbouring states lie within the truncated Hilbert space.

• {|0, 1〉, |1, 0〉, |0,−1〉, |−1, 0〉}: have one neighbouring state outside the truncated Hilbert space and three
neighbouring states inside the truncated Hilbert space.
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• {|1, 1〉, |1,−1〉, |−1, 1〉, |−1,−1〉}: have two neighbouring states outside the truncated Hilbert space and two
neighbouring states inside the truncated Hilbert space.

These groups have progressively more neigbouring elements beyond the truncated Hilbert space.

FIG. 12: Trace evolution of the truncated density matrix for strong turbulence. The graph contains three curves: solid (blue)
line for the initial state from Group 1, short dashed (red) line for the initial state from Group 2 and long dashed (green) line
for the initial state from Group 3.

Figure 12 shows the trace for initial states composed of elements from the three respective groups, while prop-
agating through strong turbulence (σ = 25). The difference in coupling to states beyond the truncated Hilbert
space manifests as a difference in the slope of the curve as it moves away from t = 0. Note that the state |0, 0〉,
which has the best performance of the three cases is not an entangled state.

8. Bell states

two-dimensional, composed from OAM states with the azimuthal indices ℓ = ±1, one can show that the entan-
glement of the four maximally entangled Bell states, quantified by the concurrence, all decay equally [21]. This
can be understood as a result of the fact that the scattering is symmetric with respect to ℓ = 1 and ℓ = −1.
For a three-dimensional Hilbert space with ℓ = 1, 0,−1, one can form 12 Bell states in the two-dimensional
subspaces of our three-dimensional Hilbert space. These Bell states form three sets based on their decay curves

Set 1 =
{∣

∣Φ+
0,1

〉

,
∣

∣Φ+
0,−1

〉

,
∣

∣Φ−
0,1

〉

,
∣

∣Φ−
0,−1

〉}

(94)

Set 2 =
{
∣

∣Ψ+
0,1

〉

,
∣

∣Ψ+
0,−1

〉

,
∣

∣Ψ−
0,1

〉

,
∣

∣Ψ−
0,−1

〉}

(95)

Set 3 =
{
∣

∣Φ+
1,−1

〉

,
∣

∣Φ−
1,−1

〉

,
∣

∣Ψ+
1,−1

〉

,
∣

∣Ψ−
1,−1

〉}

, (96)

where
∣

∣Φ±
r,s

〉

and
∣

∣Ψ±
r,s

〉

are the Bell states of the two-dimensional subspaces spanned by r and s, defined in
Eq. (22) for r = 0 and s = 1. The decay curves are shown in Fig. 13.

FIG. 13: Comparison of the tangle evolution of the Bell states in Set 1, Set 2 and Set 3 for strong turbulence.
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Although the initial amount of entanglement is the same for all the Bell states, the subsequent evolution of
the three sets are different. Hence, the initial amount of entanglement does not determine the evolution of the
entanglement, as was found for the two-dimensional situation [27]. The Bell states of Set 3 maintain a nonzero
entanglement for longer than the states of Set 1 and 2. This can be understood by considering the diagram
in Fig. 11. The basis states that are used to compose the states in Set 1 (|1, 1〉 , |0, 0〉 or |−1,−1〉 , |0, 0〉) have
as their nearest neighbour basis states (|1, 0〉 , |0, 1〉 or |−1, 0〉 , |0,−1〉) that can be combined with the original
basis states to form separable states. The same situation is true for the states in Set 2. On the other hand, the
nearest neighbour basis states for the states in Set 3 can not be combined with the original basis states in Set
3 to form separable states. Hence, one can argue that states from Set 3 have a slower entanglement decay than
states from Set 1 and Set 2. This is confirmed by the difference in slope of the curve for Set 3 leaving the point
at t = 0 compared to those of Sets 1 and 2.

9. Initially maximally entangled states

The maximally entangled qutrit states are divided into two groups according to the curves of the decay of their
entanglement. Examples of these two groups are given by

State 1 =
1√
3
[|1, 1〉+ |−1,−1〉+ exp (iφ3) |0, 0〉] (97)

State 2 =
1√
3
[|0,−1〉+ |−1, 0〉+ |1, 1〉] , (98)

respectively.

