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General Framework of Matrix Geomety: Information/Co  ntact & Koszul Geometries
Probability in Metric Spaces by Fréchet
Metric Geometry of Hermitian Positive Definites Mat  rices (HPD)
View point of geometers: Cartan-Siegel Symmetric Bounded Domains
View point of probabilists: Information Geometry and Fisher Information metric
Karcher Flows for HPD matrices
Basic Karcher flow to compute « Mean » Barycenter of N HPD matrices
Weiszfeld-Karcher flow to compute « Median » Barycenter of N HPD matrices
Karcher Flows for Toeplitz HPD matrices (THPD)

Trench/Verblunsky Theorems: Partial Iwasawa Decomposition and CAR model

Karcher Flow for Hessian metric/Information Geometry metric of Complex Autoregressive Model

New « Ordered Statistic High Doppler Resolution CFAR » (OS-HDR-CFAR)
OS-HDR-CFAR Processing Chain & results on real recorder data

Karcher Flows for Toeplitz-Block-Toeplitz HPD matrice s (TBTHPD)
Matrix Extension of Trench/Verblunsky Theorem: Multivariate CAR parametrization
Karcher Flow in Siegel Disk with Mostow Decomposition/Berger Fibration

New « Ordered Statistic Space-Time Adaptive Processing » (OS-STAP)

Miscellaneous: Quantization of Complex Symmetric Sp aces, Analysis on
Symmetric Cone, Homogeneous Hyperbolic Affine Hyper spheres T H A LE S
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Michel Emery

IRMA Lab, Strasbourg University
Probability on Riemannian Manifold
Stochastc Calculus on Manifolds

M. Emery, G. Mokobodzki, « Sur le barycentre d'une
probabilité dans une variété », Séminaire de
probabilités de Strasbourg, 25, p. 220-233, 1991

M. Emery, P.A. Meyer, « Stochastic calculus in
manifolds », Springer 1989

M. Emery, W. Zheng, « Fonctions convexes et
semimartingales dans une variété », Séminaire de
Probabilités XVIII, Lecture Notes in Mathematics 10 59,
Springer 1984

M. Fréchet, « L'intégrale abstraite d’une fonction
abstraite et son application a la moyenne d’un

élément aléatoire de nature quelconque », Revue
Scientifique, 483-512, 1944

M. Fréchet, « Les éléments aléatoires de nature
guelconque dans un espace distancié  ». Annales IHP,
10 no. 4, p. 215-310, 1948

/ (X) £ EV (x)] ,/ continuousonvexfunction

exp,'(g(x))P(dx) =0

Marc Arnaudon
PhD with M. Emery, Bordeaux University
P-Means Computation on Riemannian Manifold
Stochastic Flow on Riemannian Manifold

M. Arnaudon, L. Miclo,” Means in complete manifolds:

uniqueness and approximation 7,

M. Arnaudon, C. Dombry, A. Phan, Le Yang, « Stochast ic
algorithms for computing means of probability measu res. »,
Stochastic Processes and their Applications122, pp. 1437-1455,
2012

M. Arnaudon, A. Thalmaier, “Brownian motion and nega tive
curvature”, Boundaries and Spectra of Random Walks, Progress
in Probability, Vol. 64, 145--163, Springer Basel, 2011

M. Arnaudon, F. Barbaresco, Le Yang,” Medians and means in
Riemannian geometry: existence, uniqueness and comp utation ”
Matrix Information Geometry, Nielsen, Frank; Bhatia , Rajendra
(Eds.), Springer,

Le Yang, « Médianes de mesures de probabilité dans| es
variétés riemanniennes et applications a la détecti  on de cibles
radar », PhD with advisors M. arnaudon & F. Barbares co

, THALES PhD Award 2012
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Misha Gromov , IHES
Abel Prize 2009
Mathematics about "interesting structures*
Category-theoretic approach of Fisher Metric

M. Gromov, « In a Search for a Structure, Part 1: O n
Entropy », preprint, July 2012

Chap 2. « Fisher Metric and Von Neumann Entropy»
Such a rescaling, being a non-trivial symmetry, is a
significant structure in its own right; for example :
the group of families of such "rescalings" leads th e
amazing orthogonal symmetry of the Fisher metric

List us potuder over Bolteamann’s netion ¢(p) = ¥, o log g All onr inegualities
for the entropy were reffections of the eonvexity of this e{p), p={p}. ¢ T, on
the unit simplex A(), ¥, =1, in the positive cone E‘," c B

Convexity translates to the language of caleulus ps positive definiteness of
Hessian h = Hessle) on &{1); following Fisher (1925) let us regard hoas o
Riemannian metric on A1)

M. Gromov, « Convex sets and Kahler manifolds  »,
in Advances in J. Differential Geom., F. Tricerrie d.,
World Sci., Singapore, pp. 1-38, 1990

B s = K[p(x.9), p(x, g +dg)] =

Ta
g;dg.dg,

iy]
Yann Ollivier , Paris-Sud University, LRI Dept.
CNRS Bronze Medal 2011
Introduction of probabilistic models on structured

g,

Y. Ollivier, « Probabilités sur les espaces de confi  guration
d'origine géométrique », PhD with advisers M. Gromov & P
Pansu

Y. Ollivier, « Le Hasard et la Courbure
(Randomness and Curvature) », habilitation:

Y. Ollivier & Youhei Akimoto, « Objective improvement in
information-geometric optimization », FOGA 2013, preprint
2012

Yann Ollivier, Ludovic Arnold, Anne Auger, and Niko laus
Hansen, « Information-geometric optimization  : A unifying
picture via invariance principles », arXiv:1106.3708v 1, 2011

Video « seminaire Brillouin »:

objects
Interplay between probability and differential geom etry
Natural Gradient by Fisher Information Matrix (IGO)
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: dlog(y s)=d(logy - logdets)=dlogy

Jean-Louis Koszul , French Sciences Academy
PhD student of Henri Cartan, Bourbaki member
Introduction of Koszul forms, Koszul-Vinberg
characteristic function & metric

J.L. Koszul, « Sur la forme hermitienne canonique des
espaces homogenes », complexes, Canad. J. Math. 7,
pp. 562-576., 1955

J.L. Koszul, « Domaines bornées homogenes et

orbites de groupes de transformations affines », Bul l.

Soc. Math. France 89, pp. 515-533., 1961

J.L. Koszul, « Ouverts convexes homogenes des
espaces affines », Math. Z. 79, pp. 254-259., 1962
J.L. Koszul, « Variétés localement plates et
convexité », Osaka J. Maht. 2, pp. 285-290., 1965
J.L. Koszul, « Déformations des variétés localement
plates », .Ann Inst Fourier, 18 , 103-114., 1968

See: M. N. Boyom, « Convexité locale dans I'espace
des connexions symétriques. Critére de comparaison
des modéles statistiques »,, March 2012, IHP, Paris

« Les connexions symétriques est un sous-ensemble co nvexe
contenant le sous-ensemble des connexions localemen t plates »

xI W, Wand W dualconesD flat connection

.-y (X) — e‘<X,X*>dX* ’ g — Dd IOg)/ > O Characte_ristic Function &

Koszul-Vinberg

metric of regular
convex cone WY

Hirohiko Shima , Emeritus Professor of Yamaguchi Univ.
PhD from Osaka University

Interplay between the Geometry of Hessian Structure s
and Information Geometry

H. Shima, “The Geometry of Hessian Structures”, World
Scienti ¢, 2007

dedicated to Prof. Jean-Louis Koszul (« the contento  fthe
present book finds their origin in his studies »)

H. Shima,Symmetric spaces with invariant locally He  ssian
structures, J. Math. Soc. Japan,, pp. 581-589., 197 7

H. Shima, « Homogeneous Hessian manifolds », Ann. Ins  t.
Fourier, Grenoble, pp. 91-128., 1980

H. Shima, « Vanishing theorems for compact Hessian

manifolds », Ann. Inst. Fourier, Grenoble, pp.183-20 5., 1986

H. Shima, « Harmonicity of gradient mappings of leve | surfaces
inareala ne space », Geometriae Dedicata, pp. 177-184., 1995
H. Shima, « Hessian manifolds of constant Hessian se  ctional
curvature », J. Math. Soc. Japan, pp. 735-753., 1995

H. Shima, « Homogeneous spaces with invariant projec  tively at
a ne connections », Trans. Amer. Math. Soc., pp. 4713- 4726,
1999




Hirohiko Shima Book, «

», world Scientific Publishing 2007, dedicated

to Jean-Louis Koszul
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H. Shima, “The Geometry of Hessian Structures”, Wor  Id Scienti c, 2007

dedicated to Prof. Jean-Louis Koszul (« the content of the present book finds their origin in his studi es »)
Siegel domain «——  Regular convex cone
Holomorphic ——  Affine coordinate

coordinate
system {31-. 84, ?fn} system {;1?1. e ._;1:'”}

Bergman kernel function +«—  Characteristic func-

tion
K(z,w) W(x)
Bergman metric «——  Clanonical metric
:2 —— o = Z
0°log K(2,2) , ;. d* log r
— — —dz'dz —— " dr'dx
— 02077 Ox' Oz
3.7 44

A pair (D; g) of a flat connection D and a Hessian metric g is called a Hessian structure.
J.L. Koszul studied a flat manifold endowed with a closed 1-form a suchthat Da is positive definite,
whereupon Da is a Hessian metric. This is the ultimate origin of the notion of Hessian structures

A Hessian structure (D; g) is said to be of Koszul type , if there exists a closed 1-form a suchthat g =Da

The second Koszul form b plays an important role similar to the Ricci tensor for a Kéahlerian metric
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http://www.gsi2013.com

GDR
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-

Séminaire Léon Brillouin

S ln 2éa—

ECOLE DES MINES DE PARIS

Computational Information Geometry
Hessian Information Geometry
Symplectic Information Geometry

Optimization on Matrix Manifolds
Probability on Manifolds

Divergence Geometry & Ancillarity
Machine/Manifold/Topology Learning
Optimal Transport Geometry
Mathematical Morphology for Tensor/Matrix-Valued Im  ages
Geometry of Audio Processing

Shape Spaces: Geometry and Statistic

Geometry of Shape Variability

Geometric Inverse Problems: Filtering/Estimation on Manifolds
Differential Geometry in Signal Processing

Relational Metric

Finite Metric Spaces T H /3\ L E 5
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Call for I’a |:uers .
GSI’2013 - Geometric Science of Information

Paris — Ecole des Mines

The objective of this SEE intevnationsl Confereace bosted by 300
pare/applicd mathematicians and engineers, with common interest "
Infyrmation analysis, with active participstion of yuang
collnborative research on * loformation Geometey Vilokis oo

Cuvrent and ongoing uses of Information Goometrs 'h
Adbvanced SignalTmapeVides Processing, Efwrpln !
Retrieval,  Coding,  Cngnitive  Systems, @ﬂ.
Speechisound  resagnition, lalml %

Indmlgl;

e

I8-30 Augost 2013

h
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m;mumim;,,;mthw t.l}ﬂ'n-p‘i‘ittl.‘ll‘r. .1 H'.

- merh\nluur\d hnmlﬂul 1
~ o+ DifTerential Cevmelry in Signal Processing

Yann OLLIVIER (Paris-Sud University, France ):

« Information-geometric optimization: The
interest of information theory for discrete and
continuous optimization »

| =

=9

Hirohiko SHIMA (Yamaguchi University, Japan ):
« Geometry of Hessian Structures »

Giovanni PISTONE (Collegio Carlo Alberto, Italy ):
« Non-Parametric Information Geometry »




Lecture Notes in Computer Sdence

The LNCS series rq)nn:ll:lte-n{-lhe-lrl resmlts in compuier science
rﬂ:lr:ﬁ,dﬂdn?m:uLmdednulm,uliu#hﬂmdubdhpnutﬂi
and electronic form. Enjoying tight cooperation with the BT commumity,
with nameroas individuals, ss well as with prestigions organimtinne and
societies, LMCS has inin the most mmpr:b:n.li'lemnthrl:':ﬂ::
research forum mmilable.

The scope af LNCS, incloding its subasres LNAI and LNBL spans the
whaole range of compuier science and information techobogy indoding
m.!.u'ﬂ.ur?hnurtugu in & variety of spplication Gelds. The type of
muderial poblished traditinnally inchdes
- proceedings (published in time for the respective conference)
— past-proceedings (comsisting of thoronghly revised fimal foll papers)
- resssrch mﬂmwhﬂiﬁ.ichmlrbeh-ulon mﬂmﬂmﬁ!‘lﬂ]m&.
research projects, technical reports, et

Misra recenily, several color-cover sublines have been nikied {eainring.

bayond & cpilection of papers varias added-value comporents; these

smbbhnes incnda

- totoriels (1exthock-lkes mocographs or collections af lectures given at
mifvenced pourses)

~ giabe-of-the-nri AITVEYS qnﬂ-uins .'.urn:pl:h: and mediaied COFErags
u{niﬂpi.:‘.'l

~ bt timricy finbroducing emengent topics te the bresder mrmamty

in parallel ko the prented boak, sech new volune 1 pobiEnsd aleceranically
in LNCS Online

Detorled informaton oo LGS con b= fomed a1

wwrsapringer.com Ince

TII'L:IPHI.III [or pobilicstion shoald be st 10

LNES Bditnriel, Tiergartensir. o7, fous Heidelbery, Germany

Bemadl h:LE'lplinH:r.-cnm
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¥ springEccam
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LNCS 8085

Erank Nielsen
Frédéric Barbaresco (Eds.)

Geometric Science
of Information

First International Conferenca, G51 2013
Parls, France, August 2013
Proceedings
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'_ ﬂ' - Seminaire Leon Brillouin

sclences géoméetrigues de linformation

! L1} # $
Laboratoire d’accueil : ircam
IRCAM, Salle Igor Stravinsky Centre

Pompidou
Projet INRIA/CNRS/Ircam MuSync (Arshia Cont)

Animation : Arshia Cont (IRCAM & INRIA), Frank Nielse
Barbaresco (Thales)

n (Sony Research), F.

Les laboratoires
IRCAM (Arshia Cont, Gerard Assayag, Arnaud Dessein)
Polytechnique (Olivier Schwanger,F.Nielsen)
Mines ParisTech (Silvere Bonnabel, Jesus Angulo)

s I L]
gl = . BT —-
.- 0 R L gy e o
(T - Ve m e s e : -
! ! i i

UTT Troyes (Hichem Snoussi)
Univ. Poitiers (Marc Arnaudon, Le Yang)
Univ. Montpellier (Michel Boyom, Paul Bryand)

INRIA (Xavier Pennec, Arshia cont)
Thales (Frédéric Barbaresco, Alexis Decurninge)
Sony Resarch (Frank Nielsen)

Site web:
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Positive Definite
Matrices

Information Geometry

ol =, s

| FrankNielsen - Rajendes fhatia Ediors

Rajendra Bhatia

With Prof. Rajendra Bhatia (New Dehli Indian Instit  ut of Statistics)

MATRIX INEQUALITIES GEOMETRY Matrix
Information

Some general Ffinr_brzle& & Geometry
I e 4 GEOME TRIC MEAN

In (P 8.0 the wekural paremetric

eapakion ¥-u-f the geodesic Jeining - | =1
A, B s 51(,\,3) - E,_(I,F\J:'BA h)
| Jwer = A K™ p &™) ™ [|] = |l 2oy Al g AR,
- A, #t:?.'-

e (EMT  equakiby)
The geowiebric wean A 1-4:.__i B is -if2 _I# lfl
the wmidpoint of this | ’ [z onz )‘L ( A ! BA )]

_/'{1:&' = [z Eual A; (A B)] Lo \ L E 5

FY
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Frank Nielsen - Rajendra Bhatia Editors

Matrix

Information
Geometry

http://www.informationgeometry.org/MIG/IMIGBOOKWEB/
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« La Messe est dite » by Marcel Berger

Marcel Berger (IHES), « 150 ans de Géométrie Riemann ienne », ‘
Géométrie au 20 eme sjécle, Histoire et horizons, Hermann i
 Premier Miracle : Editeur, 2005

* Second Miracle :

» Pas d’espoir d’autre miracle :

Berger, Marcel, « Les espaces symétriques noncompact s ». Annales scientifiques de I'Ecole Normale
Supérieure, Sér. 3, 74 no. 2 (1957), p. 85-177

Read More : Marcel Berger, « A Panoramic View of Riemannian Geom  etry », Springer 2003 A L E 5
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INFORMATION GEOMETRY METRIC =~ g =- d?logF =d?Y — g =d°Y =d°S
5 kr ) riry=s with 7(r)=E/T-s H(P.a,t) = Sudp.g- L(a,q.t)) o

(k)

: .-, f‘ h
-‘I T % .
P e =

(projective) LEGENDRE DUALITY  (Analytic) FOURIER DUALITY
Pt LEGENDRE TRANSFORM FOURIER TRANSFORM
e (between Dual Space) (Time-/Frequency Dual Spaces)
CONTACT/SYMPLECTIC LINEAR ALGEBRA
GEOMETRIES (Linear Signal Processing)

(Legendre mapping, fibration,...) ) <x,y>

w
Duality of Lagrangian/Hamiltonian in Physics

M (X):<X’X>'Y(X)
. _ :
. Y =- px)logp,(x)dx

Legendre Transform of

characteristic function : : : *
(Fourier transform) = P, (x)=e L /| e < X>d =e SRy X = X.p, ()()dX5

ENTROPY !l! : W




19 o@ 5 % 13

J.L. Koszul [and E. Vinberg have introduced an affinel y invariant
Hessian metric on a sharp convex cone through its ¢ haracteristic
function.

W is a sharp open convex cone in a vector space E offinite R
dimension on (a convex cone is sharp if itdoes n ot contain any full
straight line).

*
W is the dual cone of Wand is a sharp open conv  ex cone.

Let dX the Lebesgue measure on Edual spa ce of E, the following
integral:

yu(= e"Mdx "xi w
w

Is called the Koszul-Vinberg characteristic function

THALES
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Y= e™dx "xi w
W
Y w is analytic function defined on the interior of

as X®ﬂV\A

If gT Aut(\N) then yW(gx) = \detg\'lyw(x)

J/W is logarithmically strictly convex, the function fW(X) = Iog(yw(x)) is
strictly convex

W and V(X)) ® +¥

Koszul 1-form a: The differential 1-form & = de =d IogyW — d)/W/)/W
is invariantby (G = AUt(V\J? it X1 Wand Ul Ethen
(@, u)=- (xu)e™dx and a,1 -W

W

Koszul 2-form b : The symmetric differential 2-form

b=Da =d’logy

E invariantunder G = Aut(W)
(from Schwarz inequality and ] 2 Iogy W(u, V) — <X, U><X, v>e' <X1“>dX )

is a positive definite symmetric bilinear form on

Koszul-Vinberg Metric: D Alefines a Riemanian's  tructure invariant by AUt(M
h . . ; 2
and then the Riemanian metric g — d |OgyW

THALES
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Koszul-Vinberg Metric : g=d ? IogyW

y.d?logy,du 1y, (dlogy, - dlogy,)*dudv
+ —
y ,du 2 vy J dudv

dzlogy(x):dz[log yudu]:

*

We can define a diffeomorphism by: X =-a& =-dlogy ,,(X)

with  (df (xX),u) =D, f () :%

When the cone  \\ is symmetric, the map X* == a)i(s a biject ion and an
isometry with a unique fixed point (the manifold is a Riemannian Symmetric
Space given by this isometry):

(X*)*:X , <X,x*>:n and J/W(X))/W(X*)=C8te

f (X+1tu)

t=0

*

X is characterized by X = argmin{y W/ yl W, (x,y)= n}

* *

X is the center of gravity of the cross section {yT W ,<X, y> = b]‘} W .

X = xe"dx/ e“dx
W W THALES
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we can deduce “Koszul Entropy” defined as Legendre T ransform of minus
logarithm of Koszul-Vinberg characteristic function F (X) = IOg)/ W(X) ;

F (X)) :<x, x*>- F (X) with X =D,F and X= DX*F* where

Demonstration: we set )/W(X) = e <X’X>dX "xI W
w
Using X = Xe€ <X’X>dX/ e <X’X>dX

W w
and (- X',h)=d, logy () =- (x,h)e *dx/ e "dx

W W
we can write: - <X* : )(> = |Og e (x.x) e (x,X) dx/ e (x,%) dx
and i "
F (x)=- loge ™ e dx/ e dx+log e dx
W W W
F ' (X*) — e <X’X>dX |Og e <X’X>d)(- |Og e (X.x) e <X’X>dX /| e <X,x>dX

W W W W




F'(X)=

named “ Koszul Entropy :

. e_ <X’X> e_ <X’X>
F =- RrT log RP dx=- p,(x)logp, (x)dx
w € dx e "dx i
w W
- (x, )-log e\ Mg
win P ) =e' €' =e * =g )+ ®
and X =D, = x.pdx= €™ ¥dx= xe Vadx
w * w

e "dx log e"“¥dx- loge ™. e™dx | e™¥dx
W W W W
We can then consider this Legendre transform as an entropy, that we could

THALES
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If we denote by Sithe level surfaceof Vi S :{VW(X) = C}
which is a non-compact submanifold in ~ ,\And by W,
the induced metricof d®logy’ ,on S then assumingth  at
the cone Wis homogeneous under  G(WJpasaki proved tha 't
IS a homogeneous hyperbolic affine hypersphere and e very
such hyperspheres can be obtained in this way .

