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2 /2 / Outlines

� General Framework of Matrix Geomety: Information/Co ntact & Koszul Geometries

� Probability in Metric Spaces by Fréchet

� Metric Geometry of Hermitian Positive Definites Mat rices (HPD)

� View point of geometers: Cartan-Siegel Symmetric Bounded Domains

� View point of probabilists: Information Geometry and Fisher Information metric 

� Karcher Flows for HPD matrices

� Basic Karcher flow to compute « Mean » Barycenter of N HPD matrices

� Weiszfeld-Karcher flow to compute « Median » Barycenter of N HPD matrices

� Karcher Flows for Toeplitz HPD matrices (THPD)

� Trench/Verblunsky Theorems:  Partial Iwasawa Decomposition and CAR model

� Karcher Flow for Hessian metric/Information Geometry metric of Complex Autoregressive Model

� New « Ordered Statistic High Doppler Resolution CFAR » (OS-HDR-CFAR)
� OS-HDR-CFAR Processing Chain & results on real recorder data

� Karcher Flows for Toeplitz-Block-Toeplitz HPD matrice s (TBTHPD)
� Matrix Extension of Trench/Verblunsky Theorem: Multivariate CAR parametrization

� Karcher Flow in Siegel Disk with Mostow Decomposition/Berger Fibration

� New « Ordered Statistic Space-Time Adaptive Processing » (OS-STAP)

� Miscellaneous: Quantization of Complex Symmetric Sp aces, Analysis on 
Symmetric Cone, Homogeneous Hyperbolic Affine Hyper spheres
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Thales Air Systems   Date

Probability on Riemannian Manifold

M. Arnaudon, L. Miclo, ” Means in complete manifolds: 
uniqueness and approximation ”, http://arxiv.org/abs/1207.3232
M. Arnaudon, C. Dombry, A. Phan, Le Yang, « Stochast ic 
algorithms for computing means of probability measu res. », 
Stochastic Processes and their Applications122, pp.  1437-1455, 
2012
M. Arnaudon, A. Thalmaier, “Brownian motion and nega tive 
curvature”, Boundaries and Spectra of Random Walks, Progress 
in Probability, Vol. 64, 145--163, Springer Basel , 2011
M. Arnaudon, F. Barbaresco, Le Yang, ” Medians and means in 
Riemannian geometry: existence, uniqueness and comp utation ”
Matrix Information Geometry, Nielsen, Frank; Bhatia , Rajendra 
(Eds.), Springer, http://arxiv.org/pdf/1111.3120v1
Le Yang, « Médianes de mesures de probabilité dans l es 
variétés riemanniennes et applications à la détecti on de cibles 
radar », PhD with advisors M. arnaudon & F. Barbares co
http://tel.archives-ouvertes.fr/docs/00/66/41/88/PD F/Dissertation-
Le_YANG.pdf , THALES PhD Award 2012

Marc Arnaudon
PhD with M. Emery, Bordeaux University

P-Means Computation on Riemannian Manifold
Stochastic Flow on Riemannian Manifold

Michel Emery
IRMA Lab, Strasbourg University

Probability on Riemannian Manifold
Stochastc Calculus on Manifolds

M. Émery, G. Mokobodzki, « Sur le barycentre d'une 
probabilité dans une variété », Séminaire de 
probabilités de Strasbourg, 25 , p. 220-233, 1991
http://archive.numdam.org/article/SPS_1991__25__220
_0.pdf
M. Émery, P.A. Meyer, « Stochastic calculus in 
manifolds », Springer 1989
M. Émery, W. Zheng, « Fonctions convexes et 
semimartingales dans une variété », Séminaire de 
Probabilités XVIII, Lecture Notes in Mathematics 10 59, 
Springer 1984
M. Fréchet, « L’intégrale abstraite d’une fonction 
abstraite et son application à la moyenne d’un 
élément aléatoire de nature quelconque », Revue 
Scientifique, 483-512, 1944
M. Fréchet, « Les éléments aléatoires de nature 
quelconque dans un espace distancié ». Annales IHP, 
10 no. 4, p. 215-310, 1948 
http://archive.numdam.org/article/AIHP_1948__10_4_2
15_0.pdf
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Probability on structures: Gromov/Ollivier work on Fisher Metric