FIG. 14: Tangle evolution of the initially maximally entangled state in strong turbulence, showing three curves: State 1a, State
1b and State 2. State 1a and State 1b are obtained for φ = π and φ = 0, respectively.

The only phase that affects the entanglement evolution in these states is the relative phase between the first two
terms and the last term in State 1, as denoted by φ3. We ignore all the other phases in these states. The optimal
value of the phase φ3, as a function of the propagation distance t0 where the entanglement is maximized, is
given by

φ3 = φopt (t0) = arctan

[

2 Hr(t0) Hi(t0)

Hi(t0)2 −Hr(t0)2

]

, (99)

where the functions Hr(t) and Hi(t) are given in Eqs. (89) and (90). We’ll denote the cases with minimum and
maximum tangle due to this phase as State 1a and State 1b, respectively.

The decay curves of State 1a, State 1b and State 2 are shown in Fig. 14, both in weak and strong turbulence.
One finds that states represented by State 2 are more robust than those represented by State 1. At first the
entanglement decay for all states is nearly identical and only starts to deviate as the entanglement decreases.

10. Robust entangled state

To find the robust states we start by performing numerical optimization of the tangle at a particular point t = t0,
for the most general initial pure state Eq. (91), using the parameterization from Eq. (93). This optimization
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process is similarly to that in [32]. From the optimization results, we found that the robust states tend to have
certain forms, given by

|µ1〉 = cos(µ1)
1√
2
[|1, 1〉+ |−1,−1〉] + sin(µ1) exp(iφ3) |0, 0〉 (100)

|µ2〉 = cos(µ2)
1√
2
[|0,−1〉+ |−1, 0〉] + sin(µ2) |1, 1〉 , (101)

where µ1 and µ2 represent the optimization angular parameters for the two states, respectively.

FIG. 15: Curves of optimized parameters µ1(t0) for State 1 and µ2(t0) for State 2 that gives the robust entangled states |µ1〉
and |µ2〉 as a function of the normalized propagation distance t0 where optimization is done, in strong turbulence (a) and weak
turbulence (b).

Optimizing µ1 and µ2 for maximal entanglement at t = t0, we obtain the curves for the optimized parameters
µ1(t0) and µ2(t0) shown in Fig. 15. The fact that the parameters are not independent of t0 means that there does
not exist one single state that is the robust state for all propagation distances. For t0 = 0 the optimized states
|µ1(0)〉 and |µ2(0)〉 are the maximally entangled states given in Eqs. (97) and (98), respectively, as expected.

FIG. 16: Comparison of the tangle evolution of initially maximally entangled states (State 1 and State 2) to those of the
optimized states |µ1〉 and |µ2〉, optimized at t0 = 0.03.

Substituting (99) and the optimal values for µ1 and µ2 into (100) and (101), we obtain states that maintain a
nonzero entanglement much longer than the initially maximally entangled states of (97) and (98) or the Bell
states in (94), (95) and (96). The corresponding curves of the tangle are shown in Fig. 16.

11. Experimental preparation of robust states

The optimized state |µ1〉 has an additional benefit. All its terms have the same net OAM (=0). Therefore,
it can be prepared experimentally in spontaneous parametric down-conversion (SPDC). The down-converted
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states produced in SPDC have different weights for different OAM basis states [33, 34]. Moreover, this OAM
spectrum can be changed (made broader or narrower) by adjusting the appropriate parameters (e.g. beam sizes)
in the experiment. In this way one can control the value of µ1. In case the range of weights that are thus
produced does not include that which is required for the robust state, one can introduce mode sorting [35] — an
interferometer that can separate the OAM modes according to their OAM indices — to separate the different
modes so that they can be given different weights and phases (such as φ3) before being recombined to form the
required initial state. It would be harder to produce the optimized state |µ2〉, because the terms in this state
do not have the same net OAM and would therefore not be directly produced in an SPDC process. However,
using mode sorting [35] one can change the OAM and the weights in the individual terms of some state that
can be obtained from SPDC, such that the result is the required optimized state |µ2〉.

