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Classical Stochastic Hydrodynamics

Motivation: 1
Classical Stochastic
Hydrodynamics

Adding noise to classically stochastic
hydrodynamics in 2D is a rich problem, which

Calogero Phase

v includes Turbulence

ZH:?n't'td 2. What kind of symmetries can we expect in this
Do pace low-dimensional non-equilibrium problem?

o e 3. A picture emerges from numerical simulations
Hyarocymamic. which points to CFT-type conformal invariance.
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Reference to Numerical results

Motivation:

O hatic e Bernard, Boffetta, Celani, Falkovich atue physics 2006) 2.
Hydrodynamics - . .

- zazey, Showed that zero voriticty isolines conform
with ¢ = 0 Percolation hulls.

Calogero Phase
space liquid
-Calogero-
Sutherland
-Hamiltonian
Reduction
-Phase Space
Picture

-Ground State

Stochastic

Quantization in ‘ o

(Coutom) Gauge e Polyakov had earlier suggested a connection to
Integrable Structure CFT (with another regime in mind):

Conclusion & . — — —

Outlook Try to match solutions of (v(x1)v(x2) ... 0(x,))

with CFT correlators
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Strategy

o awcnasic | 1. Look at the quantum problem instead
Hydrodynamics . .
s Phoe 2. Search for hidden symmetries of quantum

yr— hydrodynamics.

Sutherland - :
Homitonian 3. Compare to classical stochastics.
-Phase Space
Picture

-Ground State

Stochastic
Quantization in
Hydrodynamic
(Coulomb) Gauge

Integrable Structure

Conclusion &
Outlook




21:14:07

Phase Space Stochastic Quantization

e i | ®  We shall make use of Stochastic quantization
Hydrodynamics .
(SQ) in phase space:

Calogero Phase
space liquid

Suthegand dp oH dq 0H
_I—Lllar:irlta:;ian — - —l— d : —_— = — N _I_ d :
Reduction d,]— q 5p fp dT p 5q fq

-Phase Space
Picture

-Ground State d d d
Srochastic e Take 7 — o0, Whereupon = == 10
Quantization in

Hydrodynamic o Classically, take & — =0, —> it

(Coulomb) Gauge

Integrable Structure 5H 5H

G 0=q¢= 5 +d&, 0=-p—F

+ d¢§,,

e [he relation is formal.
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Calogero-Sutherland Model

ot aasic | 1 he Calogero-Sutherland model is an N-particle
Hydrodynamics . . .

o system on a line with inverse square law
Interactions:
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Calogero as Hamiltonian Reduction

e |1 N€E Interaction can be thought of as a purely phase
Hydrodynamics . .

volume effect. Indeed, the dynamics are equivalent
to the motion of the eigenvalues of X:

Calogero Phase
space liquid

Stochastic
Quantization in
Hydrodynamic . .
(Coulomb) Gauge - -

-H Reductions X o P? P o X
-Stochastic Q of H
Reduction

Gauge Choce X, P =201 — (N +1)|N)(N||

-Hydrodynamics

-Vortex Dynamics

megabeswcwre | 1 e System is symmetric under X — UTXU,
Corclusion & P — UTPU with U = U1, and U|N) = €?|N).
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Phase Space Picture of Calogero

e | X and P are coordinates in phase space. Since they
Hydrodynamics . . . .

Calogero Phoce are Matrices, we consider their Wigner transform,
space e and the Wigner distribution

Stochastic
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i.]
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Phase Space Picture of Calogero

o eenasie | OUsskind gave the following picture:

Hydrodynamics

Calogero Phase
space liquid

Stochastic p e
Quantization in 2 | D\ T
Hydrodynamic
(Coulomb) Gauge =

-H Reductions X
-Stochastic Q of H ~|_
Reduction

-Gauge Choice
-Hydrodynamics

_Vortex Dynamics ]1]\[(5137 p) ]lN (lIZ, p)
Integrable Structure X ) P) = — — ’
AR =%y T wrx P