Sasaki also remarks that ~ WJs identified withthe a  ffine metric
and S, is a global Riemannian symmetric spacew  hen W

IS a self-dual cone.

Let W be aregular convex cone and let g =d?’logy ,beth e
canonical Hessian metric, then each level surface o fthe
characteristic function Vg a minimal surface of the

Riemannian manifold (W, g)

THALES
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Let v be the volume element of g. We define a closed 1-form a and b a
symmetric bilinear form by:

D,v=a(X)v ad b=Da

The forms a and b are called the first Koszul form and the second Kos zul form
for a Hessian structure (D; Q) : ﬂ

v=(delg, 2k Uae ~gc ooleeto v

A pair (D; g) of a flat connection D and a Hessian metric g is called a Hessian
structure.

J.L. Koszul studied a flat manifold endowed with a ¢ losed 1-form & such that
Da is positive definite, whereupon D& aHess ian metric.

This is the ultimate origin of the notion of Hessia n structures. A Hessian
structure (D; g) is said to be of Koszul type, if there exists aclos  ed 1-form &
suchthat § = Da

THALES
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We can apply this Koszul theory for Symmetric Posit ive Definite Matrices.

Let the inner product < y> —Tr(xy) "X, yT Sym(R)

W be the set of symmetric positive definite matrices IS an open convex cone
and is self-dual W = W:

n+1

yo@= e"¥dx = detx 2y(l,)
W (X,y)=Tr(xy)
W =W self-dual

g=d’logy,, =- n7+1d2 logdetx

% +
X =-dlogy,, :nTld logdetx :n7+1x_1

Let be the regular convex cone consisting of all p ositive definite symmetric
matrices of degree n. Then (D, Dd logdetX) is a Hessian structure on
and each level surface of eth a minimal  surface of the Riemannian

manifold (W, g = - Dd logdetx)
THALES
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J.L. Koszul and J. Vey have proved the following theo rem:
Koszul J.L., Variétés localement plates et convexité, Osaka J. Math. , n 2, p.285-290, 1965

Vey J., Sur les automorphismes affines des ouverts convexes saillants, Annali della Scuola
Normale Superiore di Pisa, Classe di Science, 3e série, tome 24,n 4, p.641-665, 1970

Koszul-Vey Theorem:

Let M be a connected Hessian manifold with He  ssian metric g-

Suppose that admits a closed 1-form  &uchtha t Da = g and

there exists a group  (Gof affine automorphisms of M preserving &

“1f M/G is guasi- compact, then the universal covering manifold of M
Is affinely isomorphic to a convex domain Ma | affine space not
containing any full straight line.

-1f M /G iscompact, then Wisas harp convex cone.

[] Koszul J.L., Variétés localement plates et conve  xité, Osaka J. Math. , n 2, p.285-290, 1965

[] Vey J., Sur les automorphismes affines des ouver  ts convexes saillants, Annali della Scuola Normale
Superiore di Pisa, Classe di Science, 3e série, tom e 24,n 4, p.641-665, 1970

THALES
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Let mbe a positive Borel Measure on euclidean space V. Assume that
the following integral is finite for all x inan openset W| V

T Wy, (y)= e dntx) p(y, dx) = e " drmx)
m(y) = xp(y,dx) =-N logy , (y)
V(y)u,v) = (x- m(y),u)x- m(y),v)p(y,dx) = D,D, logy ,(y)

P. Levy has made a systematic use of characteristic function, and he
claimed that he was influenced by 1912, 2nd edition of Poincaré’s book

X

“Calcul des probabilités” where Poincaré designated for the first time
the term “fonction caracteéristique”. Poincaré used char acteristic
function, for discuting exceptions to the Gaussian | aw. My opinion is

that Poincaré used this name because of Massieu work used by him.

For the Koszul-Vinberg characteristic function, if we replace the
Lebesgue measure by Borel measure, then we recover th e classical
definition of characteristic function in Probabilit y, and the previous
KVCF could be compared by analogy with:

Y (@)= e*dF(x)= e™p(x).dx=Ele”]

-¥ -¥
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Large deviation principle : Let {Sn} be a sequence of random
variables indexed by the positive integer n, and le  t

P(S, T dV)=P(S, 1 [b, l+d b]) denote the probability measure

associated with these random variables. We say that S, or

P(Sn I d |/) satisfies a large deviation principle if the limit

n® ¥

| (W = Lim- %Iog P(Sn 1 d W exists.

The function | (b) defined by this limitis ca  lled the rate function;
the parameter n of decay is called in large deviation theory the
speed. The existence of a large deviation principle for Sn means
concretely that the dominant behavior of P(Sn I d |/) is a

decaying exponential with  n, with rate | (b):

P(SnT dla» e'n"MdV or p(Sn — w» e-n-l(V)
THALES
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If we write the Legendre-Fenchel transform of a func  tion h(X)
defined by g(K) = Sur{k.x - h(X)}, we can express the following
principle and Laplace’sxmethod:

Laplace Principle : Let {(Wn, F.,P, ), ni N} be a sequence of

probability spaces, (Qa complete separable metrics  pace,

{Yn : nT N} a sequence of random variables such that Yn

maps W, into Q and | arate functonon Q.Then, Y,
satisfies the Laplace principle on QVith rate func tion |
If for all bounded, continuous functions nfapping into R:

Lim = log E, [e*"™)] = Sud f (x)- 1 (x}
X Q

n®¥ N

THALES
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L aplace Principle

Lim = log E,, ["™)] = su £ (x) - 1(x)}
X Q

n®¥ N

Proof:

If Yn satisfies the large deviation principle on Q with rate function |

,then P, (YnT dx) » e ™Mdx -
Limllog = [e”'f(Y“)]: Limilog ") dp = Limilog e""Mp (v T dx)

n®¥ N n®¥ N W n®¥ N 0

.1 i .1 i
» Lim=log e"'®e ™™ dx=Lim=log e"'® '™l gx
n®¥ N nN®¥ N

Q Q
The asymptotic behavior of the last integral is det  ermined by the
largest value of the integrand :

Lim = log E, [e”"™] :%Iog suderl' ™I} = sud £ (x) - 1 (x)
X Q

n® ¥ N X Q

Laplace P.S., Mémoire sur la probabilité des causes  sur les événements. T H /\ L E 5

Mémoires de Mathématique et de Physique, Tome Sixie me, 1774
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Lim = log E,, [e*'™)] = Sup{f(x)- 1 (x)

n®¥ N
The generating function of S;§ deflned as:

y.()=Ele™|= e™P(s,T dV)

In terms of the density p(S ) we have instead

Yo (x)= e™p(s, = YdV

In both expressions, the integral is over the domai  nof S,
The function 7 (X}Hefined by the jimit;

£(x) = Limlogy , ()

ne¥ N
Is called the scaled cumulant generating function or the log-

generating function of ~ S_

The existence of this limit is equivalent to writin g V', (X)

THALES
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Gartner-Ellis Theorem:

If 7(X) is differentiable, then Ssatisfies a  large deviation principle
with rate function | (lz)ay the Legendre-Fenchel transfo  rm of (X):

1 (V) = Sugx.V- 7(x)}

Varadhan's Theorem:

If S, satisfies a large deviation principle wi  th rate function | (b)
then its scaled cumulant generating function f@()h e Legendre-
Fenchel transform of | (|/)

£(X) = Sudx.b- (1)}

Properties of f(X) statistical moments of ~ Sye given by derivatives

of F(X):
df (X) . d?f(x) .
= LImE|S ——= = LimVar|S
X |, e S, B | v S+ HALES



In 1869, Francois Jacques Dominique MASSIEU, French  Engineer from
Corps des Mines, has presented two papers to French Science Academy
on « Characteristic function » in Thermodynamic.

Massieu has demonstrated that some mechanical andt  hermal properties
of physical and chemical systems could be derived f rom two potentials
called “ characteristic functions ”

The infinitesimal amount of heat d@ceived by a body produces

external work of dilatation, internal work, and an increase of body

sensible heat. The last two effects could not be id  entified separately and
are noted dE(function Eaccounted forthe s um of mechanical and
thermal effects by e%Jivalence between heat and wor k).

The external work P.0Vis thermally equivalen  tto AP.dV(with A the
conversion factor between mechanical and thermal me asures). The first
principle provides dQ = dE + AP.dV. For a closed reversible cycle
(Joule/Carnot principles) dQ/T = (0h atis the complete differential dS
of a function Sof dS=dQ/T

[] Massieu F., Thermodynamique: Mémoire sur les fon  ctions caractéristiques des divers fluides et sur |
théorie des vapeurs, 92-pgs, Académie des Sciences, 1876
[] Duhem P., Sur les équations géneérales de la Ther modynamique, Annales Scientifiques de I'Ecole

Normale Supérieure, 3e série, tome VIII, p. 231, 18 91
[] Arnold V.1., Contact geometry: the geometricalm  ethod of Gibbs’s thermodynamics, Pro-ceedings of th
Gibbs Symposium, p.163-179, Amer. Math. Soc., Provi dence, RI, 1990




If we select volume V and temperature T as independent variables:

T.dS=dQ T.dS-dE=APdV d(TS)- dE=SdT +APdV
fweset H=TS- E, ther|1_|we have r
dH = ST + APAV =10 g1+ 11 4y

T
Massieu has called Hthe 1]c:harac:teristic function " because all
body crll?racterlstla:_Sﬁ:Ic_)luld be deduced of this func%H lon:;

P e g E=TS-H=T . H

T
If we gLIect pressmnﬂ:\)/and temperature T as mdeﬂen dent
variables:

Massieu characteristic function is then given by H'=H - APV

dH'=dH - APV - AV.dP = SdT- Av.dp =1 gr IH
M 194 9T 1P

and we can deduce: S=——and V\V =- ——

1m A 1P

_ _ . v’ R’
E=TS- H=TS- H-APV E= Tﬂ—_l_- H +P.ﬂ—k|_|_:5

dP

and inner energy:




Deriving all body properties dealing with thermodyn amics from
Massieu characteristic function and its derivatives
« je montre, dans ce mémoire, que toutes les propriétés d’'un corps peuvent se

déduire d’'une fonction unique, que jappelle la fonction caractéristique de ce
corps»

In thermodynamics, the Massieu potential is the Lege ndre
transform of the Entropy, and dependson: 7 =1/KT

f(r)=-kr.F=S-E/T
where F isthe Free Energy F = E- TSand E inner energy

) _I6F) ey T _py BT
k) T k)) T T ) T T k)
1 (r) 1 S

=F+kr(-S) -

(k) wyp i (B T9TTS=E

The Legendre ;ransform of the Massieu  potential gives Entropy S
L(F) = kr.—'l%((r; - F(r)=kr(-E)- kr F=kr(F- E)=-5
4 THALES
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% & % W=G(E- TS) +W

Duhem P., « Sur les eéquations générales de la
Thermodynamique », Annales Scientifiques de I'Ecole Normale
_Supérieure, 3e série, tome VIII, p. 231, 1891

“Nous avons fait de la Dynamique un cas particulier de la Thermodynamique, une
Science qui embrasse dans des principes communs tous les changements d’état
des corps, aussi bien les changements de lieu que les changements de qualités
physiques “

four scientists were credited by Duhem with having carried out

“the most important researches on that subject”:

F. Massieu had managed to derive Thermodynamics from a “characteristic
function and its partial derivatives”

J.W. Gibbs had shown that Massieu’s functions “could play the role of potentials
in the determination of the states of equilibrium” in a given system.

H. von Helmholtz had put forward “similar ideas”

A. von Oettingen had given “an exposition of Thermodynamics of remarkable
generality” based on general duality concept in “Die thermodynamischen
Beziehungen antithetisch entwickelt®, St. Petersbur g 1885

THALES
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Potential Functions are Dual and related by Legendre transformation

Dualcoordinats ~_(’ )=( "m(2)?)
=(, ):(m,-S+mmT)
~(~): 2 ZTV(Q_qu/T ) 2 *log(detQ) + 2 *nlog(p)
~(~):-2'1Iog(1+ Tt ) 2 'log(det( - ))- 2*nlog(20e)

ﬂ_~ = ﬂ—~ — E <~’ﬁ>- ~
£ : and 1111~ _ with (" H)=Trlga™+ )
|l ﬂ_ - ~( ~): E[log p] Entropy

Hessians are convexe and define Riemannian metrics :

U T
= dao. ©
19 0% §9 | THALES

P~

J;




) * &+ !

For each Dual Geometry, we can built a divergence that is directly related
to Kulback-Leibler Divergence :

Div[N(m,, )N(m, e T(%)+ (7)) (A= 0
Div [N(m,, ,)N(m, o (7)) T(7)- (LAL) 0

DVN(m, I, = plim,S)og 2K M5y
- log(dets,S;! )+ Tr(s,(S; - s;2))

+Tr(S (m - my)(my - my)")

Div(N(m,, ,)N(m, )=

Riemannian Metric

As Potential are convexe, their Hessians define Riemannian Metrics :

_+OQd if)

)

-w%d\):a'w d

1
ds' = g,d d

]

S




.5 > %

In Mechanics, Legendre Duality gives the relation b  etween:
the variational Euler-Lagrange

the symplectic Hamilton-Jacobi formulations
of the equations of motion

As described by Viadimir Arnold, in the general cas e, we can define the
Hamiltonian H as the fiberwise Legendre transformation  of the

Lagrangian L: H(p,q,t) = Sup(p.q - L(q,q,t))
q

Due to strict convexity, H(p,q,t) = p.q- L(q,q,t)

supremum is reached in a unique point  Qsuch that :

p=1,L(q,0,t) and q=T,H(p,q:1)
Young-Fenchel inequality. For all  (,1, , phe following hol ds:

pa£ L(a.q,t) + H(p,q1)
with equality if and only if P = ﬂq L(g,q,t)

THALES
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If we consider total differential of Hamiltonian:
dH =qdp+ pdg- f,Ldg- f,Ldg- T,Ldt=qdp- T,Ldg- ¥, Ldt
dH = ﬂpHdp+ ﬂquq+ﬂtHdt
q="1,H
- L =1,H
Euler-Lagrange equation [ ,L- T,L =0
with p=9q,L and - T,L=1,H
provides the 2nd Hamilton equation p=-1 . H
with q=1,H

in Darboux coordinates.

THALES




H(p,q,t) = S;Jr(p-q - L(9,q,t))

p=9,L(q,qt) a=T,H(pat) THALES
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Considering Pfaffian form W = p.dg- H.dt

related to Poincaré-Cartan integral invariant , based on:

p=1,L and H=pqg-L

we can deduce:

w="9,Ldg- (T,Lg- L)dt=Ldt+T,Lv

with ¥ =dqg- g.dt

P. Dedecker has observed, that the property that amo  ng all forms
g ° Ldtmodyv theform w = p.dqg- H.dtisthe onl yone
satisfying dg © Omodv , is a parti cular case of more general T.

Lepage congruence related to transversality condition

[] Cartan E., Lecons sur les invariants intégraux, Hermann, Paris, 1922
[] Dedecker P., A property of differential forms in the calculus of variations, Pacific J. Math. Volum e 7,
Number 4,p. 1545-1549, 1957

[] Lepage T., Sur les champs géodésiques du calcul des variations, Bull. Acad. Roy. Belg., CL. Sci.27,
p.716-729, pp. 1036-1046, 1936
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/ p-dg— H(p,q)dt = f p-dq— H(p.q)dt.
Ca

Chy

THALES




Legendre transform and contact geometry where used In
Mechanic and in Thermodynamic.

Integral submanifolds of dimension n in 2n+1 dimens lonal contact
manifold are called Legendre submanifolds.

A smooth fibration of a contact manifold, all of wh ose are
Legendre, is called a Legendre Fibration.

In the neighbourhood of each point of the total spa ceofa
Legendre Fibration there exist contact Darboux coor dinates (z, q,
p) in which the fibration is given by the projection (z, g, p) =>(z, Q).

Indeed, the fibres (z, q) = cst are Legendre subspaces of the
standard contact space.

A Legendre mapping is a diagram consisting of an em bedding of a
smooth manifold as a Legendre submanifold in the to tal space of a
Legendre fibration, and the projection of the total space of the
Legendre fibration onto the base.

THALES




Let us consider the two Legendre fibrations of the s

tandard

contact space R*"of 1 -jets of functions on R":

u,p,q) (u,0q)

and

(U, P, q) (pq - U, p)

the projection of the 1-graph of a function ~ u = S(q) onto the base

of the second fibration gives a Legendre mapping:

1S 1S
q q—- S(Q),_
g T
If S is convex, the front of this mapping is the gr
function, the Legendre transform of the function S:

(S (p), p)

aph of a convex

THALES
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Symplectic geometry of even-dimensional phase space s has an odd-
dimensional twin: contact geometry.

The relation between contact geometry and symplecti C geometry is
similar to the relation between linear algebra and projective geometry.
Any fact in symplectic geometry can be formulated a S a contact geometry
fact and vice versa. The calculations are simpleri  n the symplectic setting,
but their geometric content is better seen in the c ontact version.

The functions and vector fields of symplectic geome try are replaced by
hypersurfaces and line fields in contact geometry.

Each contact manifold has a symplectization, which | S a symplectic
manifold whose dimension exceeds that of the contac t manifold by one.

Symplectic manifolds have contactizations whose dime nsions exceed
their own dimensions by one.

If a manifold has a serious reason to be odd dimens  ional it usually carries
a natural contact structure.

one might now say “symplectic geometry is all geom etry,” but | prefer to
formulate it in a more geometrical form: contact geometry is all geometry

[] Arnold, V.., Givental, A.G., Symplectic geometr vy, Encyclopedia of mathematical science, vol. 4.,

Springer Verlag (translated from Russian)
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Contact structures and Legendre submanifolds

A contact structure on an odd-dimensional manifold M2n+1 is a field of hyperplanes(of
linear subspaces of codimension 1) in the tangent spaces to M at all its points.

All the generic fields of hyperplanes of a manifold of a fixed dimension are locally
equivalent. They define the (local) contact structures.

Example : A 1-jet of a function Yy = f (X, X,,...,X ht point X of
manifold V" is defined by the point (X, Y, p)I R*™where p =1f /fx
The natural contact structure of this space is defined b y the following
condition: the 1-graphs {X, y=f1(xX),p=1f /'ﬂx}i J'V",R) ofall
the functions on V should be the tangent structure hyperplane at every
point. In coordinates, this conditions means that the 1-form dy- p.dX
should vanish on the hyperplanes of the contact field.

1-graph of f In Thermodynamics

[o | — dE=TdS- pdV
hypesplane muf i B H AL E 5

- x
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A contact structure on a manifold is a nondegenerat e field of tangent
hyperplanes

The manifold of contact elements in projective spac e coincides with
the manifold of contact elements of the dual projec tive space

A contact element in projective space is a pair, consisting of a point of the space and
of a hyperplane containing this point. The hyperplane is a point of the dual projective
space and the point of the original space defines a contact element of the dual space.

The manifold of contact elements of the projective space has two
natural contact structures:

The first is the natural contact structure of the manifold of contact elements of the
original projective space.

The second is the natural contact structure of the manifold of contact elements of the
dual projective space

The dual of the dual hypersurface is the initial hy  persurface (at least if
both are smooth for instance for the boundaries of convex bodies)

The affine or coordinate version of the projective duality is called the
Legendre transformation . Thus contact geometry is the geometrical
base of the theory of Legendre transformation

THALES
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In projective geometry, Pascal's theorem (the Hexag  rammum
Mysticum Theorem) states that:

if an arbitrary six points are chosen on a conic (i.e., ellipse, parabola or hyperbola)
and joined by line segments in any order to form a hexagon, then the three pairs of
opposite sides of the hexagon (extended if necessary) meet in three points which lie
on a straight line, called the Pascal line of the hexagon

The dual of Pascal's Theorem is known as Brianchon’ s Theorem:

Pascal’'s Theorem: If the vertices of a simple hexagon are points of a point conic,
then its diagonal points are collinear.

Brianchon’s Theorem: If the sides of a simple hexagon are lines of a line conic,
then the diagonal lines are concurrent.

\ e .-f

A

\ X ;
:{_,,f _____'_{._..-*
x_,.r"f “"‘\--..___q_h.‘_.;h_ ___:;-:_p_’,..f"-
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Huygens Principle :the wave front F,,(to + 1) Is the envelope of the
fronts F(t)

1872, Sophus Lie: the notion of contact transformat lon
(Beriihrungstransformation) as a geometric tool to study systems of
differential equations.

19th century and the beginning of the 20th century, F. Engel, H.
Poincaré, E. Goursat and E. Cartan
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Right Triangle {a,b,h}

h2=a2+h?

{A B H} —arg Min geodeS|qu!{a1 ’bl’hl}{ A B I_} /

{A,B,H} -

p=2 : Mean, p=1 Median

Ambligone Triangle

{a,b,h}., with h?=a’+b’
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Il constitue la mise au point de certains des cours gue nous avons fait a la Sorbonne en
1945 et en 1946

Formidable

La nature, la science et la technique offrent de no  mbreux exemples d’éléments aléatoires
gui ne sont, ni des nombres, ni des séries, ni des vecteurs, ni des fonctions. Telles sont
par exemple,

. On a ainsi une . On
peut aussi considérer d’autres éléments mathématiqu es aléatoires : par exemple des

Il parait certain que I'urbanisme conduira a étudie  r des éléments aléatoires tels que la
, Vérifier par exemple, d’'une maniere scientifique
I'nypothese de la tendance au développement des vil  les vers I'Ouest.