VI. NUMERICAL SIMULATIONS

1. Motivation

To know whether the theories about the decay of OAM entanglement in turbulence are correct, we need to
compare it with some other results that were obtained independently, such as experimental results and numerical
simulations. Here we discuss the numerical simulations.

Using numerical simulations, one can avoid the challenges posed by the practical issues associated with quantum
states in turbulence. Moreover, one can produce results that are independent of the theory and closer to the real
thing. Numerical simulations are therefore an important intermediate effort between theory and experiment. If
the theory, the numerical simulation results and the experimental results all agree, then one gains confidence
that some understanding about the process has been achieved.

2. General procedure

The numerical simulation of the propagation of an entangled bipartite quantum state through atmospheric
turbulence is performed according to the following general procedure:

• First one prepares an input states, consisting of a collection of different complex-valued functions (transverse
spatial modes) that are pairwise associated with the two photons.

• Next the different modes are propagated through the turbulent atmosphere. Here we use a split-step
method that alternates between multiplying the mode with a random phase function and propagating the
modulated result over a short distance of free-space (without turbulent). These two steps are performed
repeatedly until one reached the final distance.

• For each step one extracts the density matrix of the quantum states. From the sequence of density matrices
thus obtained one can compute a curve of the entanglement as a function of the propagation distance.

Each of these steps are discussed in more detail below.

3. Input state

The input state can be any photonic quantum state that is entangled in terms of its spatial degrees of freedom.
Consider for example the Bell state

|Ψ〉 = 1√
2
(|1〉A |−1〉B + |−1〉A |1〉B) . (102)

Here |1〉 (|−1〉) represents an LG mode, given by Eq. (53), at the waist (t = 0) with p = 0 and ℓ = 1 (ℓ = −1).
For example, |1〉 is associated with transverse spatial mode

U
(LG)
01 = 2

√
πr exp(iφ)L1

0(2r
2) exp(−r2), (103)

where r =
√

x2 + y2/w0.

For the duration of the simulation each of the four transverse modes, represented in Eq. (102), is propagated
independently through the turbulence. Two of these modes are associated with the photon of subsystem-A and
the other two with the photon of subsystem-B. The two photons propagate through different regions of the
turbulent atmosphere. Therefore, the random phase screens for the two subsystems are different, but the two
modes associated with the same photon are modulated by the same random phase screens.
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4. Split-step method

The expression for the paraxial wave equation in a turbulent medium, as given in Eq. (38), can also be expressed
as

∂zg(x) =
−i
2k0

∇2
T g(x)− ik0δn(x)g(x). (104)

The two terms on the right-hand side represent, respectively, the free-space propagation process and the modu-
lation of the field by a random phase. The split-step method separates these two processes and performs them
in consecutive steps. First the transverse optical field is modulated by the random phase, as if the optical beam
passes through a thin phase screen. The random phase that is condensed into this phase screen represents that
accumulated phase modulation that the optical field would have acquired after propagating through a turbulent
medium for a distance ∆z. The modulated optical field is then propagated through free-space without turbu-
lence over a distance of ∆z. After the free-space propagation the resulting optical field is modulated by the next
random phase for the next ∆z and then propagated through free-space again. This is repeated over and over
again (N times) until a distance of L(= N∆z) is reached where the entanglement has decayed to zero.

5. Random phase screens

The random phase screens are calculated in such a way as to produce the same effect that a turbulent atmosphere
would produce. This is done by assuming that the turbulence can be modeled by the Kolmogorov theory.
Therefore, the phase functions must reproduce the Kolmogorov structure function. For this purpose we model
the phase of the transmission function of the phase screen by

θ(x, y) =
k0
∆k

√

∆z

2π

∫

χ̃n(K) [Φ0(K, 0)]
1/2

exp [−i(kxx+ kyy)]
d2k

(2π)2

=
k0
∆k

√

∆z

2π
F−1

{

χ̃n(K) [Φ0(K, 0)]
1/2

}

, (105)

where Φ0(K, 0) is the Kolmogorov power spectral density, with kz = 0, χ̃(K) is a normally distributed two-
dimensional random complex spectral function and ∆k is its sample spacing in frequency domain. The latter
is inversely proportional to the outer scale of the turbulence. Since the phase is an asymmetric real-valued
function, we have that χ̃∗(K) = χ̃(−K).d Furthermore, the autocorrelation function of the random function is
given by

〈χ̃(K1)χ̃
∗(K2)〉 = (2π∆k)

2 δ2(K1 −K2). (106)

An example of such a random phase function is shown in Fig. 17.