The density is a time independent function of
Lagrangian coordinates, i.e. incompressibility.
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Ground State

The ground state is given by:

AN N

X = Zcos(t) +psin(t), P =pcos(t)— zsin(t)
where:

N
T4 P = Z Vili — 1){i] = Tyxyal iy
i=0

P P
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Hamiltonian Reductions

Motivation:

Classical Stochastic We Wa nt to q ua ntlze

Hydrodynamics

Calogero Phase
ey

space liquid A -
Stochastic Z o ZZ —I_ Z[)\7 Z]
Quantization in
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Integrable Structure

-Mode Expansion
AN AN
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And a gauge choice determining A

This i1s a Hamiltonian Reduction.
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Stochastic Quantization of

Hamiltonian Reductions

Quantize (Parisi) by introducing Auxiliary time, 7

dZ ds .
— = —— +d=
dr d7

:ZA—ZZA—I—dé

(Ohba) Introduce Lagrange multipliers, ¥ associated

with the constraint, ¢, and Lagrange multiplier, A,

assoclated with the gauge condition, Y.
dz dS <do _dy
— | )\ _ .y

= - D+ = 1
dr dZ dZ7 dZ1 (1)
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Gauge Choice

Motivation:

Classical Stochastic 1. The usual gauge choice is to let X be diagonal,

Hydrodynamics

Calogero Phase [.{i" X] — O.
space liquid N N .
Stochastic Where ., p are ground state matrices.
Quantization in . .
Hydrodynaic 2. This choice leads to Calogero,
ouiom auge
2 2 6(0—nh)
Integrable Structure H: ( . .CI;) . . y asa
e 2 PLH )+ i oy
Quaniics Hamiltonian reduction .
Conclusion & 3. This anisotropic choice is inconvenient. Choose

instead the Coulomb gauge:

AN

&, X+ [p, P] =0
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Hydrodynamics in Coulomb gauge

1. The equations are:

12 = 7 —1Z +[\, Z) + [a,v] + d=

2. Considering smaII perturbatlons
7 = an + V(CLN) + .

3. The equation of motion turns out to be:
V=1V4+de+...

4. In vector form, V — SR and

U=2%x%x0R, dp=V-0R, Vx6R=0,

which leads to

0 B
w=—o0p, V- -U=020,
m

which is equivalent to hydrodynamics.

21:14:07
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Vortex Dynamics

1.

Taking curl of Euler v +v - Vv + VP = 0:

w4+v-Vw=0, p+v-Vp=0,
leads to a solution 0p o< w.
In our case it is only true integrated over any

region whose boundary has small deformation:

0Np = ,/ (AP ="" ¢ §odi = 2T,
D 0 Jop 0

In particular quantized vortices -
np — %FD — %(SND
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Mode Expansion

An infinite number of conserved quantites exist
and can be written through the mode

expansion:
n
V = E aal™
n

where Z =a+V + ...

The expressions are complicated, but one may

h

expand in 7. Assuming vortices one obtains

Vo~ % One obtains a set of conserved
quantities whose leading orders commute.
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Conserved quantities

Motivation:
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Calogero Phase 2 . H2

space liquid

Soala, + ...

Stochastic

Sy = VO (alal,anim + he) +(O—h)nafa,+. ..
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Integrable Structure
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Conclusion 3. The simultaneous diagonalization of Hy and H
e is a problem already solved in collective field
theory of Calogero and is related to Jack

2
polynomials, CFT withc =1 —12 (% _ %)
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Conclusion

dmeeasie | 1. Calogero in a different gauge is related to
Hydrodynamics .
o hydrodynamics

Calogero Phase

S 2. The integrability of the Calogero expresses itself
" in the problem of diagonalizing the Hamiltonian
fig':lb):gt written in terms of modes of deformation

Conclusion & 3. The diagonalization problem is given through

Outlook

Jacks related to the representation theory of

0—1—12<\/%—\/§>2
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Outlook
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