Parmi les premiéeres notions a généraliser figurent celles de loi de probabilité, de valeurs
typigues (moyenne, équiprobable, etc.), de dispersi  on, de convergence stochastique,
gue nous allons d’abord examiner.

Nous indiquerons plus loin en Note additionnelle, u n moyen trés général d’étendre la
notion de fonction de répartition a des éléments al éatoires de nature quelconque.

-

, q Appartement ou
| 388  vécu Fréchet
12 Square

Desnouettes, THALES

15éme, Paris




Nous avons entrepris une étude expérimentale de que  Iques exemples particuliers. Ceux-

ci sont actuellement : la forme aléatoire d'un fil jeté sur une table, la

forme aléatoire

d’'une section horizontale (prise a un niveau anatom iqgue déterminé) d’un crane humain

choisi au hasard.
Pour ce second exemple, notre choix s’est porté sur deux collections

de contours

obtenus au “conformateur” d’'une part sur des person nes vivantes (mais anonymes),
contours fournis gracieusement par la grande maison parisienne de chapellerie Sools

d’autre part sur une collection ethnographique de cranes  d’'individus

morts, collection

mise aimablement a notre disposition par M. Lester, Directeur du laboratoire

d’Ethnographie.
L’étude statistique d’'une collection de contours craniens prehistoriques

Les fonctions représentatives sont  developpées en serie de fourier et
une analyse statistique de ces séeries . On déterminera les lois de fréqu

I'on procédera a
ences des

premiers coefficients pris isolément et I'on étudie ra d’autre part leur corrélation au
moyen de divers indices de corrélation et en partic ulier l'indice diagonal que nous avons

défini réecemment.

Le laboratoire de Calcul de I'Institut Henri Poinca  ré opérant sur deux
harmoniques.

Pour les fils, environ 120 coefficients (nous dispo sons de 100 de ces

analyseurs

formes). Pour les

contours craniens dont les formes sont infiniment m 0ins variées, Nnous Nous sommes
contentés de 12 harmoniques soient 25 coefficients pour chaque crane.

Dévelopement en série de Fourier de I'équationen ¢ oordonnées pola
cranien

ires d’'un contour

THALES
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M. Ozil a des 1938 émis l'idée qu’on pourrait aider  a la classification des races
au moyen de I'analyse harmonique des profils humain S. Les tableaux de M.
Ozil ne correspondent pour des formes en fait assez ¢ ompliqués qu’'a 9
harmoniques et représentent seulement la moitie exp  ressive du profil, c’est a
dire une fonction non périodique.

s o L : ; A I A
r/[;// \:_"__;rT_"'T...ﬁ_x.__ 4 : ' IJ/ 4 r/‘ [ |
— T . | g\ 4 | i .
f g L Lo -
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- : Aoporgs Tae = tope 7]
S R - ﬁ: .-"F" =.-“ /?
Y= N [N 1
'/d_& - i Y { | / i
fls O LA \ L , , s
T \ i| | Documents numerisés a
i 2 Y = Lﬁr oy L2\l partir du Fond Fréchet
' f_,_ff : A / /l /] des Archives de
/ T ( /| [ I'’Académie des
i b | .
R et s ) ) / ! ) Sciences:
A, [ \} ( i % Correspondance entre M.
g o e S v ¢ \{K | Frechet et M. Ozil
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Cramer-Rao-Fréchet-Darmois Bound and Fisher Informati on Matrix

A A\t . 1
Elg-ag)g-q) 21(9)

“In p{X /
[I(q)]i,j =-E 1 p( n C/) s
199¢
Kulback-Leibler Divergence (variational definition by Donsker/Varadhan) :
<(p.q) = SulE. (1)- nE. (] = p(x/q)n PX9) 4
(p,0) ;JF[ J(f)-InE, (€)= p(x/g)in deia)

Rao-Chentsov Metric (invariance by non-singular change of parameterization)
ds’ =K[p(X/g), p(X /g +dg)|=dg"I (@)dg= g dgdg;| |
]

Invariance: W =W/(Q) dSz(W) = dSZ(C/) T

N. N. Chentsov
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Kullback Divergence can be naturally introduced by combinatorial elements and
stirling formula :

Let multinomial Law of N elements spread on M leve Is {ni}

N q
PM (rll’n21"-1nM/q1,...,qM) NIOi
M .

with ( priors , N=N and P =—

Stirling formula gives :  nl» n".e “.\/Z.p.n whenn® +¥

L|m—Iog[P ]— p..log B =K(p,q)

N® +¥ N 21 i

F : #o* &+

Donsker and Varadhan have proposed a variational definition of Kullback divergence :

K(p.a) = SulE, (1) Iog E, ()

THALES
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Donsker and Varadhan have proposed a variational definition of Kullback divergence :

K(p.a) = SURlE, (£)- logE, (€)]

Consider./ (W) =1In P

aw)
E,(f)- In(E,(¢))= n AW PU) " ¢ (p.op- In@) =K (p,
(- In(E,(¢)) CpIn I =K(Pa)- In@ =K (p.a)

This proves that the supremum over all f isno smaller than the divergence

_ ) e’ _ q’ (W)
E.(F) In(Eq(e )) E, In E.(¢) . p(w) In q(w)
) _ Q(VV) f(W) K q)- E (A - InlE ) = | p(VV) 30
with " (W) = o) @ (p,q) [ o(7F) n( q(€ ))] } p(w) In q (W)

Using the diverdence inequality,

Link with « Large Deviation Theory » & Fenchel-Legendre Transform which
gives that logarithm of generating function are dual to Kullback Divergence

log| V<X>q(x)dx]:3up{ V(¥) p(x)dx- K(p,q)]
Varadhan
U K(p,q) = Sup{ V (X) p(xX)dx- Iog[ V‘X)q(x)dx]]

0 K(p.q)= ggr{Ep(v)- log E,[e"*] THALES
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Potential Functions are Dual and related by Legendre transformation :
~ I L
Dualcoordinats ~_( ’ )_( m.(2) )
=(, ):(m,-S+mmT)
~(~): 2°Tr(Q g™ )- 2 *log(detQ)+2 *nlog(p)
(7)=-2%0gl+ T *)- 2%l0g(det( - ))- 2 nlog(2ee)

R
T e
1 ﬂ_ i ~( ~) = E[Iog p] Entropy

Hessians are convexe and define Riemannian metrics :

7? B
— d "o
T, T | THALES

P~

J;
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For each Dual Geometry, we can built a divergence that is directly related
to Kulback-Leibler Divergence :

Div[N(m,, )N(m, e T(%)+ (7)) (A= 0
Div [N(m,, ,)N(m, o (7)) T(7)- (LAL) 0

DVN(m, I, = plim,S)og 2K M5y
- log(dets,S;! )+ Tr(s,(S; - s;2))

+Tr(S (m - my)(my - my)")

Div(N(m,, ,)N(m, )=

Riemannian Metric

As Potential are convexe, their Hessians define Riemannian Metrics :

_+OQd if)

)

-w%d\):a'w d

1
ds' = g,d d

]

S
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Riemannian Information metric is given by Rao Metric

10 10112
ds’ = —Tl‘[( ldS)z ZEHS "°dss 1/2H Rao Metric
with |AF =(A A) et (A B)=Tr(AB")
As SiS=| dS 1S =- S ds Invariance by inversion
then d§ — dsé-l D(Sl,SZ) = D(Sil’S'Zl)

Multivariate Gaussian of non zero mean
Isometries are given by following homeomorphisms :

(M S)® (m',S)=(A"m+a, ATSA) isometry
ds® ds?’=ds® with (a, A)T R™XGL(n,R)

ds’ = meS'ldm+%Tr[(S'1dS)2]

THALES
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Fisher Information Matrix for Gauss-Laplace Gaussian Law:

.1 0 _ ~ ~\r ] m
(@) =s 2-0 , with E(q—q)(q—q) 3 1(g)" andg= <
Rao-Chentsov Metric of Information Geometry
dn¥ _ ds? dm °
ds’=dqg'.l(g)dg=—-+2—"-=25"" ——= +(ds)’
q"1(g)dg="7+2; 7 (ds)
Fisher Metric is equal to Poincaré_ Metric for Gaussian Laws: ‘sz

:ﬂ+i_5 W:Q < ds® =8.
2 QM 1) @_ ‘Mz)z

Z+I
Fm, 2 B 1 + d( l/’/l) | I/I/Z)) 2
s lmsh(m, s} )=2 logl A 0)

W -
1- WP

ﬁfvmhcﬂmﬁw@)%

HALES



« Il est clair que si I'on parvenait a démontrer qu e tous
les domaines homogénes dont la forme

, ©
F= TlogKz2), @,

e i T2z, , .
est définie positive sont symétrlques, toute la thé orie
des domaines bornés homogenes serait élucidée.
C’est la un probleme de géométrie hermitienne
certainement trés intéressant »
Derniére phrase de Elie Cartan, dans « Sur les
domaines bornés de I'espace de n variables complexe s
», Abh. Math. Seminar Hamburg, 1935

Henri Poincaré
(upper-half plane
model of hyperbolic

Elie Cartan
(classification in 6
types of symmetric

geometry) homogeneous
n=1 bounded domains)
n<=3

(link with homogeneous convexe cones,

Carl Ludwig Siegel
(Siegel domains in framework
of Symplectic Geometry)

Lookeng Hua
(Bergman, Cauchy and Poisson
Kernels Lr; Siegel do,#nains)

_1,| X .._.-.:. . .

.'I’:‘"

Ernest Vinberg

Siegel domains of 2nd kind)

Fine structure of
Information Geometry
(Hessian Geometry,
Kahlerian Geometry)

v
Jean-Louis Koszul
(canonical hermitian form of
complex homogeneous spaces,
a complex homogeneous space
with positive definite canonical
hermitian form is isomorphic to
a bounded domain,,Study of
Affine Transform Groups of
locally flat manifolds)

THALES
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1

:{zT C/lzz <]},K(z,w*):

(1_—*

1
ZW )2

Z : ComplexRectangulaMatrix

ZZ" <1 (":transposed conjugaté
Typel: |Io,q complexmatriceswith plinesandqrows
Typell: | complexsymmetrianatricef orderp
Typelll : ' complexskewsymmetrianatricef order p
Elie Cartan
TypelV : Y complexmatriceswith n rowsandlline: (n<=3)
2 +

77| <11+|2Z|" - 22Z" >0 Carl Ludwig Siegel

Typel: [,.71=p+q
K(zwW')= n(mdet(l - zZwW')" for Typell: ' ,n=p+l

Typelll: ' ,n=p-1
K(zwW')= n(m(1+ ZZW'W* - 2ZW' )" for TypelV: Y .n=n

where m W)is euclidearvolumeof thedomain.

Lookeng Hua

THALES
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MObius Transform is a transitive action that transforms upper half-
plane to itself (homogeneous space) :

a b . az+b . R
M = | SLR , M(2)= and zI H ={zl C:Im(2) >0
c d cz+d
M and —M have same action then we consider the quotient Group

PSLR=SLR/(%1,)

Complex unit disk is link to upper half plane by Cayley traqsform ;

vy
- D={zl C:|7<1} -1/N£
H® D D® H \/

5 | 4dg’
z-i et 1+z
d< = dx+dy_\2| z — z i—=
2 ¥ Z+] 1- z z\
y
Carl Ludwig Siegel Contribution in his seminal book « Symplectic Geometry » : a

generalization of Poincaré Space
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Siegel Metric for the Siegel Upper-Half Plane:
Upper-Halt Plane - |SH. ={Z = X +iYT Syn{n,C)/Im(Z)=Y > 0}

Isometries of SHn are given by the quotient group:

PSF(n, R) Y Slj(n, R) /{i |2n} with ern, F) the Symplectic Group:
A B B
M = M (Z) =(Az +B)(Cz +D)

C D

A B . .~ A'CetB'D symmetric
M = | Spin,F) U

C D AD-C'B=1

) 0 I .
sn,F)° {M1 GL@2n,F)/IMTIM = 3} ,J = 1 sunR

n
Unique Metric invariante by M (Z) ;

dséiegel = Tr(Y'l(dZ)Y'l(dZ)) Z=X+iY

X =0 :
y-r 7 as=Ti(R*@R))
THALES
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Siegel Upper Half Space
SH, ={z = X +iYT Syn{n,C)/Im(2)=Y >¢
defR V2R, R - /.1)=0
¢*(R.R)=  log’(/,) V>0

k=1

ds’ = Trace[(R‘ ‘d R)Z]
ds? =Tr(y-*(dz)v-*(dZ))

de(R(z,,Z,)- /1)

[
o

THALES




FP1/(GL(// .78, 1,

SD, ={z/zz* <1}
A B 0
with g= _, . andg'Jg=J with J =
9= o g g'Jg N

A'A- B'B =1 \ V1
where with g(Z)=(AZ+B)\BZ+A

B"A- AB =0 9(2)=( )( )
Kahlerpotentialt F(z) = - Iogdet(l - Z*Z): -tracelog(l - Z*Z) " F. Berezin
F(g(Z)) = F(Z)+2Retracelog(A +B'Z)  11F(0(2))=1TF(2)

g =B(A)" F(g(0)=logdef] +B'B)=tracelog(l +B'B)

1/h

B K(Z,Z") .
(tg)=c) 1@e@ 5L antz.Z)
o(h)* = KK(Z((’)(Z))) dn(z,z') with K(9Z,9Z)i(9.2)(9.2) =K(Z.Z’) .i(g.2) =

dirfw, W)= Ffw,w ) 972 g\ﬁ’w*)

2 *
d9'= g, ,dWdW” with g, =- mfﬂ\%;\f\/) whereF (W,W") = def{l +Ww" )"
a,b

figZ

12
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Information Geometry for Multivariate Gaussian Law of zero Mean
and intrinsec Geometry of Hermitian Positive Defini te Matrices
(particular case of Siegel Upper-Half Plane) provid e the same
metric

Information Geometry:

p(Zn / Rn) — (p)n‘Rn‘le Tr[ﬁn-Rr]l] with (q) —_E ’/2 In p(Zn*/qn)
| 79749

N

with R, =(Z,- m}(z,- m,)’
and E[ﬁn] =R m,=0 —> ds’ :Tr((R;l(d&))z)
Geometry of Siegel Upper-Half Plane:
SH. ={Z =X +iY1 Syn{n,C)/Im(2)=Y >0}
AL =Tr{Y X (dZ)Y HdZ)) with Z =X +iY
X=0 e :Tr((R,;l(dR))z)

Y=R
THALES




# '>

Siegel Distance:

Particular Case (X=0) and General Case:
Particular Case (pure imaginary axis) : Z = IR avec R>0

d*(R,R,) =[log(R *2 R, R *)" = ;Iogz(/k)
with defR,- /R)=0

General Case of Siegel Upper-Half Plane Distance:

Z=X+iY] SH, with X1 0

n , 1+4//, _ ~
d2..(Z,,Z,)= th Z,,Z,1 SH,
Slegel( 2) . 1 \/7 Wi 1 2

with de{R(Z,,Z,)- /.1)=0
R(Zl’zz):(zl_ Zz)(zl' Zz)_l(zl' ZZ)(Zl_ Zz)_l
THALES
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d¢ =Tr|(Sds ) |
Siegel has deduced an other distance from :

T.=(s'- s)(s!+8))" and R=T2 =T, T,
R Is hermitian Positive definite matrix with eigen-values :

r = ;;k withr, =s(R) and /, =s(R"? R¥1R™?)
k
+ 2 n + 12
We deduce that:  d*(S,,S,)=Tr In’ :n_ :21/]]2 - In? 1 :kllz
n k=1 k
because :
+ RY? ¥ K ° _ n
n? In Rﬂz :4.[tanh1 R“Z]Z =4R R and Tr[R’]: I,
In_ Rl/ k=0 2k+1 k=1

THALES
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Geodesic:  d(R,,g(t)) =td(R,,R,) with ti [0]]

g(t) — R;I.(/Zetlog(Rs(llzRYRg(llz)R;I.(/Z — R;I.(/Z(R;(UZR{R;(UZ)t R;I.(/Z
g0 =R , gO=R, andg(li2)=R, R

it

Symetric Space as studied by Elie Cartan : Existence of bijective
geodesic isometry

G(A,B)X :(A B)X_l(A B) avec A B= A1/2(A'1/ZBA-1/2)1/2A1/2
Bruhat-Tits Space : semi-parallelogram inequality
! X11X2 $Z telque" X

d(x,%,)* +4d(x,zf £ 2d(x,%)* +2d(x,%)* " xI X
Cartan-Hadamard Space (Complete, simply connected wi  th

ti tional ture Manifold
negative sectional curvature Manifold) THALES




Symetric Space as studied by Elie Cartan : Existence bijective geodesic
isometry B =Gp A

A B=AL2 (O(”ZBAHZ)VZ A2

at) :AZIJZ (A(JJZBA:UZ) A1/2
(©] ~

« 90) =A t1 [od]

A=Gp B Giag X =(A B)X'(A B) M. Berger
® Bruhat-Tits Space : semi-parallelogram inequality

d(x,%,)* +4d(x,z) £ 2d(x,%)* + 2d(x,x,)*

X

U - VI +u + V[P = 2u ) + 2V



This isometry for metric space :

1/2

A.B= A1/2(A-1IZBA-1/2) A2
o*(A,B) =[log(a ¥2BA 2]

a b=+ab
d*(a,b)= ‘Iog(ab‘ll2

To be compared with Euclidean « symmetric » space

a b:a+b
atb ., atb ih 2

d*(a,b)=la- b’

Giagm X =(A- B)X*(A- B) with

Is an extension of this one :

GupX=(a b)x*(a b) with

G(a,b)x =

THALES



Allz(A' 2 A 1’2)1/2A1’2 is the only fixed point because :
Cx-lc — X (X-1/2cx-1/2)(x-1/2cx-1/2): I
X-1/2cx-1/2:| X :C

unicity of squareoot

d((A- B)X*(A- B),X)=d((A- B)X*(A- B)X"},1)=2d(X,(A- B))
due to trace property of :

dX(A-B))=  log®/

k=1

with {/}", eigenvalusof (A- B)X

THALES
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For space of Symmetric Positive Definite matrices, the analogue of

fa+(1- /)bis: A B-= A1/2(A-1/28A-1/2)/ AL/2
A, B

A:m\

0 A=A, B

It constitutes a natural framework for a generalized the ory of convexity,

where the role of arithmetic mean is played by a midpoint pairing :
f iscalled ( n 2)convex if
For space of symmetric positive definite matrices, an affine function is

givenby:  f(X-,Y)E f(X)-, f(Y)

and is closely related to entropy : ~ f =logdet
Entropy= - logde{R) + cste

THALES
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Bruhat-Tits Space

Space (Sym**,d) is called Bruhat-Tits Space, where, according to d
metric, point at equal distance of 2 points is unique and given by
geometric mean:

<erunattis | ABl Syn(n,R) positive definite

Space»
(Metric Space)

d(AB)= log’/, with def{AB™-/1)=0
=1

d(A B)=2d(A A B)=2d(B,A B)
o(CTAC,CTBC)=d(A B) = d(A,BY)

Bruhat-Tits Space is a complete metric space that verifies semi-parallelogram law :

" X,% | X $z such that
(X% )2 +4 (X,2f £2 (x,%)>+2 (X,%,)? forallx] X

Bruhat-Tits Space are particular cases of Cartan-Hadamard
Manifold

[1] F. Bruhat & J. Tits, « Groupes réductifs sur un corps

local », IHES, n 41, pp.5-251, 1972 THALES
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Bruhat-Tits Space

Semi-parallelogram Law :

"X, % 1 X $z such that
(X, %) +4 (X,zF £2 (X,x)*+2 (x,%)* forallxI X

X, X,

U-V

X ,
U X

Deduced from parallelogram law :
2 2 2 2
- VI +u +V] =20) 2]
d,(%,% )"+ d(X,%)° = 2d,(X,% )" + 2d,(x,%, )°

2.0,06,2)= dy(X,%)  dy(%,%, )? +4d,(x,zf = 2d,(x,%)? + 2d,(x,%, )?
THALES




M : geodesically
convex closed
submanifold of

Hadamard
Manifold

P (P) = argmin dist(P, S)

Geodesic between matrix P and Geodesic between Q&R:

s t
s (t)=s (S,t) _ P1/2[P-1/2Q1/2(Q-1/2RQ- 1/2) Ql/ZP-llz] py2

The geodesic projection is a contraction

dist(P, (P), P, (Q))£dist(P,Q) HALES
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We can find Bergman Kernel of Kahler geometry for S iegel Upper-

half space by mean of Siegel Unit Disk : Y:SH,® SO

sp ={z1 sym(n,Clz|, <1} with|z],=2z| -l Yz+i1 )

=-1n KB(Z,Z) with Bergman Kernel K (Z,\W) :(l - Z\N) oniz/1-zz >O}

_T°F = =\1 =\1 5
ds' ==z —Tr((l - 2Z) 'zl - ZZ) dZ)

Analogy with Bergman Kernel for Poincaré unit disk :

F =-1InKy(z,2) with K (zw)=1- ZW On{Z/MZd}

i) Tz v b)) o
) B e Ll
02 = gdza =T gza= 193

el o-(2*f THALES




f
qo = X rdy’ 2" I L

G )
i =y dzy 'z i = (e v} e v}
with z=x+iy andy>0
Siegel Upper-Half Plane g\W = (Z -1l )(Z +1l )1> Unit Siegel Disk

ds* =Tr{v*dzy 'dz) ds” =Tr|(1 - ww J aw(i - ww) Faw|
with Z = X +iY

X1 Herm(n,C) and Y] HPD(n,C) THALES




Koszul Forms

1st Koszul Form : a=- %dY (X) | “‘L _
Y (X)=Tr,,[ad(3X)- Jad(X)] “XT g N
2nd Koszul Form: b=Da e i

......