FIG. 17: Example of the phase of a random phase screen. The gray scales represent the phase values.

One can determine whether the phase thus produced represents Kolmogorov turbulence, by testing to see if it
reproduces the phase structure function, given by Eq. (30), when substituted into Eq. (2). It turns out that

d In practice this restriction is dropped, leading to a complex function for the phase, which then represents two distinct phase functions
that can be used for two phase screens.
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if the phase function in Eq. (105) is produced by a discreet inverse Fourier transform, such as the fast Fourier
transform algorithm, then the result from Eq. (2) does not give the structure function in Eq. (30). The reason is
that the Kolmogorov power spectral density function is sharply peak at the origin, as shown in Fig. 3. Moreover,
the value at the origin of the spectrum is singular. So the discreet sample at the origin is usually discarded and
the rest of the samples are insignificant because the bulk of the power in the spectrum sits between the sample
at the origin and the first neigbouring samples. Additional samples need to be added between the sample at
the origin and the first neigbouring samples. This can be done by adding subgrids with smaller sample spacings
in this region, as shown in Fig. 18. With enough extra samples in such subgrids the resulting phase function
reproduces the structure function in Eq. (30) accurately.

FIG. 18: Diagram of the grid points on the Fourier domain. The original grid points are shown as green dots. The red and
blue dots are progressively smaller subgrids around the origin.

6. Extracting the density matrix

The physical process that a quantum state experiences while propagating through a particular turbulent medium
is unitary. Therefore, the distorted state is still a pure state. However, we do not know the details of the medium
that the quantum state propagated through. We can only make predictions based on the statistical properties
of the medium. Therefore, we need to compute an ensemble average of the results over all the possible turbulent
media that have these particular statistical properties. The result is a mixed state.

We need to do the same in the numerical simulation. The modes that represent the different components
of the input state become distorted in the numerical simulation due to the repeated phase modulations and
propagations. However, together they still represent a pure quantum state. If U∆z represents the unitary
operation for the propagation through a particular turbulent medium of thickness ∆z, then the simulation
implements the operation

∑

n

αn |ψn〉A |ψn〉B →
∑

n

αn (U∆z |ψn〉A) (U∆z |ψn〉B) . (107)

For the qubit case under consideration, the distortions are represented by

|±1〉X → a±1,X |1〉X + b±1,X |−1〉X , (108)

for the respective subsystems, where X is either A or B and the coefficients are given by inner products

a±1,X = 〈±1|U∆z |1〉X
b±1,X = 〈±1|U∆z |−1〉X . (109)

For a particular sequence of random phase screens the initial state transforms to

|Ψin〉 → |Ψout〉 = C1 |1〉A |1〉B + C2 |1〉A |−1〉B + C3 |−1〉A |1〉B + C4 |−1〉A |−1〉B , (110)

where

C1 =
1√
2
(a1,Aa−1,B + a−1,Aa1,B)

C2 =
1√
2
(a1,Ab−1,B + a−1,Ab1,B)

C3 =
1√
2
(b1,Aa−1,B + b−1,Aa1,B)

C4 =
1√
2
(b1,Ab−1,B + b−1,Ab1,B) . (111)
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Note that only a restricted set of basis elements are retained. As a result the transformation in Eq. (110) is not
unitary (|Ψout〉 6= U∆z |Ψin〉). The implied truncation represents a post-selection process, leading to a density
matrix with a reduced trace. Therefore, the density matrix needs to be normalized. The final density matrix is
calculated by

ρ =

∑N
n |Ψn〉 〈Ψn|

Tr
{

∑N
n |Ψn〉 〈Ψn|

} , (112)

for N different instances of the medium (different sequences of random phase screens), where |Ψn〉 is the n-th
state obtained from the transformation in Eq. (110).