Y. Ollivier, « Probabilités sur les espaces de confi guration 
d'origine géométrique », PhD with advisers M. Gromov & P . 
Pansu
http://www.yann-ollivier.org/rech/publs/these.pdf
Y. Ollivier, « Le Hasard et la Courbure
(Randomness and Curvature) », habilitation:
http://www.yann-ollivier.org/rech/publs/hdr_intro.p df

Y. Ollivier & Youhei Akimoto, « Objective improvement in 
information-geometric optimization », FOGA 2013, preprint
2012
http://www.yann-ollivier.org/rech/publs/deeptrain.p df
Yann Ollivier, Ludovic Arnold, Anne Auger, and Niko laus
Hansen, « Information-geometric optimization : A unifying
picture via invariance principles », arXiv:1106.3708v 1, 2011
http://www.yann-ollivier.org/rech/publs/quantile_ig o.pdf
Video « seminaire Brillouin »: http://archiprod-
externe.ircam.fr/video/VI02023900-226.mp4

Yann Ollivier , Paris-Sud University, LRI Dept.
CNRS Bronze Medal 2011

Introduction of probabilistic models on structured objects
Interplay between probability and differential geom etry
Natural Gradient by Fisher Information Matrix (IGO)

Misha Gromov , IHES
Abel Prize 2009

Mathematics about "interesting structures“
Category-theoretic approach of Fisher Metric
M. Gromov, « In a Search for a Structure, Part 1: O n 
Entropy », preprint, July 2012
http://www.ihes.fr/~gromov/PDF/structre-serch-
entropy-july5-2012.pdf
Chap 2. « Fisher Metric and Von Neumann Entropy»
Such a rescaling, being a non-trivial symmetry, is a 
significant structure in its own right; for example , 
the group of families of such "rescalings" leads th e 
amazing orthogonal symmetry of the Fisher metric

M. Gromov, « Convex sets and Kähler manifolds »,
in Advances in J. Differential Geom., F. Tricerri e d., 
World Sci., Singapore, pp. 1-38, 1990
http://www.ihes.fr/~gromov/PDF/%5B68%5D.pdf
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Thales Air Systems   Date

Koszul forms, characteristic function & metric: Hessian structure

H. Shima, “The Geometry of Hessian Structures”, World  
Scientific, 2007
http://www.worldscientific.com/worldscibooks/10.114 2/6241
dedicated to Prof. Jean-Louis Koszul (« the content o f the 
present book finds their origin in his studies »)
H. Shima,Symmetric spaces with invariant locally He ssian 
structures, J. Math. Soc. Japan,, pp. 581-589., 197 7
H. Shima, « Homogeneous Hessian manifolds », Ann. Ins t. 
Fourier, Grenoble, pp. 91-128., 1980
H. Shima, « Vanishing theorems for compact Hessian 
manifolds », Ann. Inst. Fourier, Grenoble, pp.183-20 5., 1986
H. Shima, « Harmonicity of gradient mappings of leve l surfaces 
in a real a ffiffiffiffine space », Geometriae Dedicata, pp. 177-184., 1995
H. Shima, « Hessian manifolds of constant Hessian se ctional 
curvature », J. Math. Soc. Japan, pp. 735-753., 1995
H. Shima, « Homogeneous spaces with invariant projec tively flat 
affiffiffiffine connections », Trans. Amer. Math. Soc., pp. 4713- 4726, 
1999