Application for Poincaré Upper-Hal Plane:

V:{z:x+iyéy>0} ; ad(Y)z =Y, z]
with X =y— and Y = y— [X,Y]=-Y

dx dy

X=y | = —

Trlad(JX)- Jad(X )| =2

Trlad(JY)- Jad(Y)| =0

We can deduce that

Y(X):Z% a:-ld)/ :_ldXUzdy
y 4 2 Yy
2 2
dszzdx +dy W:i

2 2

2y y
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Koszul form for Siegel Upper-Half Plane:
V={Z=X+iY /Y >0}
Symplectic Group :
SzZ=(AZ+B)D™ A B O |
( ) with S= and J =
A'D=1,B'D=D'B 0 D - |
a b b=b' 0 0 e +e
with andbasea; = b, = 57
d=- a.T J 0 - eji J 0 0
Associated Lie Algebra:
Y (dx +idY) = 2P L1 (y-1ax)
Yia; |]=0 . _
) w=- Tay = ey tgz oytdz)
Y(bij):qj(gp-l_l) 4

ds? = (3p8+1)Tr(Y'1dZY'1dZ )



THALES
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Classical form of Wasserstein distance in Optimal t ransport

1/n

W,(mn)=Inf  d(xy)"dp(x,y)

pl P (mn) g

W, (mn)= Inf {(E[d(x,v)”])””Jaw(X) = mlaw(Y) :n}

% #

Case n =1 : Monge-Kantorovich-Rubinstein Distance
W, (mn) =d(P,Q)= Inf E[X - Y|
Case n=2 : distance de Levy-Fréc:he>t< ’Bistance

W, (mn) = d(P’Q) = Inf E“X i Y‘ZJ

THALES
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Fréchet-Wasserstein Distance
2

E[X - Y[*|=Efrr((x - ) (x - Y))

2

E[X - Y||=|E(X)- ECY)|" +Tr[R]+Tr{R] - 2Tr[RX1Y]

Proof:
X Rx Y
Let W = RN 30
Y y* R{
RY2(RY2 172 W2 5-1/2
sup Trly +v*) v =RZ(RVZR .R2J?R,

Ry - YRY *30

Solution is given by:
Te(y +v*)=2Tr|RY2R, .RY2)"?]
Y = R¥2(RV2.R,.RY?) "*RY2 X THALES




(e RO R ) =jm, - m* + TR J+ TR ]- 21e|[R*R R

TR+ Tr[R |- 2Tr|RY2R,RY2)"? |=Tr[MM *] with M =|R¥2(RY2R, RY2) V2 RY2 - | |RY*?

1/2

Geodesic:. Dxy = Rilz(RilzRY Rilz)

If we let; m(t) = (1- t)mY +t.mX
R( = ((1' Ol +t'DX,Y)RY ((1' Ol +t'DX,Y)

W [( M) » )(m(t)’R(t) )J£ (t- )W, [(m(o),R(O) ) (m(l),R(l) )J

Optimal Transport

(1.Ry ), N(m, , R, Jransport fromN (m,, R, ) o N(my, R, )

y )=5(- m) D (v- m)+(m, - )
x=Ry (y) = Dy (y- m,)+m,

(x- m ) RMx-m)=(y- m ) RYy-m) THALES

R)1</2 - RX I:QY:L
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Wasserstein Metric :

gN(O,RY)(X’Y) :TI‘(XRYY) u/N(O’RRY)

Tangent Space & Exponential Map: y(1)
eXPy(or ) (tX) = N(O,R; )

(- o1, +t.X)R, (@- t)I, +t.X)

RRY (1)
% #

Alexandrov Space

d(a,g(t))’ ® @- t).d(a,g(0) +td(a,gt)) - t@- t).d(9(0),91))

Space of Positive sectionnal curvature (geodesicall y convexe and
simply connected). Sectional Curvature is given by:

Ko (X.Y) = B14)Tr([Y. X - SV ¥, X]- S)F

Where matrix S is a symetric matrix such that:

([Y,X]-S)\/ THALES

IS anti -symmetric.
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Wassl\elrstein Barycenter

Inf W7 (mn,) with W,(mn) = Inf EMX- Yf]
m k=1 X,Y

Solution of Wasserstein Barycenter for N Mulitvaria  te gaussian
. N
laws of zero mean : {N (O, Rk)}k:1

Constrained for the barycenter:

: ( 125 pl/2 Y2
R?RR¥)? =R
k=1
lterative solution (paris-dauphine university)

Fixed point (convergence for d=2, d>3 conditional convergence to initiation)
N 1/2
1/2 . 1/2
KM = (KOkZK™F?  with K, =R

k=1

THALES
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In 1957, Maurice René Fréchet introduced this dista nce, based on a
previous Paul Levy’s paper from 1950

ACADEMIE DES SCIENCES

SEANCE DU LUNDI 4 FEVRIER 1937.
CALCUL DES PROBABILITES., — Sur la distance de deux lois de probabilité.
Note de M. Maurice Fricuer.

Une formule explicite et simple est donnée pour représenter la distance de deux
lois de probabilités quand on utlise la premiére des trois définitions de cette distance
proposées par Paul Lévy. Une quatriéme définition est proposée.

Nous prendrons ici, pour cette distance, 1’écart quadratique moyen de X et
de Y. En appelant F(2), G(y), H(z, y) les fonctions de répartition respec-

tives de X, de Y et du couple (X, Y), cet écart quadratique moyen Dy a pour
carre

DFIZJRH'[X"'_ Y}j _ﬂ(£ ¥ d-rdr H{“ra l}’]'r
r

d2(F,G)=Inf E[X - Y[*|=  (x- y)?d,d,H(x,Y)

XY

THALES
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1957 Fréchet paper in CRAS :

PAUL LEVY
MAURICE FRECHET

Paul Lévy a proposé (*) trois définitions de la distance de deux lois de pro-
bahilite L, L. '

Nous examinerons ici la premiére, qui est la plus intuitive et qui, contrai- |
rement a ce que I'on aurait pu attendre, conduit a des formules trés simples. 50 ans de correspondance

Selon cette premiére définition, la distance (L, L') de ces deux lois est la | mathématique
borne inférieure de la « distance globale »

([X] [Y])
de deux nombres aléatoires X, Y qui ont respectivement L et L' comme lois de
probabilités individuelles, quand la corrélation entre X et Y varie.

Il est clair que la distance (L, L") va dépendre de la définition adoptée pour
la distance globale de X et de Y.

G.R., 1957, 1 Semestre. (T. 21, N 6.) 44 COLLECTION HISTOIRE DE LA PENSEE
HERMANN 77 EDITELRS DES SCIENCES ET DES ARTS

FJl'.':n'Jwr Mdarg Barbol,
Berrard Locker, [awrent Maziiak

Letter from Paul Levy to Maurice Fréchet (2 April1  958)

... J'ai ainsi pu apprécier ce que vous aviez fait, en prenant comme point de départ de votre
mémoire ce que vous appelez ma premiére définition de la distance de deux lois de probabilité
(en fait ce n’était pas la premiere). Vous I'avez d’ailleurs généralisée, en ce sens que je ne l'avais
associée gu’a une de vos définitions de deux variables aléatoires. Et j’ai beaucoup admiré
comment avec votre quatrieme définition, vous arrivez a faire quelque chose de maniable d’'une
idée qui pour moi était surtout théorique, vu la difficulté de déterminer le minimum de la distance
de deux variables aléatoires ayant les répartitions marginales données.

THALES




#: d*(F,G)=
Extreme Copulas of Fréchet

Nous pouvons, en effet, considérer H(x, y) comme définissant un « tableau
de corrélation » dont les « marges » sont définies par les fonctions F (), G(y).

Or nous avons montré () que I'ensemble des fonctions H(x, y) est iden-
tique & 'ensemble des fonctions de répartition dont les valeurs sont comprises
entre deux d’entres elles, a savoir

@) j Ho(r, yy==Max[F(r) +G(y) —1, 0],
Y [ M, (i, ) — Min[Fz), G(y))

Poursuivant cette étude (d’ailleurs dans un autre but), Salvemim avait
conjecturé que N, (X — Y)? atteignait sa borne inférieure pour H= H,. Bass
a énoncé (*) le résultat correspondant pour r, dans le cas olt X et Y sont bornés
(et m’en a communiqué la démonstration). Un peu plus tard, Dall’Aglio (“) a
validé la conjecture de Salvemini dans un cas plus général encore.

4th distance of Fréchet

Pour esquiver ces deux difficultés, nous allons proposer une quatriéme défi-
nition. Si celle-ci les supprime, en effet, il faut reconnaitre qu’elle est moins
intuitive que celle de Lévy.

Nous poserons, a priori, sans explication

(Ly L) == ([XT], [Y ])n,-

On peut en donner deux justifications. D'une part, elle coincide avec celle
de Lévy, au moins dans le cas, examiné plus haut, ou la distance globale de X
et Y est égale a leur écart quadratique moyen. D’autre part, on peut prouver
que cette valeur de (L, L") vérifie bien méme dans le cas général les trois condi-
tions imposées a la notion de distance.

(X' y)zdxdyHl(X’ y)
with H, (x, ) = Min[F (x), G(y)]

H.(x,Y) EH(X,y) £ Hy(X,Y)
with

Ho (%, y) = Max{F (x) + G(y) - 10]
H,(x, y) = Min[F (), G(y)]

Ho (X Y)

Extreme
Fréchet
Copulas

H (X, y)




G. Dall'Aglio (Université La Sapienza a Rome), «  Fréchet Classes:
the Beginnings », Advanced in Probability Distributions with
Given Marginals Beyond the Copulas, Rome 1991, Kluw er

With help of Giuseppe Pompilj, G. Dall’Aglio rmet Maurice Fréchet, 80 years
old, in 1956 in Roma, during visit to I'lstituto di Calcolo delle Probabilita

Dall’Aglio met a 2" time Fréchet in Paris and is in contact with Paul Levy

Dall’Aglio write : « Levy also showed some interest in distributions wit h
given marginals. In a note in 1960 he refersto af ormula by Poincaré for
utilization in n-dimensional distributions with giv ens marginals, without
developping the idea »

Paul Levy, « Sur les conditions de compatibilité des données marginales
relatives aux lois de probabilité » CRAS, t. 250 pp.2507-2509, 1960, note
présentée par M. Jacques Hadamard

SEANCE DU 4 AVRIL 1960, 2507

CALCUL DES PROBABILITES. — Sur les conditions de compatibilité des données

marginales relatives auxz lois de probabilité, Note de M. PauL Livy,
présentée par M. Jacques Hadamard.

L’auteur se propose d’attirer 'atlention sur le fait qu'une formule de Poinecaré
résout le probleme dans le cas de n variables aléatoires n’ayant chacune que deux
valeurs possibles, lorsque toutes les lois marginales sont données. 11 indique ensuite

le principe d’une méthode permettant de ramener A ce cas le cas le plus général,
Mais les calculs sont vite impraticables. I H A L E 5




G. Dall'Aglio (Université La Sapienza a Rome), «  Fréchet Classes:
the Beginnings », Advanced in Probability Distributions with
Given Marginals Beyond the Copulas, Rome 1991, Kluw er

By integration by parts:
E[x-Y]= (F(2+G(2)- H(z2))dz

R
Minimlizin g Repartitian function:

F(x)- max Inf (F(2)- G(2))0 if xEy

H (x,y) =

For a >1:
EhX - Y|a] =ala-1) (G(v)- Hu,v))u- v)* dudv+

u>v

a@-1 (F(u)- Fu,v))(v- u)®2dudv

Minimizing Repartition Function:

G(y)- max Inf (G@)-F@)0 if x>y H,(xy)=Min{F(x),G(y}

H™(x,y) assigns to all sub-sets of diagonal y=x, maximum of probability
compliant with marginals: S. Bertino, « Su di una sottoclasse della classe di
Fréchet », Statistica 25, pp. 511-542, 1968

Gini Work : in 1914, Gini introduced « linear dissimilarity parameter » (solution

In discret case fora =1, 2)

Tommaso Salvemini (+ Leti) Work : construction of « tabella di cograduazione »
and « di contrograduazione » (equivalent to Fréchet Extreme Repartition

Functions )

Generalization to multivariate by Rizzi in 1957, Dall’Aglio (l9é-F) HALES




Complex Gaussian Cireular Law of zero mean

“plZIR)=

1

i

T det(R)

~Tr[RR") - {-R= "

<

Information Geometry

Optimal Transport Theory

Distance between random
variables:

ds’ = d6"1(6)6 = Tr|(RaR )= |R aRR is

3 _ o &logp(X/6)
10)=[g;] .¢;- _E[iaﬂ,aﬁ' }

Distance between random variables:
d*(P.0)=Inf Ejx - ¥ |
Xy

Cartan Symmetric Space:
Gr«_? P.;Ra =Ry o Ry }R;l"Rn 2Ry )

with R oR, =RV (R}R R} RY?

Space associated to Optimal
transport:

(x—m VR (x—m, }=[R_;1":{_t—m_l ]]_ER_;":{I—m_l i}
=(y—-m VR (y—my)

x=Vw(3)=D,  (y—m, )+m,

(V)= %(“ —m, ' Dy (v —m, )+ (m, —v)

Metric: .
g (Ry . R)=Tr|P' R, PR,

Metric:
£,(R,.R)=Tr(R, PR,)

Bruhat-Tits Space

(semi-parallelogram inequality):

¥x.x, Jdz suchthatVxe X
g, P +4dpczr = 2dfxx P+ 2dixx, _f

Alexandrov Space:
dlayin)) 2
(1—)d(a. y(0)) +tdle, y(A) —t(1—1)d(p(0), 1))’

Tangent space and Exponential map:
exp, [1"I:-f}= Xt !erbsl.l'l e Iy
Vi = grady (V) = —expi (V)
I": -y logi_X'l' ) le

expy (V] .1)= X1 g Xyt

‘2

Tangent space and Exponential map:
o rE)= wo. R;.r_,..:r; }

Ry i =(Q-0)] +1X)R, (- 1)1, +1.X)

Cartan-Hadamard Space:
Complete, simply connected with

negative sectional curvature
Manifold

Wasserstein Space:
Non-negative sectional curvature
Manifold

Distance between covariance matrices:

=

&*(Ry. R, )= [log(R: > B, B

d*(R,.R, )= T log’(4,)

k=1

det(R;* R, R — AT)=det(R, — AR, )=0

Distance between covariance
matrices:

d*(R,. R, )=Tr[R, ]+ 7[R, ]- EI:-HR} g R ‘J

Sectional curvature:
K=-Trl1-zz* V' M- 227V M%)

with (J—ZZ*T' =PP* when I—ZZ~ >0
E=-TrIT"}<0 where T=P MP

Sectional curvature:
Ky (X 1) =34 (7. X - S ([F. X]-5))

Geodesic between covariance
matrices:

#(f) = R ':grl.-,gl_a-;.' ‘fc,n-;.""IRL 2

¥ty =R (RY R R RY?

f(0}=R'| 2 )}{1) =Ra and «V{]-J}=R\ ':R}

Geodesic between covariance

matrices:
¥ =1~HF +1Dy , R (-], +1D, )

with D, = RVHRVR RV R =R o R
d{p(s). p(0))= (1 = 5)d(p(0). (1))

Baryvcenter of N covariances
matrices:

N
> loglRRR)=0
k=l

i 7 =l
= TRl ARG )
P

Ry = Rl]uj:e ; Rl-"

Barycenter of N covariances matrices:
LT 2

S (RZRE) =R

k=l

- =[ E[Kc--;K:K
4 Rl

k=™ {n)

_f'EJ with K =R"?

For transport optimal:

A. Takatsu. On Wasserstein Geometry of the Space of

Math., 2011, http://arxiv.org/abs/0801.2250

Gaussian Measures, to appear in Osaka J.

THALES




THALES




7 45 # % + &# I

Cauchy series given by harmonic and arithmetic mean :

A B=LimA =LimB, with A=A, B,=B

n® ¥ n® ¥

A =2A"+B)" and B, =(A +B,)/2
Solution of the following ODE :

X _B- xa'X

"ABI Syni", A B=LimX(t) with dt
X(0)T Syni*

Solution to the inequality :

~ . . . A X
"ABI Symi", A Bhighermatrix(Loewner)k.t. ¥ B >0

Solution of the equation :
F'(X)(A) = X AX =B with F(X) =- logdet(X)
THALES
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In scalar case, geometric mean of a,b>0 satisfies for x>=0 :
x=+abU x*=abU xa'x=b
The last « symmetrized » version is suitable for generalization

to noncommutative settings : the geometric mean is the unique
solution of xa'x=Db , if the unique solution exists.

We define a group equipped with the operation x- y = xy 'x
xa'x=bU x-a=bU x=a b

To solve X- €=a, we need Xex= x> =eto have a unique

solution. Every element must have a unigue square root :.€ a= a'’s

Extension for Matrix Geometric Mean :
XA'X =B A(XAVPAYVPX)AY? = AVBAY?
(A-]./ZXA]./Z)(A-]./ZXA]JZ) — A—]JZBA]./Z
A—]./ZXA]JZ :(A':UZBA:UZ):UZ
X:A:UZ(A-:UZBA:UZ):UZAJJZZA B THALEs
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Denman-Beabers lteration :

0 Y, 1 0 Y 0 ZzZ*

Xk+1 _ T A T -1
Z., 0 22z 0 Y'! o0
O A . O A1/2
i = h =
with X, - then Il:q!)rl] X, A2 5
Schultz Iteration (without matrix inversion) :
0O Y 1
Xy = T =X (3 - X?

Bjork Method by Schur Decomposition :
Q+AQ =T with T Upper triangular matrix

By recurrence, we compute :  J2 =T AY?= QUQ"

THALES
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Gauss (20 years old) & Lagrange independently prove  d that

Arithmetic-geometric mean of a and b :

_a,+h,
"a3b>0 , (a,b,)=(ab) and T =T
b,., =~ab,
+h ° b, °
a§+1-br?+1: a'n2 3 'a-nbn: anz -~ 20

"Nn30 b=b£..£b £b

n+1

fa .fFa £..£a,=a

Is related to elliptic integral : M (a,b) = Lima, = Limb
/o ’ ne ¥ ey
(ab)=-"- with plz dt
M (a,b) | (a,b) =

o Va’cogt +b’sin’t
Landen transformation gives also :

_| atb . pr2
[(2by) =1 2 Vab =1(ab) with J(a,b)= +/a’cost+b?sin’tdt
2J (ai’ bl) =J (a’ b) +abl (a’ b) 4.J?a,b) . Perimeter of Ellipse

b of half-axisa & b
Landen trasf.:u =t + Arctan —tant

a THALES
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1 M
Arithmetic mean: XCemter =
M i

This point minimizes the function of distances: X__ oy = argMin

M
The median (Fermat-Weber Point) minimizes : X odian = arg|\/|in d(x, xl)

X

d*(x, %)

M

X [

=

X =1
: 2 s
1M Myean = Min E“X' rd J median ~ Mn!n E“X_ nﬂ
- = _ m
ML
0O @
Xy ‘ X
O \‘.\ . il
% © g W e Xo O 5 B ®
Pl M :
Xeeme, =0 XeeneX =
\OXS Xcenterxi
(V]
X5
M M
Xcenter = argMin d2 (X’ X|) Xmedian: argMin d (X’ XI ) ‘
X i=1 X i=1




# [

Elie Cartan has proved that the following functiona |

f:ml M  d*(ma)da
A

is strictly convexe and has only one minimum (cent  er of
mass of A for distribution da) for a manifold of negative
curvature

:)
Hermann Karcher has proved the convergence of the
following flow to the Center of Mass :

= 9,(t,) =exp,, (- t,Nf (m,)) avec g,(0)=-Nf(m,)

THALES
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Maurice René Fréchet, inventor of Cramer-Rao bound in 1939, has also
introduced the entire concept of  Metric Spaces Geometry and functional
theory on this space (any normed vector space is a metric space by defining
but not the contrary). On this base, Fréchet has then extended probability in

abstract spaces . d(X,Y) = ”y- XI
M. R. Fréchet, “Les eéléments aléatoires de nature quelcongue dans un espace
distancié”, Annales de I'Institut Henri Poincaré, n 10, pp.215-310, 1948

In this framework, expectation b= E[g(X)]of an abstract probabilistic
variable (X)where Xlies onamanifold is introduced by Emery as an

exponential barycenter exp;l(g(x))P(dX) -0

In Classical Euclidean spacel,\/lwe recover classical definition of Expectation
E[] :
pal R expi(@=q- p E[g(¥]= g(x)P@x) = g(x)p,(X)dx

phn phn

M. Emery & G. Mokobodzki, “Sur le barycentre d’'une probabilité sur une variété”,
Séminaire de Proba. XXV, Lectures note in Math. 1485, pp.220-233, Springer, 1991

THALES
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[/ #B % + &# 7 %&0 3
Solution given by Karcher Flow with Information Geo metry metric
X pyerne= ATG Min - d?(X,B,) Hlog(x vz g, X V2]
k=1
N
e Iog(X;,l’szan’z)
X —_ )(1/2e k=1 X1/2
ntl = ““n n
/7 0. @* % 3 #B %&0 3
N
X . _=ArgMin d(X,B,) Hlog(X vz .X2)
X k=1
Iog(Xr']llszXr',llz)

eki s, Hlog(xr-ll/szXr-ll/z)

X ., = X% Hx}]’z with S, ={k/X_1 B}

PhD Yang Le supervised by Marc Arnaudon (Univ. Poit  iers/Thales)
THALES




Gradient flow on Surface/Manifold

Gradient Flow :Pushed by Sum of Frechet-Karcher Barycenter :
Normalized Tangent vectors of Sum of Normalized Tangent vectors
Geodesics of Geodesics is equal to zero

hmi M | 2 d(ma)da Rh=- ex'ﬁ(a) da
2, vin A|exns ()| \

Compute point on the \

surface In the direction | = _

of sum of Normalized _ Hex L (x H
k=1

Tangent Vector Py ( k)

Sum of Normalized
m, (Xk) Tangent Vectors

THALES
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G(t) = X1/2(X-1lszX-1/2)t Y2 = Xl/Zetlog(X'l/szx-llz)X1/2

e I'
B, \ B
A [ T ™
Bs e
-.-F' e )

M

dg, (t) ‘t=0 = Y12 |Og(x-1lszX-1/2) X2 =
k=1 dt k=1

THALES




o Iog(A{ 12 A 1/2)

A+l — Al/Ze k=1 Al/Z

The following structure of a Matrix M is invariant by this flow :
JMJ = M
where J is antidiagonal matrix. We can prove that :
E={MT HPD,_(C)/IMJ=M}

IS a close submanifold ol HPD . (C) (Hermitian Positive Definite Matrix)
and sub-group of GL , (C)

For Siegel metric, this set is convex in & Geodesi¢ meaning (all geodesics
between two elements ok are in E). Then barycenter of N elements ofE is
In E. .

eMl — gIMITT _ 3o M §-1 _ oM

THALES

UJ
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Covariances matrices are structured matrices that verify the
following constraints :

Toeplitz Structure (for stationary signal) : " n, E\_Zn Z:]_ kJ =TI

IfO rl If2 Ifn- 1 Ifn- 1
I ' r1*
_ . R4 .
Rn P B r, = P
'y A [
M1 I, B 'y M1 I, B 'y

Hermitian structure :

R =R with +:transpos¢ and conjuguate

Positive Definite Structure :
"Z1 C",Z*RZ>0,"/ suchthatde{R - .1.)=0 />0

How to built a flow that preserves the Toeplitz stru cture ?