The resulting density matrix is used to compute the concurrence, or any other quantity of interest.

7. Results

The results from the numerical simulations are presented together with the experimental results below.

VII. EXPERIMENTAL RESULTS

1. Coincidence counts

The first experimental work studying quantum photonic states in turbulence was done by Pors, et al. [36]. They
looked at the effect that turbulence has on the coincidence counts as a function of the angular difference between
two angular sectored phase plates. They used the results to relate the Shannon dimensionality, which gives the
effective number of modes that can be detected, to the density operator of the measured state.

2. Power coupled into neigbouring OAM modes

Following the work in [19], Rodenburg, et al. [37] performed experimental measurements of the power coupled
into neigbouring OAMmodes, where the turbulence is simulated by a random phase on a spatial light modulator.
They found results that agreed fairly well with the theoretical calculation in [19]. Subsequently these results
were used to propose the use of plane waves instead of OAM modes to encode quantum information [38–40].

3. Channel capacity

The work on OAM states in turbulence is ultimately relevant for the implementation of free-space quantum
communication. Such a technology require the successful implementation of quantum protocols for quantum
key distribution, using OAM photonic states. To see if this is feasible, Malik, et al. [41], measured the channel
capacity experimentally through turbulence, simulated by a single phase screen. The results were obtained over
a range of values for D/r0, where D is the size of the receiving aperture and r0 is the Fried parameter, Eq. (31).
Their results show that for larger sets of OAM modes one can increases the number of bits per photon beyond
what is possible with qubits. However, at D/r0 ∼ 1 this channel capacity starts to decay to zero. Zhao, et al. [42]
also measured the channel capacity experimentally through turbulence, but they also incorporated aberration
correction and showed that they can improve the performance of the system to some extent.

4. Entanglement

Although the channel capacity and other such quantities are relevant for the physical implementation of a
practical quantum communication system, they don’t say much about whether the quantum state retained its
entanglement. To determine the extent to which a quantum state retains its initial entanglement one needs to
measure the entanglement of the state. Although there are special circumstances where one can measure the
entanglement directly [38], these circumstances do not apply when we consider the state in terms of the OAM
modes. Therefore, one needs to perform a full quantum state tomography to determine the density matrix of
the state and then one can compute the entanglement of the density matrix using the concurrence or some other
quantitative measure of the entanglement.

5. Preparation of the entangled state (SPDC)

A pair of photons that is entangled in its spatial degrees of freedom, is readily produced through spontaneous
parametric down-conversion (SPDC). An experimental setup that produces such an entangled state is shown
by the diagram in Fig. 19. In the diagram a 350 mW laser with a wavelength of 355 nm is used to pump a
0.5 mm-thick BBO crystal with type I phase-matching, to produce collinear, degenerate photon pairs. The signal
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and idler photons are separated by a 50/50 beam splitter. The resulting OAM entangled quantum state is now
sent through a dissipative channel that represents atmospheric turbulence. In the experiment the turbulence is
simulated by a single phase screen, which is implemented through phase modulation by spatial light modulators
(SLMs). The quantum state that is obtained after the dissipative channel is then measured with full quantum
state tomography. In the practical experiment the SLMs that simulate the dissipative channel are also used
for the quantum state tomography. The crystal plane is imaged onto the two SLMs in the signal and idler
beams, respectively, and the SLM planes are imaged onto the entrance pupils of single-mode fibers (SMFs),
which extract the pure Gaussian mode from the incident field. Avalanche photo diodes (APDs), connected to
the other ends of these SMFs, register photon pairs via a coincidence counter (CC).

50/50 beam
splitter

Laser

BBO A

B

SLM

SLM

SMF

SMF

CC

APD

APD

Signal

Idler

FIG. 19: Diagram of the experimental setup used to measure the amount of entanglement that survives after a certain amount
of scintillation caused by simulated turbulence.