Hirohiko Shima , Emeritus Professor of Yamaguchi Univ.
PhD from Osaka University

Interplay between the Geometry of Hessian Structure s 
and Information Geometry

Jean-Louis Koszul , French Sciences Academy
PhD student of Henri Cartan, Bourbaki member
Introduction of Koszul forms, Koszul-Vinberg
characteristic function & metric
J.L. Koszul, « Sur la forme hermitienne canonique des  
espaces homogènes », complexes, Canad. J. Math. 7, 
pp. 562-576., 1955
J.L. Koszul, « Domaines bornées homogènes et 
orbites de groupes de transformations affines », Bul l. 
Soc. Math. France 89, pp. 515-533., 1961
J.L. Koszul, « Ouverts convexes homogènes des 
espaces affines », Math. Z. 79, pp. 254-259., 1962
J.L. Koszul, « Variétés localement plates et 
convexité », Osaka J. Maht. 2, pp. 285-290., 1965
J.L. Koszul, « Déformations des variétés localement 
plates », .Ann Inst Fourier, 18 , 103-114., 1968
See: M. N. Boyom, « Convexité locale dans l’espace 
des connexions symétriques. Critère de comparaison 
des modèles statistiques »,, March 2012, IHP, Paris
http://www.ceremade.dauphine.fr/~peyre/mspc/mspc-
thales-12/
« Les connexions symétriques est un sous-ensemble co nvexe 
contenant le sous-ensemble des connexions localemen t plates »
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Hessian Geometry and J.L. Koszul Works

� Hirohiko Shima Book, « Geometry of Hessian 
Structures », world Scientific Publishing 2007, dedicated 
to Jean-Louis Koszul J.L. Koszul



9 /9 / The Geometry of Hessian Structures, Hirohiko Shima

H. Shima, “The Geometry of Hessian Structures”, Wor ld Scientific, 2007
http://www.worldscientific.com/worldscibooks/10.114 2/6241
dedicated to Prof. Jean-Louis Koszul (« the content of the present book finds their origin in his studi es »)

A pair (D; g) of a  flat connection D and a Hessian metric g is called a Hessian structure.                         
J.L. Koszul studied a  flat manifold endowed with a closed 1-form αααα such that Dαααα is positive definite, 

whereupon Dαααα is a Hessian metric. This is the ultimate origin of  the notion of Hessian structures

A Hessian structure (D; g) is said to be of Koszul type , if there exists a closed 1-form α α α α such that g = Dαααα

The second Koszul form ββββ plays an important role similar to the Ricci tensor  for a Kählerian metric



10 /10 / GSI’13 Geometric Sciences of Information, Ecole des Mines de Paris

Special sessions

� Computational Information Geometry 

� Hessian Information Geometry 

� Symplectic Information Geometry

� Optimization on Matrix Manifolds

� Probability on Manifolds

� Divergence Geometry & Ancillarity

� Machine/Manifold/Topology Learning 

� Optimal Transport Geometry 

� Mathematical Morphology for Tensor/Matrix-Valued Im ages

� Geometry of Audio Processing

� Shape Spaces: Geometry and Statistic

� Geometry of Shape Variability

� Geometric Inverse Problems: Filtering/Estimation on  Manifolds

� Differential Geometry in Signal Processing

� Relational Metric

� Finite Metric Spaces 

http://www.gsi2013.com

28-30th

August 
2013 
Paris



11 /11 / GSI’13 Geometric Sciences of Information, Ecole des Mines de Paris

� Yann OLLIVIER (Paris-Sud University, France ): 
« Information-geometric optimization: The 
interest of information theory for discrete and 
continuous optimization »

� Hirohiko SHIMA (Yamaguchi University, Japan ): 
« Geometry of Hessian Structures »

� Giovanni PISTONE (Collegio Carlo Alberto, Italy ): 
« Non-Parametric Information Geometry »
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13 /13 / Séminaire Léon Nicolas Brillouin

Corpus thématique : « Science géométrique de l’informationScience géométrique de l’informationScience géométrique de l’informationScience géométrique de l’information »

� Laboratoire d’accueil : 
� IRCAM, Salle Igor Stravinsky 

� Projet INRIA/CNRS/Ircam MuSync (Arshia Cont)

� Animation : Arshia Cont (IRCAM & INRIA), Frank Nielse n (Sony Research), F. 
Barbaresco (Thales)

� Les laboratoires
� IRCAM (Arshia Cont, Gerard Assayag, Arnaud Dessein)

� Polytechnique (Olivier Schwanger,F.Nielsen) 

� Mines ParisTech (Silvere Bonnabel, Jesus Angulo)

� UTT Troyes (Hichem Snoussi) 

� Univ. Poitiers (Marc Arnaudon, Le Yang)

� Univ. Montpellier (Michel Boyom, Paul Bryand)

� INRIA (Xavier Pennec, Arshia cont)