If you remember first example on « Right Triangle », in this case Pythagore constraint .
is replaced by HPD & Toeplitz constraints T H A I— E 5
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Complex Circular Multivariate Model :

(Y, /R) = () "R e "]

owith R =(Y,-m)Y,-m) etE[R|=R
RadarModel: m =0 zeromeanprocess

R = E[YnYn+] ToeplitzHermitianDefinite Positive

Y,
Y, = with y, =a_+ib, = r €e"
Y,
N
y,=-  aMy. . +b, withEbb ,|=d s2andA, =[a™. a™]
k=1

Close Link with Issai Schur’s algorithm (1875-1941)

[Alpay] D. Alpay, « Algorithme de Schur, espaces a noyau reproduisant et
théorie des systemes », Panoramas et synthese, n 6, Sociétée Mathematique de

France, 1998 T H AL E 5
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We can exploit Block structure of covariance matrix
to compute Rao metric for CAR model :

Rao metric for Complex Multivariate Gaussian model of zero mean :

ds =Tr{(R *dR} )= I3 1’2dRR1’2H2 with WZ = (A A)et(A B)=Tr(AB")

D(R,R,)=log(R““RR )] = " log?(/,) et de{R **R,R¥*- /1)=0

_ =1
Block structure of covariance matrix for CAR model :

R-11: a, an—l'AT—l F% — 36-11+A:1-R1-1-A1-1 - A:L-l-Rw-l
an-l'Ah—l R;—ll-l_an—l'A}—l'AT—l - R1-1-A1-1 R1-1
A . O 0 1
with a,;lz[l- ng\z].a,;_ll and A= "' +m A1 wheres© = 0 oV
0 1 1 0 O

THALES
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Matrix Rgl)- ]J2+-R52)-Rgl)-1/2 or Rfl)ﬂZJr'RSZ)_l'Rfl)l/Z that is
used for Rao Metric computation has same block
structure

bn-l bn-l'VVnT1

W, = Rn(1)1/2+_Rr$2)-1_Rn(1)1/2 _
+
bW ., W . +b W W',

(2)
: da
— N (1)1/2+ (2) N —_ -1
with W,, =/a® R [A® - A®] and b,, ==
an-l
This block structure to compute extended eigen-values :
2

THALES
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We can deduce an algorithm that could be parallelize  d according to
CAR model order for each extended eigen-values :

N1 ’VV+ (n 1)‘ e ———
FO(0)=/®- p  +b, 0 L8 =0|| @ |
k k n-1 n-1+/ k _ (/i(n 1) /(n)) i F (/)
(n) ‘
X" _ 1 1
(n) (n) F + £ | sl
xlgnl) - /kn U n—l'(L n-1"- /kn 'In—l) U n—an—l - : '
Renormalisation at each iteration : | [
o2 Y2 _ 0
+ n-
x(n) n-1 ’\N X ‘ X (M) b
y (n) ® 1+ /(n)2 — 2 : lEn) /§4) /(4) H
Xea (/i(n'l) - /l((n)) X1 1)
Interpretation in term of projection of CAR vector | /
200 SV 4
1 . T o T H 1 -
(n) [ 7(n) I / ; 7
" ﬂ:—(/k) = 1 : ﬂ__r_,./ ! i'll /;’"
k=1 h N P T f ;’f |
-1 s i T U, | SSER g —
(n){ 7(n) (n) o0 o ) ) [\ 1.5
1 FOpe) 7T
At ka T X1 0</™ < /0D </ < </0 < /0D </ <Tr{W|
stricly increasing curve on each interval : [ ] r[ ]] 1 * 1
M(h n1/7(n 1)’\N X(” 1)‘ avec THW|=THW_.|+5b_..
ﬂ: ( ): bn—l S :1+b n-1- S 1 n n n-1 \Nn_l V\/n_l
(M | 3¢ (0 " ( (n-1) )
T A e - THALES
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If we use block structure matrix, we can compute
Rao metric at model order n from model order at n-1

Recursive Expression of Rao Metric:

ds :Tr[(ﬁ-dﬁl)zlzdiﬁ S ta, AL R, .dA

a
an-l
We can observe that :

ra, A R dA, =d 9 L0 oo,
an-l " e B Ah-l O an-an-l Ah-l

This could be interpreted with Information Geometry & Fisher matrix

RAnl = I[A%l]:an-an-l .
loga,,., " A, |:>Z: oga,., loga,., + i . 0

A Al 0 (a,.R,.)"
THALES
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If we consider Cholesky decomposition of covariance matrix :

Cholesky decomposition (Goldberg inversion algorithm) :

W, =(a,.R )" =W W, :(1' ‘”3‘2) Ai v\/n_1+A1;11_1AT.1

wih W= 1| andw, =W
n-1

-1
All distribution of n-dimensionnal variable is associated with Affine Group. It is the
element such that its action on vector / ~ Nn (O, | n)

Is transformed to random vector : X ~ N_(A,,W,)
1 0 1 1 1
Aa WE'Z WEZ+A, X

n-

This representation of Affine Group elements could be considered as non
symmetric square root of Siegel Group element :

1 A
A, \/V|f1—1+A1—1'AT—1 THALES
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We consider expression of Kullback Divergence for M ultivariante
Gaussian Law of zero mean

Kullback divergence is given by : K(R,Sl) R,SZ)) [Tr[S ]- |n‘S ‘ n]

bn-l bn-l'vn-l
bn-l'\/n-l Sn-1+bn-l'\/n-l'vn-':l
(2)

a
whereV, , =F&° [Afz)l - Aﬂ] and b, = ar(‘l)l with @ RY = F® F®"
n-1

—_ 11/2 2)-1 D12
S, =R RV IR =

1 1 -A% 1 0

1/1-‘/72”‘2 o I, O Fn(-li

If we consider recursive relation :
‘Sn‘ = bn-l"Sn-l‘ Tr[Sn] = Tr[Sn-l] t bn—l'\_1+VnT1Vn-1J

Kullback Divergence is given recursively by :

KR R)=K(R%RE)+S[(6,2- 0+ 6,.%,,, .- n(o,.)

|:n(1) —

THALES
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All Toeplitz Hermitian Positive Definite Matrix can be
parameterized by Reflection/Verblunsky Coefficients:

Block structure of covariance matrix & Verblunsky Parameterization:

R-11: anq an—l'AT—l — 36-11+A:1-R1-1-A1-1 - AT—l'va
an-l'Ah—l R_]—ll-l_an—l'A]—l'AT—l B R1—1'A1-1 R1-1
with a:* :ll- ng\zl.ar',_ll and P =a;
S. Verblunsky
(Php student O 0 1
of Littlewood) A] . (-) .
A = o T 1‘1 wherey©) = 0 oV

1 0 O Iw:sawa

(Lie Group
Theory)

Verblunsky/Trench Theorem: Exitence of diffeomorphism |
/- THPQ® R " D™
R, (Rm...m,)
with D={zl C/4<3 THALES
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Conformal Information Geometry metric (metric = Hes  sian of
Entro 2

Ji ° q (”)‘Hq(”)

& \

E. Kahler

with g™ = [Po m ”Z-1]T
m :Verblunskycoefficiert with|m| <1
Entropy #F as Kahler potential:

IE(Rn,PO):Iog(detRf)- log(p.e) = - n_1(n- k).In[l- \nﬂzl nIn[p.epP)

k=1
Conformal metric on Verblunsky parameterization:

d$ =dg*|g, Jdg® =n. el 2+ (n ) g
R M)

THALES
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« Kahler Erich, Mathematical Works », Edited by R. Berndt and O. Riemenschneider, Berlin, Walter de Gruyter, ix,

2008 iber eine Demerkenswerte Hermitesobe Metrik.

Vou ERIOH RERLER ix Hamburg.

L] [N
E %
rl C h Ka h I e r Bei der Untersnchung der Invarianten giner reell 2 n-dimensionalen

Hesmireschen Metrik®)

(1) ds = 2 gadmdam
- i )
B W g :
b Barg Bazg Lk Auf die Verwendung der vorliegenden formalen Entwicklungen filr
. : i . ie d
invariant gegeniiber der Gruppe der , hyperfuchssehen* Transformationentd). dle‘Thenrm der automorphen Funktionen und auf die Analogie der
Analog st fir die  hypernbelschen® Trumsformationen Gleichungen

Duy=190, DU ="

ot Tt G LB 0l '

remptdy mit den klassischen Differentialgleichungen '
die die Einheitskreise AU =0, AU = -
l—miwi =0 i=12 ..,
festlassen, die aus dem Potential anf die beveits G, Giraun?!) und A. BLocu®) hingewiesen haben, gedenke
n ; ich in einer spiteren Arbeit einzugehen.
7= '=El ki log (1 — ai2) {k; Konstanten) =] ) @ Grmaum, Bur une dquation aux dérivées partielles, non lindairs ete. Uomptos

L o : . . Kendus 166, 1 (1918), p. 803
ableitbare Metik invariant, und es ist klar, daB auch alle Zwischenfille, % A, Buocm, Sur ung nouvelle et importants généralisstion de Péquetion de

etwa die aus hyperfuchssehen Transformationen in » und s (r+48 = n) lLaplace. L'Emseignement Mothéwm. 26 (1927), p. 62.
Variablen komponierten Gruppen, zu Metriken von jenem Typus fibren,

Hamburg, den 22, Oktober 18932,

Entropy U=-logdet[R] , for Complex Autoregressive model, can be considered as a Kahler Potential that

depends on reflection coefficient. This expression is exactly the same than the first potential proposed by
E. Kéhler
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Regularized Burg Algorithm (THALES Patent)

Initialisation:
fo(K) =b,(k) =2z(k) , k=1,...,N (N:nb.ech.)

k 2
‘Z( )‘ Regularization
a(()0) =1 /I,I,”
.Sep(n): Forn=1tom .~~~
N Ve ,'I
2 bk e prar Al
m =- 1' ”kn+1 ----- '<212 /with b" = g.(2p)%.(k - n)?
f ()| +b_ (k-1 +2 b(”) Gailid
N i e o2 a0
al” =1 = T
a” =al"™ +ma"b | k=1,...,nd T MWM (‘.’n“éﬂe‘.‘i?urﬂiii“;";,
f (k)=f ,(kK)+mb ,(k-1) T T .
" Vbl AL Il (modelorder : 9)

b, (k) =b, 1 (k- D) +m.f,,(K) GRRYA N
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Classical Karcher Flow in Unit Disk *., Duale Karcher Flow
"~.{ \o*

o \.*
. .* .
L .
4, .
wy as®
"Tsgpguununt®

L 4 .
L 4 .
Ny a®
"Teggupuunn®

median,n+ Wn

*

median,/1 —
L et THALES
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A natural way to define the « expectation » E(Y) ofa  random variable Y is to use
generalizations of the law of large numbers.

Given any sequence {Bk}Ezqf points, we defi ne a new sequence {S<}E=1°f
points by induction on n as follow (inductive mean)

/n
S =B and S =S -, B 81/2( nliZB 1/2)1 1/2

strongly depend on permutations but E(d2 (E(Bl), S, )) £ 1V (Bl)
N

Extension of scalar case :

1 1
Sl:bl and Sn:Sn-l'llnbn: 1- E Sn-1+ﬁbn

THALES




Random selection at each
iteration of 1 point in the
disk + driven of the flow

T along the geodesic

nrand(n)n
Wn ~
mand(n),n
e ()
expmn Xrand(n)

M. Arnaudon, C. Dombry, A.Phan, L.Yang,r”Stochastic algorithms for computing
means of probability measures”, http://hal.archives -ouvertes.fr/hal-00540623 H A L E 5




n

rand(n),n

mand(n),n

W

n - n

-1
expmn (Xrand( n) )

rnn+1 — expmn t

nl

-1
eXpmn (Xrand(n) )H




M.-Arnaudon, L. Miclo, "Means in complete manifolds:
unigueness and approximation”,

08}

a4t

Ak

Left ciroular polarisation

Linear palarisation

(vertical)

Linear pofarisation
{horizomtal)

Right circular polarsation
C) New Arnaudon Stochastic Flow on the sphere
T 3n/2, —n/2 '

B 0 0% e e el ‘
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Case of Poincaré unit disk: ) = {ZT C /‘z‘ <]}

G+ sub-group of automorphisms preserving orientation

7 / Z-a avec‘z‘:]_et ‘d<1

1- a*z
G operate on P(Sl) of probability measure of S1 = {ZT C /‘ZL = 1}
Principe : assign to all probability measure /7 on  S' a point B( | D
such that 7 B /75 is conformal and verify:

B(m=00 zdmz)=0

Sl
There is only_one conformal way to assign to each probability measure /7on Sl
one vectors fields Xmon D such that: Xm(O) — Z.dﬂ(Z) =0
Sl
1 2 Z- W

X (W) = —— X, ) (O):@- ) dm{z) =0

m (gw) (W) (9w ) (m ‘\N‘ . 1- W* 7
with Z- W

9.,(2) =
" 1- w* z

THALES
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Case of Poincaré Disk

Xm( Z) could e described according to X, (Z) that is the tangent vector of the
geodesicin 2| Dpointingto T Gt

XA2) = X, (2)dmz)

S
In Poincaré Geometry of unit disk, vectors field X, islthe gnadierlt of a function hZ
whose the level sets are the horocycles tangents to Sinz | ;

x_=Nh_ avec h_:z h, (2)dm{z)

S

h (2) == 1|og 14 dm{z) = Lim[d(0,r)- d(zrz)]dm(z)
512 ‘Z' Z‘z Slr®1-

- 1
¢ ES B

Horocycles tangent to ¢

L@ =

e o1 =
,IELS AT

Mediang,,, \w,, w,, w,} = Conformal _Barycenter{C,,&,, .}

£ :gﬁz Vgﬂ(z)(f):gﬁ 72 (2)

TIHALES
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Median,,, .. \w,. W, w, } = Conformal _Barycenter{l,, &,. <y}
Ci=Limy, ()= gﬁ}’;@)

-
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From Cartan Center of Mass to Busemann Barycenter

Elie Cartan has proved for simply connected riemannian manifolds with negative
or null curvature, existence and unicity of the minimum of:

x d(x,z)’dn(2)

H n
Following function, is simply connexe and reachs its minimum:
X d(x, z)dn(z)

H n

when Z goes to infinity converging to a point q of ﬂH N the normalized
distance function to Z converges : Busemann function

B,(X) = Izigzyd(x, 2)- d(O, 2)

Fixing an origine O] H " Let 7 finite measure on MH "with a support of
more than 2 points. The following strictly convexe function reachs its minimum at a
unigue point, independant of O choice and is called Busemann Barycenter :

b,(x) = B,dn(q)
fH"

THALES
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Doppler axis

Raw Doppler

Spectrum
ll |
i
‘ | | || || Range axis
Mean Doppler &0 109 15 200 Median Doppler
Spectrum Spectrum

No preservation 0

0 of discontinuities

30
40

&0
Perturbation by -

G0 .
outlier

1 70

80
80

80
a0

100
100

20 40 B0 30 100 120 140 160 180

THALES
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Diffusion Fourier Equation on 1D graph (scalar case )

Approximation par un Laplacien discret :

2
ﬂU_ﬂU ﬂuzl un+1_un_un_un-l — Z(G-U)
m Ix* 9t Nx  Nx Nx Nx2 " "
.. Z#® with arithmetic mean of adjacent points : On = (Un+1 + Un_l)/ 2
Dicrete Fourier Heat Equation for Scalar Values in 1D :
" : 2.Nt
u..=-@a-r)u . +ru. with r= 2
| | | X

By Analogy, we can define Fourier Heat Equation in 1D grapf of
HDP(n) matrices :

v 2 rlog(X;,,%’zin,tX,;,%’z) 12 _ 1/2( - 127 -1/2)’ 1/2
X _Xn,te Xn,t _Xn,t Xn,t Xn,txn,t Xn,t

nt+1

. - _ § 1/2
with X, = X i (X 1/2Xn-1,tx 1/2) Xy = Xnsit 12 Koy

n+1t n+1t n+1t n+1t

THALES
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Fisher Information Matrix for Gauss-Laplace Gaussian Law:

.1 0 _ ~ ~\r ] m
(@) =s 2-0 , with E(q—q)(q—q) 3 1(g)" andg= <
Rao-Chentsov Metric of Information Geometry
dn¥ _ ds? dm °
ds’=dqg'.l(g)dg=—-+2—"-=25"" ——= +(ds)’
q"1(g)dg="7+2; 7 (ds)
Fisher Metric is equal to Poincaré_ Metric for Gaussian Laws: ‘sz

:ﬂ+i_5 W:Q < ds® =8.
2 QM 1) @_ ‘Mz)z

Z+I
Fm, 2 B 1 + d( l/’/l) | I/I/Z)) 2
s lmsh(m, s} )=2 logl A 0)

W -
1- WP

ﬁfvmhcﬂmﬁw@)%

HALES



‘-_II
[\
Fo
| |
f |
| |
II| |II PN,
{ "v"f )
I|ll I-"nl.
. ) _."‘l II
- J-'r o \
/ g "%.H
b R
o ¥
e e

' |

f 1

i \
." II. /
/ \/

A
/A
F f

THALES




5- - )

Travaux de Jacob Burbea (1984)

On considere une densité de probabilité pour une variable de C"

6.(2) = p'l(t/z)ﬂp(tlz)ﬂp(t/z)dn(t): p(t/z)ﬂlog p(t/ z) Tlog p(tlz)dn(t)

*

fz 17 s e
d9(2)=  g,dz0Z =|p"*logp|}
i=1

pt/2)=ly (t/2)

Identification avec le carré du module d’'une fonction normalisé: 2
avec|y (./2)| =1

o(t/2) = K(z.2 )y t/2) K(zw)=(gt/2),9t/W),

On considére la pseudo-distance de Skwarczynski :
H(zw)=\[1- | y (/2 @/ wydnty)] = J1- iy (/2 @/ w),

B B 2 2 9 2| o= _ N ﬂ|OgK(Z,Z*)
A gman= 0%/ (2 =y [ - (v, dy),| =K Z[KﬂﬂK K| ]‘“ﬂ'ogK‘i,jzl oy

On en deéduit I'équivalence entre métrique de Fisher et métrique Hessienne : ‘
pt/2) =y (t/2)
g(t/z) = 1/Kiz,z*iy (t/2)

Tlogp(t/z) _ 9°logK(z7Z) g =-E T logp(t/z) _ 1" logK(z )
121z 21z, ’ 121z 121z,

dzdz,

log p(t/z) =logg(t/z) +logg (t/2) - logK(z Z)
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™ Linear polarisation
{horizontal)