6. Distorted modes

One way to look at the effect of the simulated turbulence on the OAM basis states in the experiment is to do a
back-projection: one of the APDs is replaced by a laser diode, which then sends light backward from the SMF,
illuminating the SLM that contains the random phase of the turbulence as well as the phase of the OAM mode
to be detected. One can now image this light coming from the SLM to see the effect of the scintillation, as
shown in Fig. 20. We see that the modes become progressively more distorted due to the scintillation.

l = 

l =

l = 

0/r0 w  = 0 = 1 = 3

0

1

3

0/r0 w  0/r0 w  

FIG. 20: Intensity profiles of different OAM modes (ℓ = 0, 1, 3), produced by back-projection from the SMF, for different
amounts of scintillation (w0/r0 = 0, 1, 3).

7. Modal scattering

The quantum state produced by the SPDC process is entangled in terms of the OAM modes, so that the sum
of the azimuthal indices of the signal and idler beams gives the azimuthal index of the pump. If the pump has
ℓ = 0, as we have in this experiment, the azimuthal indices of the signal and idler beams are anticorrelated
ℓsignal = −ℓidler. When there is no turbulence, one observes an anticorrelated diagonal in the diagram of
coincidence counts for the different combinations of azimuthal indices, as can be observed in Fig. 21(a) and (d).
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In the presence of turbulence, the OAM modes in each of the beams are scattered to other OAM modes. This
produces the off-diagonal coincidence counts observed in Fig. 21(b), (c), (e) and (f).

lA

(a) (d)

(b)

(c)

(e)

(f)

FIG. 21: Diagram showing the coincidence counts for simultaneous measurements of modes with azimuthal index ℓA in the
signal beam and ℓB in the idler beam when one or both beams passed through turbulence. In (a), (b) and (c) only one photon
passed through turbulence and in (d),(e) and (f) both photons passed through turbulence. In (a) and (d) the turbulence is zero.
In (b) and (e) the turbulence produces a scintillation of w0/r0 = 2, and in (c) and (f) it produces a scintillation of w0/r0 = 4.

8. Comparison of results

The experimental results are compared to the results from numerical simulations and to the predictions from
the single phase screen calculations and from the IPE. These results are shown for the following cases. In Fig. 22
only one photon propagated through turbulence. Four graphs are shown for ℓ = 1, 3, 5, 7, respectively. Each
graph is shown as a function of the scintillation strength, as quantified by w0/r0, up to a value of w0/r0 = 4.
The results in Fig. 23 is the equivalent for the case where both photons propagate through turbulence.

In general the experimental results and the numerical simulations agree fairly well with the predictions of the
single phase screen calculations, but the IPE predictions are only in agreement with the other results in the case
where ℓ = 1. As explained above, the reason is that the IPE is severely sensitive to truncations of the density
matrix.

9. Distance scale for entanglement decay

All the results on the decay of OAM entanglement in turbulence points to the fact that the entanglement decays
where w0/r0 is on the order of 1. This implies that the nominal distance scale at which atmospherically induced
decay of entanglement occurs is given by

Ldec ∼
0.06λ2

w
5/3
0 C2

n

. (113)

One can argue that this scale should also depend on the azimuthal index ℓ. To find this ℓ-dependence, we use
the single phase screen calculations to find the values of w0/r0 where the concurrence is equal to 0.5 over a range
of ℓ-values. These values show that a power law governs the ℓ-dependence of Ldec. The resulting expression for
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FIG. 22: Comparison of experimental measurements (red dots), numerical simulations (blue diamonds), single phase screen
predictions (maroon line) and IPE predictions (turquoise dot-dashed line) for the case where only one photon passes through
turbulence. The graphs in (a), (b), (c) and (d), respectively show the results for ℓ = 1, 3, 5, 7.
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FIG. 23: Comparison of experimental measurements (red dots), numerical simulations (blue diamonds), single phase screen
predictions (maroon line) and IPE predictions (turquoise dot-dashed line) for the case where both photons pass through
turbulence. The graphs in (a), (b), (c) and (d), respectively show the results for ℓ = 1, 3, 5, 7.

the distance scale where atmospherically induced decay of entanglement occurs is

Ldec(ℓ) =
0.06λ2

√
ℓ

w
5/3
0 C2

n

. (114)
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