� Thales (Frédéric Barbaresco, Alexis Decurninge)

� Sony Resarch (Frank Nielsen)

� Site web: http://repmus.ircam.fr/brillouin/past-events

http://repmus.ircam.fr/brillouin/home



14 /14 / French-Indian CEFIPRA « Matrix Information Geometry» 
Thales Research & Technology and Ecole Polytechnique

With Prof. Rajendra Bhatia (New Dehli Indian Instit ut of Statistics)



15 /15 / SPRINGER BOOK: « MATRIX INFORMATION GEOMETRY » (440 pages)

http://www.informationgeometry.org/MIG/MIGBOOKWEB/



16 /16 / « La Messe est dite » by Marcel Berger

• Premier Miracle :

La théorie des espaces symétriques peut être consid érée comme le premier miracle de la géométrie 

riemannienne, en fait comme un nœud de forte densit é dans l’arbre de toutes les mathématiques  … 

On doit à Elie Cartan dans les années 1926 d’avoir découvert que ces géométries sont , dans une 

dimension donnée, en nombre fini, et en outre toute s classées. 

• Second Miracle :

Entre les variétés localement symétriques et les va riétés riemanniennes générales, il existe une 

catégorie intermédiaire, celle des variétés kähléri ennes. … On a alors affaire pour décrire le panorama  

des métriques kählériennes sur notre variété, non p as à un espace de formes différentielles 

quadratiques, très lourd, mais à un espace vectorie l de fonctions numériques [le potentiel de Kähler].  

… La richesse Kählérienne fait dire à certains que l a géométrie kählérienne est plus importante que la 

géométrie riemannienne.

• Pas d’espoir d’autre miracle :

Ne cherchez pas d’autres miracles du genre des espac es (localement) symétriques et des variétés 

kählériennes. En effet, c’est un fait depuis 1953 q ue les seules variétés riemanniennes irréductibles 

qui admettent un invariant par transport parallèle autre que g elle-même (et sa forme volume) sont les  

espaces localement symétriques, les variétés kählér iennes, les variétés kählérienne de Calabi-Yau, et 

les variétés hyperkählériennes.

Marcel Berger (IHES), « 150 ans de Géométrie Riemann ienne »,

Géométrie au 20 ième siècle, Histoire et horizons, Hermann 

Éditeur, 2005

Read More : Marcel Berger, « A Panoramic View of Riemannian Geom etry », Springer 2003

M. Berger

Berger, Marcel, « Les espaces symétriques noncompact s ». Annales scientifiques de l'École Normale 
Supérieure, Sér. 3, 74 no. 2 (1957), p. 85-177 
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18 /18 / DUALITY Concept in Mathematic/Mechanic/Thermodynamic

(projective) LEGENDRE DUALITY
LEGENDRE TRANSFORM

(between Dual Space)

CONTACT/SYMPLECTIC
GEOMETRIES

(Legendre mapping, fibration,…)

(Analytic) FOURIER DUALITY
FOURIER TRANSFORM

(Time-/Frequency Dual Spaces)

LINEAR ALGEBRA
(Linear Signal Processing)
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Duality of Lagrangian/Hamiltonian in Physics

Massieu-Duhem Dual Potentials in Thermodynamics

Dual  Potentials in Information Geometry

Legendre Transform of 
minus logarithm of 
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(Fourier transform) = 
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19 /19 / Koszul-Vinberg Characteristic Function/Metric of convex cone

� J.L. Koszul [and E. Vinberg have introduced an affinel y invariant 
Hessian metric on a sharp convex cone through its c haracteristic 
function. 

� is a sharp open convex cone in a vector space        of finite 
dimension on   (a convex cone is sharp if it does n ot contain any full 
straight line). 

� is the dual cone of        and is a sharp open conv ex cone. 