Right circular polarisation



G 4 & #
Reflectivity : Amplitude of EM Wave reflected energ
Z
1" 2
L= R efiectivie == ‘Zk‘
N =0

Zn . . .
Phases variations due to Doppler-Fizeau

V./c Toeplitz Hermitian

y

Positive Definite

ooppler = m fo\,r />C><42. Covariance matr_ix _
Transmit s(t) = u(t).e®” z 7, A v
>R R=E _ G G
Receivez(t)» Aut- — e C
Polarization of EM Wave o A Co 1 C G
by
s |z +z % amtanzlz /i%
- z)*- |z,|° _ scos2 cos2f F= 2 [ vl \;"i
"s,  2Rdzz) 0082 sin2f .
* - t
s, 2|m(2221) s, sin2¢ arctan 79
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I STAP Processing
L 7! IW | 7 -l IWT |z-1 IW _ _ ]
(1 T | T | e ' (Space-Time Covariance Matrix)
Il —H@— | —P@— | —P@— :
INE | I L1 |..1|W1 Bl )
o B e M B | Antenna Processing
i1 I i I I : (Space Covariance Matrix)
T g i1 :
iz 1z |z :
:I_ I-—l—»?— I— L—h?— '—k—-‘*@— i Doppler Processing
W~ IT) Wi T o T (Time Covariance Matrix)
Z inverse temporal clutter filter
inverse
spatial
clutter
A filter
(a)
o Guard Cell i
i Ty e e Threshold
of interest , *i comparison
Antenna . /T'R T
Elcm‘i’é“,,-" o~ Primary Data | Test statistic .
i g Secondary data reference Cells Weight
1 PRIl ] l cal‘::?:ig::m 4 space—t?me
Covariance Matrix 1‘ clutter filter
estimation :
I clutter notch E;epglri:qaamum
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New requirements in Air Defense to detect low altit
targets at low elevation. Target Doppler is very cl
Clutter Doppler (Ground & Sea Clutters)

Detection of asymmetric & stealth targets in Ground

ude or surface
ose to fluctuating

Clutter

Microlight Airplane
General Aviation
UAV & Micro UAV
Micro Helicopter

Detection of small targets in Sea Clutter
Wooden & inflatable canoe

Jetski
Unmanned Boat

Naval Micro Helicopter
Periscope

4 5

5 &
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L # = B)G 1' 0 41G3

In Turbulences, signal is no longer characterized by Doppler velocity
Mean but by Doppler Spectrum Width & “shape” %
i SESAR

Atmospheric Air turbulences
Eddy Dissipation Rate

Turbulent Kinetic Energy

Airplane Wake-Vortex turbulences (A380, B747-8)
Circulation

Decay Rate
Windshear in Final Approach

Headwind

Crosswind

S S5# %N %

5 <




Classical Doppler Filter Banks (or FFT) are not
efficient with very short bursts (<16 pulses) :

F|Iter 0

Low Resolution of Doppler Filters with short Bursts (Low
sidelobes / high loss, wide filter)

If Target Doppler is between two Doppler filters, energy is
spread on adjacent filters. Gain between 2 filters is lower than

gain at filter center ("Straddling loss")

Ground Clutter Energy is not limited to zero-Doppler filter but
pollution is spread over all filters due to poor Filter-Banks
Resolution & Doppler side lobes in case of very short Bursts.

Fllter 1 :

Filter 2

Filter 3

Filter 4

Filter 5

Filtre 6

Filter 7

S/N gain [d

0 il
y
ne

|
/

-10

20 !

-30
-40
-50
-60

..............

i (m i

B - 05 | HE S | Lk P B Lt




Sea Clutter is highly
Inhomogeneous

Doppler fluctuation

Time/space Fluctuation

Sea Clutter is dependant of
Sea current
Surface wind
fetch
Bathymetry

Sea Clutter is corrupted by

Spikes due to breaking waves

“Moutonement”

Dovecidr weCs chishil i

Litueeur de Qrapg Flom-lirdarite forte

) ST

Sea State |

-
Ground Clutter

Offshore Sea
Doppler Spectrum

i
\fiiwwes Doopler b

Sea State 3

Sea State 5

: ,;q"' Close to the Shore
S = Sea Doppler Spectrum  §
" (Breaking waves) _

_‘_.,....—,_. I

i i i
W] (0D A L

L T
[Py Fep

I T™TH /\LE 5 ‘
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Air turbulence is characterized by
Spread of fluctuating speeds

This composition of different
Doppler speeds in Radar cells
generates a Widen Doppler
Spectrum

Speed variance of Doppler
Spectrum Width are related to 2
measures of turbulence :

EDR: Eddy Dissipation Rate
TBE: Turbulent Kinetic Energy

THALES
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| # @F 5'*
Wake vortex generate to contra-rotative roll-
up spirals
Mean speed depends on cross-wind

Wake-Vortex has spiral geometry with
increasing speed in the core and
decreasing speed outside the core

Wake-Vortex Speed and structure depend
on Wake-Vortex age/decay phase

Wake-Vortex Strength is characterized by
Circulationin m 2/s

| #

Inversion of speed in range or in altitude

Microburst in the same radar cell

- ERAHRT R MK BTy T

Wake-Vortex
Doppler Spectrum

Spectrogram Wake Varlex

Wind-Shear
Doppler Spectrum

a -
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High Doppler Resolution with short Bursts
Robust CFAR in inhomogeneous clutter & closely sepa rated targets

% COG@& @ :1G
Avoid drawbacks of Doppler Filters / FFT in case of short bursts

Take advantages of Robust Ordered Statistic of OS-C  FAR (Ordered
Statistic CFAR, Median-CFAR)

! # COG@& @ :1G

Can we order « Doppler Spectrums » : NO
there is no total order of covariance matrices R;>R,>...>R,
There is only Partial « Lowner » order : R,;>R, if and only if R1-R2 Positive Definite

Can we define « Median » of « Doppler Spectrums » :  YES !l

In a « Metric Space », the median is defined as the point that minimizes the « geodesic »
distance to each point (compared to the mean that minimizes the square distance to each

point)
We can define a deterministic or stochastic gradient flow that converges fastly to « median

spectrum » (Modified Karcher Flow : THALES Patent )
THALES




outliers
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Case Classical
el —|_Logl ou
— OS-CFAR [ >Seuil ——
Case 1&Q ) Doppler |— ou L s
Kk (z4,...2p) Filters |— CA-CEAR y
Case — Log|.| ouU I
k+1
' 0S-CFAR H >seuil ——
Cases distances
Ckaze — Advanced
' OS-HDR-CFAR Chain
Case |
k-1 High Doppler
Case 1&Q R Resolution R OS-HDR-CFAR N I
k (2y,...2,) Coefficients (Doppler Spectrum Median)
Case | (Pow 10+ mk)
v k+1

: P median " 'S ,median
dISt(( I:)O,k ’ ”lk """ n?n,k)’ (Po,median' nz,median """ n?n,median)) = \/mZ |n(0P—d)2 + [(m -n )argth(% ﬁ kn?] n}ﬁ : )] 2

0,k n=1 k

n,median
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Cases distance>

OS-HDR-CFAR

I—

ok
nEF
/
0z {
|
. &- .
(i1 -
|
ozk |
s
4 '1
aEl A
a8k

a5

Cal_cul de la | =5
distance
|
] fTT3

. Valeur médiane

(OS) pour ambiance
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12 and 10 scans

x 10
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%10

¢ For each space cell, the
signal is formed by d pulses

z=1(2y..,2,)

Range cases

- | {(HO) zZ=c :clutter
(H)) z=c+ s : clutter + target

Azimuth
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doppler {r/s)

100
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S 1]
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Normalized Doppler/speed distance from target to clu tter :
*Variance with Variance = Capon Spectrum Interval > X dB

Power of inserted targets : P qet

w

m
=)

s
=

e
=]

o
=)

Capon Spectrum before target
iInsertion (  =1; SNR=13dB)

: _ ||||| lh
i
i

r 1||| II.IIi!I“I i'Fli.llI |

| TR {ll":"'l"'_m'j
\| ||

{Hll.

”|:J _r' ._l.’ f. Il

Capon Spectrum before
target insertion
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vitesse doppler {mds)

100

a0 100
&0
80
40
- &0
20
0 L =40
-20
420
-A0
B0 0
-80
-20
100 ] | | 1 | | | |
o 100 200 300 400 S00 BOD 700 B0
cases distance
Capon Spectrum insertion before target insertion ( =1; SNR=13dB)
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Low Elevation Beam
Recording

a=025

OS-HDR-CFAR
BF+OS/CA-CFAR

=1

a=05

OS-HDR-CFAR
BF+OS/CA-CFAR

Perfo HDR Median
Perfo HDR mean

I AALEDS
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vitesse doppler imis)
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Spectre Doppler pour um azimut

4

100
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404
cases distance
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Range cases Cell undertest
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Application to the detection of targets : let x = (‘Z?zl e

_2imjk

d ZiD15jsd

For a sample xy,...,Xy, we estimate the covariance matrix I" by

)

11 ?10!
BT R
I = K KIS

Yoo | Vad
fah fd

Yij=y &n=1 L(x=m;, x<m;) — r

For f,, we choose a kernel estimator:

) fi = N9 (B R G+ uN-0) - Rt (5)] e (1 + u — 0,5u?)dy
1

2d-—1

The test statistics is inspired from Hotelling's test

M- (m—-x)ST

© We choose § =
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vitesse doppler {mfs)
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Result on ground clutter :
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The estimator of  is non-parametric : we should incorporate the
information of stationarity
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Previous results can be extented to Block-Toeplitz M

R, R R,
. _R R _ R, R
p,n+1 R1 §n+ Ro
. R R
* 0 0 J,
o — : with = 0
R =V "0 4,
R 30 0

atrices :
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Every Toeplitz-Block-Toeplitz HPD matrix can be param  etrized by
Matrix Verblunsky Coefficients:

RLI = a, an"A\:r R _ ar-11+ArT'Rp,n'A\1 - A\T'Rp,n
P a A R +a ALA AFE - R, A, R,
with a;*=[1- AA™|al, =R,
Ail ‘JpA?-i*‘Jp
Ah-l n
and = = + A, .
A A? Op A JpA{"l Jp
I P

Extension of Trench/Verblunsky Theorem: Existence o f
Diffeomorphism jj

/ :TBTHPD ® THPD SO

R (R.A...AT)
with SD={z1 Hernfn)/zZ' <1} THALES




Kahler potential defined by Hessian of multi-channe |/Multi-variate
entropy :

( pn)= Iog(detR n)+cste:-Tr(Iog Rp,n)p.+cste

g; = Hes¢/ (R, )

F(Rp,n): " (n- k).Iogdet[In - A{A{*]+ n.log|p.edetR |

ds’ = r.Tr[(R(;ldR))2]+ : (n- k)Tr[(I - A\L(Af)'ldAf (I - AEJrAl:)_ldA}l:’“]

We recover the previous metric for THPD matrix !!

THALES



0 %

Multi-Channel Burg Algorithm :

515 % ?

A A A=A A A O]+ AT AT 3, 0A0Y S, 9 0

& (k) =

e’ (k) = n A (K) IZ(k- n+l)

[=0
el (k) = &' (k) + ATtel (k- 1)
el (k) = & (k- 1)+ AT Jef (K)

n+l _

| AMZ(K- 1)
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Mostow Theorem :
Every matrix Mof GL(n,C>an be decomp osed :

M =Ue"e®

where
U Is unitary
A is real antisymmetric
S is real symmetric
Can be deduce from

Lemma : Let Aand PBtwo positive definite hermit
there exist a unique positive definite hermitian ma

XAX=B

lan matrices,
trix X such that:

Corollary : if Ms Hermitian Positive Definite, there exist a unique

real symmetric matrix Such that :
M™ =e°M ‘e

THALES
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All matrix Mof GL(n,C):an be decompos edin:
M =Ue"e>

U is unitary, As real antisymmetric réelle and 2S_is real symmetric
M =Ue%> P=M'M =e’e"e’

P’ = S 2RgS = 28 (e- Sg 2Ag: s)ezs

P* = g2Sp-1g2S
* - - * 1/2
Lemma+ corrolary P = €SP e?S ¢ = p¥2 (P 12p* p 1/2) p1/2

% #

S= %.Iog(Pl’z(P'l’ZP* Ed P“Z) with P=M *M

exponentie injectivity :e** = e °Pe °

A:%Iog(e'SPe'S) with P=M"M
|

U =Me %"

THALES
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Automorphism of Siegel Disc ~ Slgiven by :

s=F, 2)=(1-2,2;)"*(z- z,)N1 - z2Z) (1 - Z2Z,)"

All automorphisms given by :
"Y1 Auy(SD,),$U T U(n,C)/Y (Z)=UF, (Z)U"
Distance given by:

" Z,Wi SD,d(Z,W)= | 0g L+ W)

1-| )

Inverse automorphism given by :
G=(1-22;)"s(i- z;z,J " =(z- 2,1 - z;2]"
Z=F;}S)=(GZ +1)(G+2;)

1/2

-1/2

with G=(1 - z,z;}*si - z;z,)
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Initialisaion :W, ;.o =0 and {W,,,.... W} ={W,,...,w]

lterat@nnuntil|G,|_ <e

Ivvk,n = U k,neiAk,n eSkm H k,n = U k,neiAk’n :VVk,né e =€

S, :u2-Iog(Pk%LZ(F>k',.%’2P;,nPk:ﬁ’z)”z Pk%{f) with B, =W/,
_ <}
KL |

Fork=1...mthenW ., =F¢ (Van)
|Vvk,n+1 :(I - GnGrT) 1/2(\/Vk,n_ Gn)(l - GMn)l(I - G:Gn)

1/2

:(GGfT +|)-1(G+Gn) with G:(I - GnG;) Wmediam(l : G:Gn)-llz

G, =, H,

n n

with {/[H, .

,N

1/2

W

median,Hl
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F, (W) :(l - ZZ+)'1/2(W- Z)(I - Z*\N)'1(| _ Z+Z)1/2

k
d(R’ Rmedian) = HIOQ(RO l/ZF\)O,medianF\)C-) 1/2}‘2 i " |ng 1+ A‘L( (Akmedian)
= 1- A (Ai:,mediar)

Jx K dimensional . — Guard Cells
Range Gate =1 ol == Threshold
of 1ntc~lut\\ i #,_,...-f‘_,,/ comparison
e _,,/"" ol 1
;}utcnna e =
I;lc;ml:élt 5 e Primary Data | Test statistic
F 3
v
| 4 » Secondary data reference Cells Weight
I PRl J vector
: Y - calculation
Covariance Matrix g

estimation

{Ro,p; Ail’p’"_, n__11,p}M_ ® {Ro,median’ AS:LL,median""’ 1med|ar}-| NANLES

P=1 Mostow Berger
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A Riemannian approach for training data

selection in STAP processing

J-Fr. DEGURSE 2, L. SAVY?, J-Ph. MOLINIE, Prof. S. MARCOS?

1ONERA, Electromagnetism and Radar Department (DEMR)
’Laboratoire des Signaux et des Systemes (L2S SUPELEC-CNRS-Univ-Paris-Sud)
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Airborne detection of slow moving targ'

non statlonary environments

Hidden area (clutter)

\‘uia £ D:r‘m B

_Fast targets
(exo clutter)

Slow targets
(endo clutter)

(o
Lo
— oy

o o =

Range
Distance (km)

Need for STAP
Processing !

Yitesse im's)

Speed (or Doppler frequency)

OMNERA




Lobe princl pal

Scollllumind par le obe principal

Ground echo (clutter)
[

Angle (sin )

Distance

N

N

Doppler Frequency Fd (or speed)

€ > 2V
. d .
Doppler Freqg. Or Spee Fd A sin (6)

I  Doppler and receiving angles are coupled for clutter echoes

« Monodimensionnal clutter in a bidimensionnal space

OMNERA




Objective

Range gates

Secondary data CUT* Secondary data
Guard cells Guard cells

* Cell under test

* One covariance matrix is estimated for each range gate

o Clutter from secondary data must be homogenous with clutter from CUT

Which secondary data to choose?

OMNERA




Wie sompe

Range
Distance (km)

Vitesse (m's) | A

Speed (or Doppler frequency) I




Use Euclidean distance between covariance matrices:

di(Ry,Ro) = lIR; — Rollz = Tr[(R; — Ro)(R; — Rp)" ]

Euclidean distance cF1

1100 | .
2(R. Rosn ) ooeeeeseresesereses Bt :

1000 - dl (RTIJ Rn+ 1"‘9‘) ------ .5:? E T ) ) Maln Iobe
I W i ey RS clutter energy
800 | TR T4
700} i E:
600 :
500

g Less powerful
A0iee M 1 1T ___---

s clutter area
300
200 +

Only detects power

100 4, . ) )18 ) ).C )IB—)vID—)'B—F h . .

100 200 300 400 500 600 700 800 900 C ang I ng reglons

Range Gate
OMNERA
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Physical criterion for secondary data selec

-1 . : : :
WlH = SSHRI is the weights vector obtained with R; from the [ range cell

then applied to Xj: z =wi'X,

Output —— Z =S¢ R; "R,

— —
matched  whiten
filter [+N

- if wf! is the optimal weights vector, ¥ is “white”, hence E{yy"} =1
E SR R TR =1
R YPE(X XEIRTYZ = 1 ‘ RTY2R RV =1

2

we want min {R;/*RoR[Y? — 1
R,
 that leads to the optimal criterion or “distance” but this is NOT a distance:

d3(Ry, Ro) = ||R; 2 RoR; M — 1 ”i

OMNERA




Optimal criterion between covariance matrices:

d% (erRo) =

Fhysical distance d2,

d% (Rnn R‘n+ 10)

_ . 2
|R1 1/ZRORI 2 IHF

/
’
’
4
“

4
/
Y

Y
/

| | |
100 200 300 400 500 GO0
FRange Gate

Heterogeneous area
(spiky clutter)

No detection of the high
to low power clutter
change

Clutter power change

OMNERA



Symetrized physical criterion between covariance matric

1
a3, Ro) = |5 (R7*Ro = 1], + IR "R, = 11l )|

Symmetric distance d?,

Q T T T T T

di (Rno Rn+ 10)

/
/

’
4

2

Heterogeneous area
(spiky clutter)

4

------=+-=== Clutter power change
&1

1 1 1 1 )‘ IC )- IB )- ID 1
100 200 300 400 500 600 700 800 900
Range Gate

OMNERA




Link to the Riemannian geometry ==

» For positive definite Hermitian covariance matrix, th e right metric is defined by:

ds? = Tr((R‘i(dR))z)

and the distance: d3(R;, Ry) = log® (A;) with det (Ry — AR;) =0
k=1
d2 — Iy —1/2 —1/2.|I?
3(er Ro) — “ 08 (Rl RORL )”F :
5 (4-Dn
» From the following serie : log (A) = Z:(—l)n+1 "
n=1

2
first order approximation: d5(R;, Ry) = HR;I/ZRORZI/Z — I”
F

»This approximation is the physical criterion d3(Ry, Ry) ~ d3(R;, Ry)

OMNERA




Secondary data selection using Riemannia

distance

Riemannian distance between covariance matrices:

_ _ 2
dZ(Ry, Ry) = ||log (R /*RoR; Y NI

Riemannian metric distance d’3

2; dg(Rn:Rn+10)

, Heterogeneous area
/’ (spiky clutter)

TJo
y

1=== Clutter power change

200 300 400

500 600
Range Gate

OMNERA



Distance cell

300

250

200

150

100

all

RAMSES RADAR

. 4 channels antenna
475

X-band, side looking

J“PRF = 3125 Hz

o,cVa = 85 m/s

10

N
N
N

RSN
4]

™~ Targets

OMNERA




Selection strateqgy: guardcells = 2, we pick the 10 closest matrices out of 20
a maximum distance value can be set so the number of chosen matrices could be < 10

Euclidian selection
300

Threshold is set to 10dB

250

200

150

Range cell

100

alll

speed (mfs)
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Selection strateqgy: guardcells = 2, we pick the 10 closest matrices out of 20
a maximum distance value can be set so the number of chosen matrices could be < 10

Fiemannian selection
300

Threshold is set to 10dB
240

* Clutter rejection is much better

200
« Small signal loss (1 dB) on target
= 3
150 _ _
= « Small signal gain (0.5dB) on
=

target 1

100

alll

speed (mis)

OMNERA




Way forward

Use geometric mean in Riemannian geometry instead o f classical

arithmetic mean
= R, + R,

2

Application to air-to-air radar mode: high heteroge neous sidelobes
clutter + continuous mainlobe clutter

1/2 { ,-1/2 -1/2\Y ,1/2
Ry °R, = RY/* (R{/*R,R{*) R}/

Algorithm implementation on GPU to increase calcula tion speed
. massively parallel algorithms, should run very fast !

OMNERA




THALES




B @ & % !

New challenge in Radar is the processing of non-sta  tionary
signal

fast time variation of Doppler Spectrum in one burst

Most of processing chains implemented in radars mak e the
assumption of

Doppler stationary signal during the burst waveform duration.
This assumption is not always true, especially in ¢ ase of:
high speed Doppler fluctuation
abrupt Doppler changes
of target or clutter signal
We can observe non-stationarity for

high speed or abrupt Doppler variations of clutter or target signal but
also in case of target migration during the burst duration due to high
range resolution.

THALES
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High speed Doppler fluctuation:

Rotor and blades of helicopter

Abrupt Doppler changes:
helicopter pop-up or low altitude target demasking behind a creast line

rocket with splitting events (multi-headed rocket, decoys, debris,...), Multiple
Reentry vehicle payload for a ballistic missile that deploys multiple warheads

missile firing by an airborne platform

Target Range Migration in High Range Resolution Mod e (UWB)

# G #

Kill Assessment for staring antenna (long burst/waf eform)
Manoeuver Detection for Tracking (coupled with Rada  r Res. Mqgt)
Advanced NCTR (Non-Cooperative Target Recognition)

Robust target recognition with time-scale invariance properties

THALES
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0 6& 6% # 3
Sea Clutter

Littoral Environment
Breaking Waves
Spikes
Atmospheric clutter
Turbulent Atmosphere (high Eddy Dissipation Rate)
Wind-Shear, Micro-Burst, Downdraft

@F 5 # * #

Wake-Vortex of Civil Commercial Aircrafts on airpor t (European
SESAR, US Nexten in US, Japanese CARATS , NTUATM R |
« Research Institute » in Singapore)

Wake-Vortex of helicopters in Non Light of Sight

Wake-Vortex of fighters / Delta Wing UCAYV in Rain
THALES




Time-Doppler Signature of BEL206 helico on one rang e cell
staring antenna

Doppler signature of Sea Clutter

Time-Doppler signature of Helco Blades Wake-Vortex

N.PRI

A27 A2 > >

3 K7 37LA> 3 8

£,K8 2B £K?

v s o
N.PRI

Exemple
N.PRI=24ms(@2" 2m/s)
Portée: 300km
Dr =25cm

Veble >10m /s (36km/ h)

rad

. . B AN Fiomr
Doppler signature of aircraft wake-vortex
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Based on past work : Y. Grenier, “Time dependent ARMA modelling of
nonstationary signals”. IEEE, Trans. Acoust. Speech S ignal Process.
31, 899-911, 1983

New active Research: Workshop 2012 : SFdS (Société Francaise de
statistique)

Time series do not benefit from generous properties of stationarity
of ergodicity which allow to recover the law of a pr ocess by the only
observation. Various alternatives are envisaged:

the Local Stationarity _allows to take into account regular variations of behavior

The Isotonique Regression gives one simple model in which a test of stationarity
IS even possible

The Hidden Markov Chains models the times of these breaks
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Heidelberg University, 2012 : R. Dahlhaus, « Locally  Stationary
Processes », Handbook of Statistics, 30, 2012,

If one restrict to linear processes or even more to Gaussian processes then a
much more general theory is possible. We give a general definition for linear
processes and discuss time varying spectral densities in detail. Study contains
the Gaussian likelihood theory for locally stationary processes.

Mannheim University, 2011: Vogt, M. “Nonparametric regress jon for
locally stationary time series”. PhD, 2011

we study nonparametric models allowing for locally stationary regressors and a
regression function that changes smoothly over time. These models are a natural
extension of time series models with time-varying coefficients. we show that the
main conditions of the theory are satisfied for a large class of nonlinear
autoregressive processes with time-varying regression function.

Télécom ParisTech: E. Moulines, P. Priouret, et F. Roueff., “On
recursive estimation for locally stationary time varying a utoregressive
processes”, Ann. Statist. 33, 2610-2654, 2005

the properties of recursive estimates of tvAR-processes have been investigated in
the framework of locally stationary processes. The asymptotic properties of the
estimator have been proved including a minimax result.
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Information Geometry for Multivariate Gaussian Law of zero Mean
and intrinsec Geometry of Hermitian Positive Defini te Matrices
(particular case of Siegel Upper-Half Plane) provid e the same
metric

Information Geometry:

p(Zn / Rn) — (p)n‘Rn‘le Tr[ﬁn-Rr]l] with (q) —_E ’/2 In p(Zn*/qn)
| 79749

N

with R, =(Z,- m)}(Z,- m,)
and E[ﬁn] =R m=0 > d¢ :Tr((R;l(dR))z)
Geometry of Siegel Upper-Half Plane:
SH. ={Z =X +iY1 Syn{n,C)/Im(2)=Y >0}
AL =Tr{Y X (dZ)Y HdZ)) with Z =X +iY

\)::F(:n —> ¢ =Tr([R*(dR )
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Siegel Distance:

Particular Case (X=0) and General Case:
Particular Case (pure imaginary axis) : Z = IR avec R>0

d*(R,R,) =[log(R *2 R, R ?)" = ;Iogzm)
with defR,- /R)=0

General Case of Siegel Upper-Half Plane Distance:

Z=X+iY] SH, with X1 0

n , 1+4//, _ ~
d2..(Z,,Z,)= th Z,,Z,1 SH,
Slegel( 2) . 1 \/7 Wi 1 2

with de{R(Z,,Z,)- /.1)=0
R(Zl’zz):(zl_ Zz)(zl' Zz)_l(zl' ZZ)(Zl_ Zz)_l
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Geodesic:  d(R,,g(t)) =td(R,,R,) with ti [0]]

g(t) — R;I.(/Zetlog(Rs(llzRYRg(llz)R;I.(/Z — R;I.(/Z(R;(UZR{R;(UZ)t R;I.(/Z
g0 =R , gO=R, andg(li2)=R, R
o

Symetric Space as studied by Elie Cartan : Existence of bijective
geodesic isometry

G(A,B)X :(A B)X_l(A B) avec A B= A1/2(A'1/ZBA-1/2)1/2A1/2
Bruhat-Tits Space : semi-parallelogram inequality
! X11X2 $Z telque" X

d(x,%,)* +4d(x,zf £ 2d(x,%)* +2d(x,%)* " xI X
Cartan-Hadamard Space (Complete, simply connected wi  th
negative sectional curvature Manifold)
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We will assume that each non-stationary signal in o ne burst can
be split into several short signals

with less Doppler resolution

but locally stationary,

represented by

time sequence of stationary covariance matrices (Toeplitz Hermitian PD
matrix)

a geodesic path/polygon on covariance matrix manifold (THPD Matrix
Manifold)

we will consider Time-Doppler signature:

as a geodesic path on an Information Geometry manifold (of covariance
matrices)

by analyzing the time series in the burst with a short sliding window




........................................................................ | R

- pl/2 tIog(R;<1’2RYR;(1’2) 12 _ pl2[p-1/2 -2 ) pL/2 T ‘> R %1)
g(t) =R“e Ry™ = RIRCTRRCT R .-~ T R tzg
g0 =R, , g)=R etg@/2)=R, R e e TR (tj)

2

d*(R,R,) =[log(R** R, R *2)|" = ;|og2(/k)/——~—
defR, - /R)=0

EACH TIME SERIE IS A PATH ON
COVARIANCE MATRIX MANIFOLD
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Classically, Hausdorff distance, that is the maximu m distance
between a point on one curve and its nearest neighb  or on the other
curve, does not take into account the flow of the c urves

The Fréchet distance between two curves is defined a S:

The minimum length of a leash required to connect a dog and
its owner as they walk without backtracking along t heir
respective curves from one endpoint to the other.

Let P and Q be two given curves, the Fréchet distance between P
and Q is defined as the infimum  over all reparameterizations &
and p of |Q]fof the maximumoverall tl| |01 ofthe distance
in between "P(g (t))and Q(bH(t))n ma thematical notation:

e ccne( P Q) = Inf Max(d(P(a (1)), QLOW))}

a.p {01




dr e P Q) = Inf Man{d(P(a (1)), QUOM))}

2 p t[0]

a and b: [O;I] ® [O,ﬂ Nondecreasg andsurjective
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Alt and Godau have introduced a polynomial-time algo rithm to
compute the Fréchet distance between two polygonal ¢ urves in
Euclidean space.

For two polygonal curves with m and n segments, the computation
timeis O mnlog(mn))

Alt and Godau have defined the free-space diagram _between two
curves for a given distance threshold IS a two-dimensional region
In the parameter space that consist of all pointpa  irs on the two
curves at distance at most

D.(P.Q) ={(@, 6)1 [0 /d; e P@®), QUOWM)) £ €

The Frechet distance dFrechet(P Q)s at most if and only if the
free-space diagram D (P Q) containsa p ath which from the
lower left corner to the upper right corner which | S monotone both
In the horizontal and in the vertical direction.
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In an n m free-space diagram, shown in following fig
horizontal and vertical directions of the diagram co
natural parametrizations of P and Q respectively.

Therefore, if there is a monotone increasing curve

ure, the
rrespond to the

from the lower

left to the upper right corner of the diagram (corr esponding to a

monotone mapping), it generates a monotonic path th
matching between point-sets P and Q

at defines a
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We extend previous Fréchet distance between pathsi n R"to
Information Geometry Manifold.

When the two curves are embedded in a more complex metric
space, the distance between two points on the curve s is most
naturally defined as the geodesic length of the sho rtest path
between them.

If we consider N subsets of M Radar pulses in the burst, the
Doppler burst can then be described by a poly-geode  sic lines on
Information Geometry Manifold.

The set of N covariance matrices time serie {R(tl), R(tz),---,R(tN )}
describe a discrete "polygonal” geodesic path on Info rmation
Geometry Manifold, and we can extend previous Frech et Distance
but with Geodesm distance:

dFréchet(Rl’ R = Inf I\/Iax{dgeo Rl(a (t)) R (b(t)))}

2 p t[0]

with d2 (R(a(t),R,(b()))) = Hlog(Rl‘ laM)R(bM)R M (a (t))}\2




45

3 (>

& *) 8!

As classical Frechet distance doesn’t take into acco unt with
InffMax] close dependence of elements between points of time
series paths, we propose to define a new distance g  iven by:

1

Ayeo pn(RsRe) = INf - dyeo(R (@ (1), R, (6(V) )t

0

We have then to find the solution for computing the geodesic

minimal path on the Fréchet free-space diagram. The length of the

path is not given by euclidean metric ds® = dt? where L = ds
L

but geodesic metric weighted by d(.,.) of the free-  space diagram :

L, = gds= ds, with ds, =d(R(a(t),R,(b(1)))dt

L L




Qyeo pan(Res Re) = I deo(R(@(0)), Ry (b(1) )l

« Fast Marching » Algorithm
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1

d, path(RiTime serie pTime Serie) _ |a nz dgeo(R_l( a(t)),R( b(t)))dt

« Median Curve/Curve » on Matrix Manifold should Minimi ze :

RTime Serie — Arg Mln i d (RTime Serie’ R;’ime Serie)

Median Time Serie
R k=1
Approximated solution:

PhD Thesis
minimizes this functional 2013'2016

geo path

take Path of the set that

Non-Stationary Ordered-Statistic CFAR:

d Time- Serie Time- Serie )3 Threshold

geo path( edian 1 ell _under _test
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dereched P Inf Maxid(Pla(t)),Q(b(t !
ol P QI ERIPROIQLON | (P.)=1nt Ta(Plat) b}
a et b:[01]® [0d surjectiomondécroissate 0o
a et b:[O;I]® [O;l surjectionnondécroissate
b(t)
b(t)
a
Utilisation de techniques
de « Fast Marching »
(-1/2 | ) a(t) __—V .................................................... j> R tl)
g(t) = RY2gosl R IRu2 = RU2(Rr 2R R 12 R """“~~-~-~~~4..:::::::::;;;;;;;;;;;;_-_-;;;55:_._.4.‘......_‘,4,4,._.,‘_4.‘_ ____________ SEB
g0)=R, , 9g0)=R etgl/2)=R, R, . (t,)
d*(R,R,)=[log(R¥2R,R 2| = log?(r,) T
k=1
defR, - /R)=

Statistique de signature
temps-Doppler: statistiques de
chemins géodésiques sur une variété

OU un espace métrique
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INFORMATION GEOMETRY ﬁ TRANSPORT

Space or Time
Covariance Matrix

Hermitian Positive Definite
Matrix Group : HPD(n)

¢_l

Entropy
Hessian metric

9;

" fqg,

Toeplitz structure

2

"(R)= - log(detR)- nlog(pe)
_T (R)

GEOMETRY

Symplectic Quotient Group :
PSHn,C)° Sp(n,C) {+1,.}

Block-Toeplitz
structure

Cotor,- A s, - A Ao

Mostow Fibration
of| Siegel’s disk

dP n-1 . ‘dnjz _ 5 n
dg=n—% + (n-i) . ds’ =nTr (RoldF%) +
R i=1 (S-W ' [ ] K
v \
Karcher/Fréchet Partial Iwasawa
barycenter/Median Decomposition
Polar Fibration in
v Poincaré’s disk .
Isobarycentric & Median in Douady-Earle
Fourier Flow Poincaré’s disk Conf. Barycenter
* +
Robust Doppler Maslov-Leray
Processing Index in
Poincaré Disk

CARTAN-SIEGEL SYMMETRIC GEOMETRY
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n-1

ds® = n.Tr[(R(;ldR))2]+ (n- k)Tr[(In- AN A, - Ai‘*ﬁi)’ldﬂi*]

k=1

d =dg™"|g, |dg™ =m(dlog(R)) 2+_ (m- 1) dr

- o

(R, AL....A™2)l THPD,  SD
sb={z/zz" <1

R ® (log(R,), m.....m,,)1 R” D™

{z/zz <]}

Spatio- DopplerStatecodedby:l R* D™!" SD"*




(R, AL...,

sp={z/zz" <1
R, ® (log(R). m....m,.,)T R” D™

:{z/zz <]}

Spatio- DopplerStatecodecby:] R D™ SD'*

A" THPD,” SD™* Compact Hadamard Space:

R x Poly-Poincaré Disk x Poly-Siegel Disk

EM Statecodedby:l R S'” D™'” SD™*

Szl +fal ) )1 4

_ 2 _s _z-2f cod2t ).cod2f

= Z, > s,  2Rdzz,) e cod2t ) sin(27)
S; 2Im(zvz ) sin(2r)

it f= arctaliszl s, arctar(s,sl,/sl +Sz)

Polarimety Pomcaré\/lodel {so f.t

POlarStata)OdedJy:T R' Sl Polarimetry Poincaré Model:

Oriented Ellipse

R,'xS1




From the cylindrical representation of
we contract the caps and the side,
and blow-up the two circular corners

Géométrie des bords :
compactifications différentiables
et remplissages holomorphes
Benoit Kloeckner
UMPA, Ecole normale supérieure de Lyon




a+|b

{log(h), & with =

Pa?acrflleeter |Og(h)|
shape il D ={z/|4 <3

Parameter

Ambligone
Triangle
h2>a2+p?

Hadamard Compactification




FRECHET Barycenter in Metric Space
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4 types of classical symmetric bounded domains
2 exceptional types (group of motion E6 and E7)

9 & 0 . 5 # % & 3
Z . rectangulr ComplexMatrix

ZZ" <| (":transposed conjugate

Typel: |Io,q Complexmatriceswith p rowsandq columns
Typell : | Complexsymmetrianatricesof orderp
Typelll : ' Complexskew-symmetrianatriceof orderp
TypelV : Y Complexmatriceswith n columnsandlrow such that
27'|<1
1+|2Z'[ - 222" >0
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Luo-Geng Hua has computed the kernel functions for all
classical domains :

Typel: ,.n=p+(

K(Z’W*):n(—lmdet(l - ZW*)"7 for Typell: | ,n=p+1
[l
o

Typelll : n=p-1

i+ zzWw* - 22w )" for Typelv: Vv n=n

K(zw)=—F T "
where m{ W)is theeuclidearvolumeof thedomain
Particular case (p=q=n=1) : Poincare Unit Disk

L= = M= M=z crzZ <
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Groups of analytic automorphisms of these domains a re locally

iIsomorphic to the group of matrices which preserve following forms:
| * l, O
Typel: ' AHA =H,H = detA=1
P 0 -1,
Il * t | P O O | Y
Typell : ,AHA =H,AKA =K,H = K =
P 0 -1, -1, 0
1] * t | p 0 O | p
Typelll : ,AHA =H,ALA =L,H = L=
g 0 -1, I, O
-1, 0

TypelV: Y AHA =H,AHA =H,H = o
n

The group consits of block matrices A (generalizatio n of the fractional

linear transformation). For the first 3 types :

,’j; ﬁ; 07 =(AZ+ A)ALZ+A,)

A=
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All classical domains are circular following from C artan’s general theory,

and the point O is distinguished for the potential

.. K(z.Z) -
F\Z,Z |=1In ’ =logdetll - ZZ*
( ) K(0,0) g ‘( )
Berezin quantization is based on the construction of the Hilbert Space of
functions analytic in W
Kz, z')
f,g)y=c(h) f(Z)g(Z ’ dmz,z2’
(f.9)=c(h) f(2)9(2) K(00) mZ,Z’)
Kz,z')
c(h)* = ’ dm(z,Z’
(h) K(00) mZ,2")

K(9Z,92)i(9,2)j(9,2) =K(Z,Z") with j(9,Z) =

9z

12




= -? > 8

The most elementary example of Berezian quantificati  on is, in the case
of complex dimension 1, given by the Poincaré unit Disk with volume

element 1/2i.(- |4") 2dzUdZ
D ={zl c/|4<1=suU@y/s
ol SU@Y with g= :* where|d” - |p* =1

Kahlerpotentiat F (2) = - In(l- \z‘z) F(g2) = 2Re|n(b*z+a*)+ F(2)
T°F(g2 _ T°F(2)
122 14z

Map from path on D to automorphy factor :

9(0)=bla’ )" F(g©)=-1In 1- bla)|

= InfL+[of)

2" [pf*=1

_ a -b _
g'= X F(g™) =F(9g)




F

Extension for Siegel Unit Disk :
SD, ={z/zz" <1
. A B t . 0 |
with g = _ andg'Jg=J with J = |

A'A- B'B =1
where .
B*'A- AB =0
9(z)=(Az+B)BZ+ A
Kéahlerpotentialt ‘F(z) = - Iogdel(l - Z*Z):-traceln(l - Z*Z)
F(g(2)) = F(Z) + 2Retraceln(A" +B'Z)

1 F(9(2))=1TF(2)

The orbit of the matrix Z=0 is the space of matrice s of the form:

g(0) = B(A*)'1 F(g(0)) =In del(l + B*B):traceln(l + B*B)
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For every symmetric Riemannian space, there exist a
being compact. The isometry groups of all the compa

dual space
ct symmetric

spaces are described by block matrices (the action of the group in
terms of special coordinates is described by the sa me formula as the

action of the group of motions of the dual domain).

=" N Gy =(AW A AW A,

Ay Ay
1 1 il

Isometry. G=CGAC *with C=—
Y J2 il

Berezin coordinates for Siegel domain :

A B A B
G: * * ’G-:L:
B A B* A

orequivaleny : GG =1 , A G =L with L=

g(0) = B(A*)'1 F(g(0)) =In del(l + BB*):traceIn(I + BB*)
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Let M be a classical complex compact symmetric spac e. The invariant

volume and invariant metric in terms of special Ber
have the form :

ezin coordinates

dirfw, W) = Fw,w )42 (;/)\r/],w*)

PinFww)

d = g, ,dW dW? with g,, =

a,b

where F(W,W") = det(l +WW* )'"

TWaIw*

Link with : For arbitrary Kéahlerian homogeneous spa
the density for the invariant measure is the potent

ce, the logarithm of
lal of the metric
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Jacques Faraut has published 2 books on Analysis on Symmetric
Cones & on Lie Group :

[1] J. Faraut & A. Koranyi, « Analysis on Symmetric cones », Clarendon Press, Oxford,
1994

[2] J. Faraut, « Analyse sur les groupes de Lie », Calvage & Mounet, Paris, 2006

Harmonic Analysis in the special case of the cone o f positive definite
matrices in the vector space of all real symmetric matrices plays a
fundamental role in :

Number Theory (Minkowski, siegel, Maas,...)
Statistics (Wishart, Constantine, James, Muirhead)
Physic (study of Lorentz cone)

General Case has been studied by :
Gindikin
Vinberg

Symmetric Cones & Tubes (over them) are example of  Riemannian
Symmetric Spaces
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Convex cones :

Let V be a finite dimensional real Euclidean Space. Asub set Cof Vis
said to be a cone if :

xI C -
/X1 C
/ >0
The closed dual cone of any ¢ C is defined by :
={yl V/ 30" xI C

( ‘J=c
The automorphism group G W) an open convex cone W\ is defined

by: G(W)={gl GL(V)/g

G(W)is a closed subgroup of GL(\N)and hencei. s aLie Group. The
open cone Wis said to be homogeneous if G W) acts on it transitively.
The open cone is said to be symmetric if it is homo geneous and self-

dual : (9)4 y) _ (X‘g*y)
g" : theadjointof anelemenof g1 GL(W)




Convex cones : GIW |=G V\/)
w

For any proper open convex cone W

G(V\/) = G(W) characterizes the symmetric con

Characteristic Function of a Cone :

Let W be a proper open convex cone, its charact  eristic function is :

j(= ey
wW
n N . -1.
dy Euclidean Measure on V gl G(VV) , / (gX) :\detg\ / (X)
gx= X,/ >0,7(/X)=/" (X
The second derivative D?log/ (X)is po sitive definite at each point

G, (u,v)=D,D,log;/ (X)

(=1 Fx+1u) S:lu) >0

t t=0




. $H# %1 Ol

Characteristic Function of a Cone :

Riemannian structure g is given by
g=d’log/ (x) with
d“log/ (X) = dz[log Ji udu]
j,d%logj du 1 /.,(dlog/,- dlog/,) dudv
] / ,du "2 J J ,dudv
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Characteristic Function of a Cone ;
The adioint: X =-N logj (x) with (if (x|u)=D, f (x)
Themap x] W X 1 Wis a bijecti on: (X‘X*): N and has unique
fixed point

Symmetric Cone as Riemannian Symmetric Space :
The bilinear form G, (U,v) = D,D, log/ (X) is positive definite,
therefore it defines a Riemannian metric on W
The cone W equiped with this metric is a Riema  nnian Manifold

Since the cone \\is symmetric, the map X X =-Nlog/j(x) is
a bijection and an isometry (the manifold is a Riem  annian Symmetric
Space given by this isometry)

() =x

J (X)/ (X)) =const
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The cone of Positive Definite Symmetric matrices

Inner Product & quadratic form: X, yl Syn(n, R) , (X‘Y):Tr(XY)
"xI R" ,xt0, Q(X):(><‘XXT)>O

Let W=P (R) be the setof positive definite symmetric matrices.