� Let          the Lebesgue measure on        dual spa ce of     , the following 
integral:

is called the Koszul-Vinberg characteristic function

Ω E R
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20 /20 / Koszul-Vinberg Characteristic Function/Metric of convex cone

� is analytic function defined on the interior of        and                                         

as  

� If                           then

� is logarithmically strictly convex, the function                                            is 
strictly convex

� Koszul 1-form αααα: The differential 1-form 

is invariant by                            . If              and              then   

and  

� Koszul 2-form ββββ : The symmetric differential 2-form

is a positive definite symmetric bilinear form on       invariant under 

(from Schwarz inequality and                                                                                   )              

� Koszul-Vinberg Metric:          defines a Riemanian s tructure invariant by              
and then the Riemanian metric
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21 /21 / Koszul-Vinberg Characteristic Function/Metric of convex cone

� Koszul-Vinberg Metric :

� We can define a diffeomorphism by:  

with   

� When the cone   is symmetric, the map   is a biject ion and an 
isometry with a unique fixed point (the manifold is a Riemannian Symmetric 
Space given by this isometry):   

,                                and  

� is characterized by   

� is the center of gravity of the cross section   of         :
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22 /22 / Koszul Entropy via Legendre Transform

� we can deduce “Koszul Entropy” defined as Legendre T ransform of minus 
logarithm of Koszul-Vinberg characteristic function  :  

with                       and                           where  

� Demonstration: we set 

Using                                                                  

and   
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23 /23 / Koszul Entropy via Legendre Transform

� We can then consider this Legendre transform as an entropy, that we could 
named “ Koszul Entropy ”:

With

and    
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24 /24 / Sasaki Works on Affine Geometry

� If we denote by   the level surface of    :                                    

which is a non-compact submanifold in  , and by   

the induced metric of   on       , then assuming th at 

the cone  is homogeneous under  , Sasaki proved tha t   

is a homogeneous hyperbolic affine hypersphere and e very 

such hyperspheres can be obtained in this way .

� Sasaki also remarks that   is identified with the a ffine metric 

and        is a global Riemannian symmetric space w hen 

is a self-dual cone. 

� Let        be a regular convex cone and let   be th e 

canonical Hessian metric, then each level surface o f the 

characteristic function    is a minimal surface of the 

Riemannian manifold .  
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25 /25 / Koszul-Vinberg Characteristic Function/Metric of convex cone

� Let v be the volume element of g. We define a closed 1-form αααα and ββββ a 
symmetric bilinear form by: 

and      

� The forms αααα and ββββ are called the  first Koszul form and the second Kos zul form 
for a Hessian structure (D; g) :

� A pair (D; g) of a  flat connection D and a Hessian metric g is called a Hessian 
structure.  

� J.L. Koszul studied a flat manifold endowed with a c losed 1-form      such that    

is positive definite, whereupon           is a Hess ian metric. 

� This is the ultimate origin of the notion of Hessia n structures. A Hessian 
structure (D; g) is said to be of Koszul type, if there exists a clos ed 1-form     
such that               .   
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26 /26 / Koszul-Vinberg Characteristic Function/Metric of convex cone

� We can apply this Koszul theory for Symmetric Posit ive Definite Matrices. 

� Let the inner product                                                                       

� be the set of symmetric positive definite matrices is an open convex cone 
and is self-dual                     : 

� Let  be the regular convex cone consisting of all p ositive definite symmetric 
matrices of degree n. Then                                     is a Hessian structure on    , 
and each level surface of              is a minimal  surface of the Riemannian 
manifold 
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27 /27 / Koszul-Vey Theorem

� J.L. Koszul and J. Vey have proved the following theo rem:
� Koszul J.L., Variétés localement plates et convexité, Osaka J. Math. , n°2, p.285-290, 1965

� Vey J., Sur les automorphismes affines des ouverts convexes saillants, Annali della Scuola
Normale Superiore di Pisa, Classe di Science, 3e série, tome 24,n°4, p.641-665, 1970

� Koszul-Vey Theorem: 

Let         be a connected Hessian manifold with He ssian metric     .

Suppose that admits a closed 1-form        such tha t                     and 

there exists a group        of affine automorphisms of         preserving    :

- If                is quasi- compact, then the universal covering manifold of           

is affinely isomorphic to a convex domain        rea l affine space not 

containing any full straight line.

- If                 is compact, then         is a s harp convex cone.