The set is an open conex cone and is self-dual : W =W
W =P _(R)is homegeneous : 0 W x=gg' =r(g)l.

_ T

r(9)X=9gxg

Characteristic function :

x=r(g)l, J)=|defr(@) /()
detf) = (det(@) ) =[det] 2/ (1,)
det(r (g)) =|det(@)|

0a/ (¥ = - - (n+log(detx) +Iog/ (1,

Nlogdet()| =x* X :%(n +)x*
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Symmetric Cone & Exponential Familly of probability measure

Let mbe a positive Borel Measure on euclidean space V., Assume that
the following integral is finite for all  x in an openset Wl V

j ()= e"dngy)

For XI W , consider the probability measure  (exponential familly) :

_ 1 ()
,d N d
p(x, dy) TN my)

Then m(x) = yp(X, dy) =-N Iog/ (X)

(V(uv)= (y- m)[u)y- m(x)]v)p(x,dy) = D,D, log/ (X)







1##

A locally strongly convex hypersurface in the affine space R"1lis
called an affine hyperbolic hypersphere if the affin e normals
through each point of the hypersurface either all in tersect at one
point, called its center, that is on the convex sid e.

This class of hypersurfaces was first studied system atically by W.
Blaschke in the frame of affine geometry.

E. Calabi raised a conjecture that:

these hypersurfaces are asymptotic to the boundary of a convex cone

every non-degenerate cone V determines a hyperbolic affine hypersphere,
asymptotic to the boundary of V, uniquely by the value of its mean curvature.

He proved this conjecture for homogeneous convex cones under some conditions
on the action of the automorphism group of the cone.
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The theory of homogeneous convex cones plays a cent ral role.

Let V be a nondegenerate open convex cone in  R"™1(x) and V' be its
dual. A(V) means the group of all linear transforma  tions which

leave V invariant. The characteristic function of V | is given by the
equation: _ o (xx) 0 KOSZUL-VINBERG
fu(x)= e dx , xI'V CHARACTERISTIC

V' FUNCTION

with <X,X> the value of the linear functional at x

We denote by S, the level surface of 7, Z{fv (X) = C}/v hich is a
noncompact submanifold in V, and by the induced metricon S

The Hessian d?log7, defines the metric on V.

c

Assuming the cone V is homogeneous under A(V), Sasa ki proved
that S, is a homogeneous hyperbolic affine hypersphere and
every such hyperspheres can be obtained in this way

Sasaki remarks that IS identified with the affine metricand S is
a global Riemannian symmetric space when Vis asel f-dual cone.
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1## "

Let S be a hypersurface in R™and f : S® R™ be the imbedding
of S. The imbedding fdefines a volume bundle va  lued quadratic
form G on S by the equation:

2
f f f o N
G= det '”i -, 1 — i — dydy’ A dy* U...Udy"
N iy Ty Ty
in terms of local coordinates (yl,...,yrc‘)) S. This is invariant
under unimodular affine transformations in R™1, If this quadratic

form is supposed to be non-degenerate, it defines a
pseudoriemannian structure tensor g with corresponding volume
element dv(g), uniquely defined by the equation: G = gA dv(g)
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we assume that the set S is locally strongly convex . Then the
tensor g can be chosen to be positive definite choosing the
orientation of S so that G is positive valued.

With this Riemannian metric, called the affine metr ic, the affine
normal is defined to be the vector N =(1/N)Df where isthe
Laplace-Beltrami operator with respectto  g.

For an affine hyperbolic hypersphere with the center at the origin,
n satisfies the equation:

n =- Hf
where H, called the affine mean curvature , is a nonzero constant.

Calabi proved that the hypersurface S is a proper affine
hypersphere with its center at the origin and the af  fine mean
curvature H if u satisfies the equation:

T°u
xTx,

det = (Hu(x)) "?




B @ B

Let (xl,___,x””’l) be a linear coordina te system of R"™! and

{Xn+1 = f (Xl,---,Xn )} be the representation of S as the graph of a

1

locally strongly convex function  fér X= (X ,...,Xn) ranging

inadomain DI R"

Let WI R" (Xl,XZ,...,Xn) be the i mage of D under the locall

invertible mapping  x = gradf =(f,,...,f,) where f, = ﬂ—fy

We define the function u(Xl,...,Xn)T W by the equation
u(gradf(x)) = - f (x)+(x, gradf(x))
where <,> IS the pairing giving the canonical duality.

u is the Legendre transform of ~ &ind also the domai  n the
X

Legendre transform of S with respect to the coordinates

1,...,x“+1)
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Theorem [Wu and Sacksteder]

Let S be a closed hyperbolic affine hypersphere with center at the origin and the
affine mean curvature H . the hypersurface S is complete (with respect to the
affine metric and with respect to the induced metric of the Riemannian metric of
R"1), noncompact, orientable, smooth and locally strongly convex. In this
situation we have:

Such a surface is the full boundary of some closed convex body and is the graph
of a non-negative smooth strictly convex function defined in some hyperplane.

By this theorem the hypersurface S can be written globally as the
set {xn+1 = f ()(1,___,xn )} where f is a positive smooth strictly

convex functionon {x ., = O}

The tangent plane at any point of S cannot contain the origin. In
other words the affine normal is not tangent to S:

the normal vector in Euclidean sense at one point in S is proportional to:
nE = (Xl,...,Xn,- 1) with X the coordinate of the Legendre transformation

The affine normal atthat point is 1 9r r " 9qr
-1/n+2 —

with £ =de fij) : n= .

Hence: <n, nE> =-1/r10
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S is asymptotic to the boundary of a convex cone when the
boundary is equal to the set of all asymptotic line s of S:

et S, ={kpl R™/pl Sften S, S, =0 for k k' and
V = S( iS an open non-degenerate convex cone.

k>0
S is asymptotic to the boundary of V

Theorem:

Every closed hyperbolic aff ne hypersphere is asymptotic to the boundary of a
convex cone. Conversely, every non-degenerate cone V determines a hyperbolic
affine hypersphere asymptotic to the boundary of V, and uniquely determined by

the value of its mean curvature.

Legendre transformation is an isometry with respect to the LN-
metric # (introduced by Loewner & Nirenberg) and the affine m  etric
g- ﬂzu -n-2
For a negative convex solution u of det ﬂXﬂX- - (HU(X))
Loewner & Nirenberg defined the metric on a bounded convex domain  in R" ()()
1
t =—d°u

Hu
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LN-metric # (introduced by Loewner & Nirenberg)

1 U -
=—d  with det U (Hu(x)) ™?
Hu x5,
This metric has the projective invariance in the fo llowing sense:

Let Al SL(I’] + 1, R) be a projective transformation which sends onto A .
Then Ais an isometry with respect to LN-metrics of and A .

Legendre transformation is an isometry with respect to the LN-metric
t and the affine metric g
Let X ) be an equation of a hyperbolic affine hypersphere.
Slnce de f the affine metric is written as
g= de ”» 1/n+2 f but d f(X) d U(X) at the corresponding

points x and by the Legendre transformation. Hence:

t :idzu:rdzu:g with 7 :det(fij

)- 1/n+2
Hu
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Let V be a non-degenerate convex cone in  R"™1. First we recall
some properties of the characteristic function:

- KOSZUL-VINBERG
_ - (x,x

£, (X) = e ™ dx , xT V CHARACTERISTIC

" FUNCTION

fv (X) tends to infinity when x approaches to any point of the boundary of V
The measure fv (X)dX is invariant under A(V) :
f,(AX) =£,(x)/det(d) for Al A(V)
|Og fV is convex on V. Hence d° Iog fV defines a metric on V
The level surface of fv : SC = {fv (X) = C} is a noncompact submanifold in V
called the characteristic surface of V.
We denote by I/I/C the induced metric of (] 2 |Og fV on SC
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Assuming V is affinely homogeneous. The characteristic surface

S. is obviously homogeneous with respect to unimodular elements
of A(V):

THEOREM (SASAKI): Every characteristic surface  S_ is a complete
hyperbolic affine hypersphere with mean curvature ac?/n+2 where

a is a negative constant depending only on V.

Proof: Let J (X) = |ng (X) S, {y Iogc}can be written

ocallyas X"+ = f (X o X )oy a's mooth function {the
coordinate |x',...,x""* belng chosensuchthat V,u 1 0

Let Uthe Legendre transform of f . Since J is constanton S,

we have f =y, [y ,on S, n o
By the definition: u=- fy .+ Xy. Iy ..
But i=1

y (kX =y (X)- (n+Dlogk , " xI V," k>0
n+1

Hence X?y (X)=-(n+1)
a=1

Therefore U=(N+1/y .,
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Consider N
det(-yn+lflj):d6tylj _yin+1)/j yyjﬂ"‘l +yyj)/2n+1n+1 ,1£|,J£n
yn+1 yn+1
yij yin+1 yi
1

det(_ynﬂfij)_yz .yn+1j yn+1n+1 yn+1

Y, VY O

,1£a,b£En+l

a ya
set F(x) = *

We have F (x) = (detAf’F (Ax) , Al AV)
Hence F (X) =bf?*(X) by the homogenei ty for some constant b

which depends only on V itself. This means n+1
5 I( )_ L2 Remark: U =
Yoadet-y Lt J=F(X)=bc” on S J.
-1
Tu 12U n+1 ™ 1

Since de‘(fij ): det

, then det —
T 0 xfix U bd
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THEOREM: Let S a complete hyperbolic affine hypersphere with

Its center at the origin which is homogeneous under the subgroup
G of the unimodular group. Let V, the convex cone to w hose
boundary the hypersurface S is asymptotic: V = 0 S, .

Let G=G" R, Theelement @ = (g,t)T G actson V by 9 =t.9(X)

V is homogeneous under G

Then S is a characteristic surface of V.
Proof:
Let function @n V by the equation  g(X) =k "*for xI S
Since S CS. = f fork?® k', 9 is well defined.
Then G(AX) = g(X)/det(A) for A e G.

Therefore, by the homogeneity, g= bfvf Oor some nonzero
constant b.
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2 previous Sasaki ‘s Theorems prove that the classi  fication of
homogeneous hyperbolic affine hyperspheres is reduce d to the
classification of homogeneous convex cones:

Rothaus, O. S., The construction of homogeneous convex cones, Ann. of Math.,
83, pp. 358-376., 1966

Vinberg, E. B., The theory of convex homogeneous cones, Trans. Moscow Math.
Soc, 12 (1963), 340-403

E.B. Vinberg has defined an inductive method produci ng all
homogeneous convex cones

From a given convex cone V, in R"(x), one can construct another
homogeneous cone V in R(t) X RM(y) X R"1(x) by the equation :

={(t,y, ) /t> y'hi(x)y}

where h is a linear mapping on R"*! whose values are real symmetric positive-
definite matrices of order m and, corresponding to each element B of some
transitive subgroup of A{V,), there exists a matrix Al GL(M,R) such that

A'h(X)A= h(BX) . This method can be transposed to obtain all projectively
homogeneous bounded convex domains or all homogeneous hyperbolic a fine
hyperspheres
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THEOREM: Suppose V is homogeneous. Then the metric ¢ IS

identified with the affine metric g up to a constant factor.
Proof :
Let Y (X) =logf, (X). S, = {J/ =log C} can be written locally as
X" = f (x',...,X") by a smooth function  fthe coordinate (X1

being chosen such that  V ns 10

Since dx™* = Si dx
'=1y n+1
we have WC:dzy‘ = Yo dx dx’
% 1£i, JEn

But ) ., =(n+1)/u. Therefore W, =-(N+1)Hg

The assumption needed is not the homogeneity of V b ut the
condition that the level surface is an affine hyper  sphere.

Xn+1)
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Remark: The solution u of the equation

2
u -n-
det 1Y - (Hu(x))"™?
TxTx,
IS given as a first order logarithmic derivative of the characteristic

function, i.e. U=(n+1)/y .,

Since the characteristic function  df the produc t of convex cones
V and W is equal to £, f,, the derivative of  fswr itten using the

derivatives of fV and fW. This gives the composit  ion formula for

reducible cones.
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Considering the self-dual cone, to formulate anoth er description
of the Legendre transformation we introduce the *-m apping due to
Koecher , It is a mapping from V to its dual V defi  ned by the

equation: X =X =- (y(X),..../ ... (X)) for xI V
This mapping * has the following properties:

* sets up a one to one correspondence between V and V and (AX)" = (At )_1X*
holds for every Al A(V)

If V is homogeneous, then V' is also homogeneous and £, (X)f,,.(X') is constant
for all x. We denote this constant by *

In homogeneous case, the *-image of S is also a characteristic
surface of V which we denote by S'.. Taking a hyperplane H such
that U =H CV'is a non-empty bounded convex domain, we
correspond, for every point X | $3e inter  section point of the
line through the origin and  x* with U. Thus we have a mapping from
S'.to U.

LEMMA: The mapping * followed by this mapping isde  fined on S,
and projectively equivalent to every Legendre trans formation of S..
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PROPOSITION: Suppose Vs homogeneous Then IS an isometry
with respect to the metrics  d? |ng@nd d’logf,.

proof: y, =logf, .y, =logf,. X =-grady,

k\ _ ﬂJ/v ﬂZJ/V'
dx (x)=- X)dx’, dx! (x) = x)dx
0)=- g (98¢ ad() == T ()
ﬂyv ﬂJ/v
= |
d ﬂxﬂxj() jﬂ (X) dk
X (42 :** 'ﬂyv

5% Ty 'IU/
— \YA \Y; V d dXI
Ijklﬂ ﬂ ( ) ﬂ ( ) (X) s

:dJ/v
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Now assume V is a self-dual cone. Then K (X) =-x /T an
automorphism of V and, moreover, X = K(X)X

Let S=S,. | */ Sis an invalutive automorphism  of S.
Since fVK(X )= fV?K(X)X =7, (x)detK , we have

det(K (x)) =1 for x| S .Therefore K(x) is an automorphism of S

PROPOSITION: If the homogeneous cone V is self-dual, then the
characteristic surface S, is a globally symmetric space.

Proof: For one point XOT Hefine an automorp  hism s of S by

S(X) = K(XO)'lx* . Since K(x) is symmeﬂic, S is an involution by
_ S _ 1 IX _

By S(X) =% and ——(%;) = K(X,) _X(Xo) =-1y

For a general S, itis enough to translate tﬂe symmetry of Sto S,

by the mapping x| S ® =xI S
C
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Let H*(n, K) be the cone of positive-definite hermitian symmetri C
matrices over K =fields R, C, H (quaternions) or the Cayley algebra
Ca. Then the followings are the list of all irreducib le self-dual
cones V and the corresponding globally symmetric spaces S

V=H"(n,R) S=SLn,R)/SAn)
V=H'(n,R) S=SLNn,C)/SU(n)
V=H"(n,H) S=SU (2n)/S,(n)
V=C(n) S=SQ1n-1/SAOnh-1
V=H(2,Ca) S=thespacef typeEIV
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Corollary: Let be aregular convex cone and let g =Ddlogy be
the canonical Hessian metric. Then each level surfa  ce of the
characteristic function Js a minimal surface o f the Riemannian
manifold (\N, g)

Example: Let be a regular convex cone consistin of all positive
definite symmetric matrices of degree n. Then ED, g =- Ddlog detx)
is a Hessian structure on  VVand each level sur . face of detX is a
minimal surface of the Riemannian manifold: (V\/, g =- Ddlog detx)
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Erich K&hler Geometry is given by

complex Manifold of n dimensions, compact or not, with Kahlerian metric, that
could be locally given by positive definite Riemannian Form :
n

ds’=2 g,.dzZdZ

i j=1

Kéahler condition : Local Existence of Kahler potential function F , (and Pluri-

harmonic equivalent) such that :

_TF

Ricci Tensor is given by remarkable

Expression [Erich K&hler] :

T Iog(detgkl-)

| 129z

And scalar curvature : n

k,I=1

gkl'.RKI_
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Inthe framework of Affine Information Geometry, met rc Is given by
Hessian of Entropy :

Entropy for Multivariate Gaussian model of zero mean :

~

=~ 2
(R)=- log(detR)- nlog(ze) g, ° ﬂ “ﬂ and H =-R
i |

In cas of Compex Autoregressive Model of order n, Entropy could be expressed by
reflection coefficients :

(Rn)— (n K).InlL

1- |+ ninfpeay]

2=pe mf Jal
1, defR)=0a’l=2,"0 1 |mf
with a(;1:|30 — ‘Xk‘ k=0 k=1

N =




We define « Doppler » metric in case of Complex Autor  egressive
Model by Hessian of Kahler Potential, where Potenti  al is given as in
Information Affine Geometry by Entropy

Kahler Potential is given by Entropy parametrized by reflection coefficients :

“R)= n'_l (n- k).In’l- ‘nz‘z]+ n.In[p.eang]

Metric can be explicitly computed :

" =[P, m m.l = [%‘”) g" ]T

n-1).a.
O, =Na; =NnRy° 9i = : )2”2
o )

dp * dng”




We use Ricci Tensor expression given by Erich Kahle  rin framework
of Kahler Geometry

In Kahler Geometry, Ricci Tensor is given by :

R = 12 log(detg, )
| 29z,

We can compute Ricci tensor for Complex Autoregressive Model :

R;=-2 G for k=2,....,n-1
b

Its negative scalar curvature is given by :
ki A |
R= g 'R(I_ R=-2. —— ® - ¥

¥ i=o (N- J) n®¥
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Previous metric is not a Kahler-Einstein metric, but a close matrix
structure

A metric is called Kahler-Einstein metric if its Ricci tensor is proportional to the

metric :
2 2
RJT = k0'ng with kO .constant - ﬂ log(detgkl_) — ﬂ F

121z, 1292’
In case of Kahler-Einstein Metric, Kahler Potential is solution Monge-Ampere

Equation : . K&hlerPotential
det@@,) =€ with |
. holomorphdunction

For Complex Autoregressive Model, we have :

[Rj] = B(n)[gij] with R :Tr[B(”)] =-2 :) (n_l i)

andwhere B™ =- 2diag{..,(n- i)'l,.}
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Intrinsic Geometric Flow are of fundamental interes t In Mathematic

& Physics based on variational Approach :

Kéahler-Ricci Flow :

Hilbert Action Kahler-Ricci Flow R(g)dV(qg)
R@AV(Q)| ) 19 _ o R | R=n
M it oY dVv(g)
Calabi Flow : !
Calabi Action Calabi Flow _1%#(z7)  Calabi Flow
_ 2 19~ °R %7 T2z, 1/ _
S(9)= R(Q)dV(9) ) | B - TR | > -=R-R
v Tt 1z1z 1t

Inegality between both functionals
2

S(9)°  R(g)dV(g) / dV(g)

M M
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In 2 dimension of the complex variable, Calabi & K&hler-Ricci
flows are closely related

Calabi & Kahler-Ricci Flows can be related by :

Pg; _ TR °g; __1°  Tlog(det@)
T9; _ t? Tt t*  1z1z Tt
T RI 2
qt R =- 12 log(det(g)) Tlog(det(g)) =. giR =-
| Mz 1z, it o
Tg; _ T°R
[[SER <A 72

If second derivative according to Kahler-Ricci flow time is
identificated with opposite of second derivative according to Calabi
flow time , both flows are equivalent: ﬂz It

mz it

R




$

Given Kahler metric :

# H%

ds? = 2eF *7 Vdzdz

2
I R ()
ZZ ﬂZT[Z 77 ﬂZT[Z 77
o g TE_TF L IF_TF
Kahler-Ricci Flow | 1t | Tt 9292 929z
1 . T
—=DF with D.=e -
it 11291z
o : _
Tgij — ﬂR* and R: gIJR]:'e_F ﬂF* -DF
it 1211z i) ] 1291z
Calabi Flow ﬂeF ﬂZDF
Tt 1297
F = - DDF
qt
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Based on previous Rao metric computation for

Autoregressive Model :

Kahler-Ricci Flow on Reflection Coefficients :

t

1 o) = - |mof Je

0 eF+

n-

ds (t)=n

drg”

o &L

Calabi Flow on Reflection Coefficients :
2t

1 (o) = - o) Je
2 a
em +

n-

dg(t) =n o0

/79(0)\2)2

drg”

() and P,(t) = P,(0)e

2t
e(n' |)

2t

and P,(t) = P,(0)e ™

At
2
e(n'l)

F(0)

Lo (-

mO)

t
n