M g
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[] Koszul J.L., Variétés localement plates et conve xité, Osaka J. Math. , n °2, p.285-290, 1965
[] Vey J., Sur les automorphismes affines des ouver ts convexes saillants, Annali della Scuola Normale 
Superiore di Pisa, Classe di Science, 3e série, tom e 24,n°4, p.641-665, 1970



28 /28 / Characteristic function for probability measure

� Let µµµµ be a positive Borel Measure on euclidean space V. Assume that
the following integral is finite for all x in an open set             :

� P. Levy has made a systematic use of characteristic  function, and he 
claimed that he was influenced by 1912, 2nd edition  of Poincaré’s book 
“Calcul des probabilités” where Poincaré designated for  the first time 
the term “fonction caractéristique”. Poincaré used char acteristic 
function, for discuting exceptions to the Gaussian l aw. My opinion is 
that Poincaré used this name because of Massieu work used by him.

� For the Koszul-Vinberg characteristic function, if we  replace the 
Lebesgue measure by Borel measure, then we recover th e classical 
definition of characteristic function in Probabilit y, and the previous 
KVCF could be compared by analogy with:
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29 /29 / Laplace Principle of Large Deviation

� Large deviation principle : Let           be a sequence of random 
variables indexed by the positive integer n, and le t                                                 

denote the probability measure 

associated with these random variables. We say that         or                         

satisfies a large deviation principle if the limit                     

exists.

The function            defined by this limit is ca lled the rate function; 

the parameter n of decay is called in large deviation theory the 

speed. The existence of a large deviation principle  for        means 

concretely that the dominant behavior of                           is a 

decaying exponential with n, with rate          :    

or 
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30 /30 / Laplace Principle of Large Deviation

� If we write the Legendre-Fenchel transform of a func tion   

defined by  , we can express the following 

principle and Laplace’s method:

� Laplace Principle : Let  be a sequence of 

probability spaces,   a complete separable metric s pace,   

a sequence of random variables such that   

maps          into      , and   a rate function on  . Then,    

satisfies the Laplace principle on   with rate func tion   

if for all bounded, continuous functions  mapping  into R:                                      
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31 /31 / Laplace Principle of Large Deviation

� Laplace Principle :

� Proof:

If       satisfies the large deviation principle on    with rate function 

, then  :

� The asymptotic behavior of the last integral is det ermined by the 
largest value of the integrand : 
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Laplace P.S., Mémoire sur la probabilité des causes  sur les évènements. 
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32 /32 / Laplace Principle of Large Deviation

� The generating function of  is defined as:    

In terms of the density , we have instead               

In both expressions, the integral is over the domai n of        . 

The function  defined by the limit:   

is called the scaled cumulant generating function or  the log-

generating function of        . 

The existence of this limit is equivalent to writin g
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33 /33 / Laplace Principle of Large Deviation

� Gärtner-Ellis Theorem: 

If           is differentiable, then   satisfies a large deviation principle 

with rate function   by the Legendre-Fenchel transfo rm of  :

� Varadhan's Theorem: 

If         satisfies a large deviation principle wi th rate function  , 

then its scaled cumulant generating function   is th e Legendre-

Fenchel transform of  :             

� Properties of  : statistical moments of   are given  by derivatives 

of          :
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34 /34 / Legendre Duality in Thermodynamic

� In 1869, François Jacques Dominique MASSIEU, French  Engineer from 
Corps des Mines, has presented two papers to French  Science Academy 
on « Characteristic function » in Thermodynamic. 

� Massieu has demonstrated that some mechanical and t hermal properties 
of physical and chemical systems could be derived f rom two potentials 
called “ characteristic functions ”.  

� The infinitesimal amount of heat          received by a body produces 
external work of dilatation, internal work, and an increase of body 
sensible heat. The last two effects could not be id entified separately and 
are noted        (function      accounted for the s um of mechanical and 
thermal effects by equivalence between heat and wor k).                                  
The external work            is thermally equivalen t to               (with       the 
conversion factor between mechanical and thermal me asures). The first 
principle provides                                    . For a closed reversible cycle 
(Joule/Carnot principles)                        th at is the complete differential          
of a function      of                         .

[] Massieu F., Thermodynamique: Mémoire sur les fon ctions caractéristiques des divers fluides et sur l a 
théorie des vapeurs, 92-pgs, Académie des Sciences,  1876
[] Duhem P., Sur les équations générales de la Ther modynamique, Annales Scientifiques de l’Ecole 
Normale Supérieure, 3e série, tome VIII, p. 231, 18 91
[] Arnold V.I., Contact geometry: the geometrical m ethod of Gibbs’s thermodynamics, Pro-ceedings of th e 
Gibbs Symposium, p.163–179, Amer. Math. Soc., Provi dence, RI, 1990
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35 /35 / Legendre Duality in Thermodynamic: Massieu Potentials

� If we select volume V and temperature T as independent variables:

If we set                       , then we have    

Massieu has called      the “characteristic function ” because all 

body characteristics could be deduced of this funct ion:

,                      and   

� If we select pression P and temperature T as indepen dent 
variables:

Massieu characteristic function is then given by                                   

and we can deduce:                 and                                                           

and inner energy:               
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36 /36 / Legendre Duality in Thermodynamic: Massieu Potentials

� Deriving all body properties dealing with thermodyn amics from 
Massieu characteristic function and its derivatives :

� « je montre, dans ce mémoire, que toutes les propriétés d’un corps peuvent se 
déduire d’une fonction unique, que j’appelle la fonction caractéristique de ce
corps»

� In thermodynamics, the Massieu potential is the Lege ndre 
transform of the Entropy, and depends on : 

where  F is the Free Energy                        and       inner energy

The Legendre transform of the Massieu potential gives Entropy                
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37 /37 /Legendre Duality in Thermodynamic: Duhem-Massieu Potentials

Pierre Duhem  Thermodynamic Potentials

� Duhem P., « Sur les équations générales de la 
Thermodynamique », Annales Scientifiques de l’Ecole Normale 
Supérieure, 3e série, tome VIII, p. 231, 1891

� “Nous avons fait de la Dynamique un cas particulier de la Thermodynamique, une 
Science qui embrasse dans des principes communs tous les changements d’état 
des corps, aussi bien les changements de lieu que les changements de qualités 
physiques “ 

� four scientists were credited by Duhem with having carried out 
“the most important researches on that subject”:

� F. Massieu had managed to derive Thermodynamics from a “characteristic 
function and its partial derivatives”

� J.W. Gibbs had shown that Massieu’s functions “could play the role of potentials 
in the determination of the states of equilibrium” in a given system. 

� H. von Helmholtz had put forward “similar ideas”

� A. von Oettingen had given “an exposition of Thermodynamics of remarkable 
generality” based on general duality concept in “Die thermodynamischen 
Beziehungen antithetisch entwickelt“, St. Petersbur g 1885

WTSEG +−=Ω )(



38 /38 / Duality of  Information Geometry: Multivariate Gaussian Law

Dual Coordinates systems & Potential functions

� Potential Functions are Dual and related by  Legendre transformation :
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� Hessians are convexe and define Riemannian metrics :



39 /39 / Duality of  Information Geometry: Multivariate Gaussian Law

Link with Kullback Divergence

� For each Dual Geometry, we can built a divergence that is directly related 
to Kulback-Leibler Divergence :
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40 /40 / Legendre Duality in Mechanics

� In Mechanics, Legendre Duality gives the relation b etween:

� the variational Euler-Lagrange

� the symplectic Hamilton-Jacobi formulations 

of the equations of motion

� As described by Vladimir Arnold, in the general cas e, we can define the 
Hamiltonian H as the fiberwise Legendre transformation of the 
Lagrangian L:  

� Due to strict convexity,   

supremum is reached in a unique point   such that :            

and  

� Young-Fenchel inequality. For all ,the following hol ds :

with equality if and only if 
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41 /41 / Legendre Duality in Mechanics

� If we consider total differential of Hamiltonian:

� Euler-Lagrange equation   

with                     and  

provides the 2nd Hamilton equation 

with   

in Darboux coordinates. 







∂+∂+∂=

∂−∂−=∂−∂−∂−+=

HdtHdqHdpdH

LdtLdqdpqLdtqLdLdqqpddpqdH

tqp

tqtqq &&&&
&







∂=∂−

∂=
⇒

HL

Hq

qq

p&

0=∂−∂∂ LL qqt &

Lp q&∂= HL qq ∂=∂−
Hp q−∂=&

Hq p∂=&



42 /42 / Legendre Duality in Mechanics
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43 /43 / Pfaffian Form and Poincaré-Cartan Integral Invariant

� Considering Pfaffian form   

related to Poincaré-Cartan integral invariant , based on:

and  

we can deduce:

with  

� P. Dedecker has observed, that the property that amo ng all forms   

the form                                 is the onl y one 

satisfying                             , is a parti cular case of more general T. 

Lepage congruence related to transversality condition .
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[] Cartan E., Leçons sur les invariants intégraux, Hermann, Paris, 1922
[] Dedecker P., A property of differential forms in  the calculus of variations, Pacific J. Math. Volum e 7, 
Number 4,p. 1545-1549, 1957
[] Lepage T., Sur les champs géodésiques du calcul des variations, Bull. Acad. Roy. Belg., CL. Sci.27,  
p.716-729, pp. 1036-1046, 1936 



44 /44 / Pfaffian Form and Poincaré-Cartan Integral Invariant



45 /45 / Legendre Transform and Contact Geometry

� Legendre transform and contact geometry where used in 
Mechanic and in Thermodynamic. 

� Integral submanifolds of dimension n in 2n+1 dimens ional contact 
manifold are called Legendre submanifolds.  

� A smooth fibration of a contact manifold, all of wh ose are 
Legendre, is called a Legendre Fibration. 

� In the neighbourhood of each point of the total spa ce of a 
Legendre Fibration there exist contact Darboux coor dinates (z, q, 
p) in which the fibration is given by the projection (z, q, p) =>(z, q). 

� Indeed, the fibres (z, q) = cst are Legendre subspaces of the 
standard contact space. 

� A Legendre mapping is a diagram consisting of an em bedding of a 
smooth manifold as a Legendre submanifold in the to tal space of a 
Legendre fibration, and the projection of the total  space of the 
Legendre fibration onto the base. 



46 /46 / Legendre Transform and Contact Geometry

� Let us consider the two Legendre fibrations of the s tandard 
contact space           of 1 -jets of functions on       :    

and   

� the projection of the 1-graph of a function                 onto the base 

of the second fibration gives a Legendre mapping:

� If S is convex, the front of this mapping is the gr aph of a convex 
function, the Legendre transform of the function S:  
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47 /47 / Legendre Duality & Contact Geometry

� Symplectic geometry of even-dimensional phase space s has an odd-
dimensional twin: contact geometry.

� The relation between contact geometry and symplecti c geometry is 
similar to the relation between linear algebra and projective geometry. 
Any fact in symplectic geometry can be formulated a s a contact geometry 
fact and vice versa. The calculations are simpler i n the symplectic setting, 
but their geometric content is better seen in the c ontact version.

� The functions and vector fields of symplectic geome try are replaced by 
hypersurfaces and line fields in contact geometry. 

� Each contact manifold has a symplectization, which i s a symplectic 
manifold whose dimension exceeds that of the contac t manifold by one.

� Symplectic manifolds have contactizations whose dime nsions exceed 
their own dimensions by one.

� If a manifold has a serious reason to be odd dimens ional it usually carries 
a natural contact structure.

� one might now say ‘‘symplectic geometry is all geom etry,’’ but I prefer to 
formulate it in a more geometrical form: contact geometry is all geometry .

[] Arnold, V.I., Givental, A.G., Symplectic geometr y, Encyclopedia of mathematical science, vol. 4., 
Springer Verlag (translated from Russian)



48 /48 / Legendre Duality & Contact Geometry

� Contact structures and Legendre submanifolds : 

� A contact structure on an odd-dimensional manifold M2n+1 is a field of hyperplanes(of 
linear subspaces of codimension 1) in the tangent spaces to M at all its points. 

� All the generic fields of hyperplanes of a manifold of a fixed dimension are locally
equivalent. They define the (local) contact structures.

� Example : A 1-jet of a function at point x of 

manifold Vn is defined by the point                               where

The natural contact structure of this space is defined b y the following

condition: the 1-graphs                                                                      of all

the functions on V should be the tangent structure hyperplane at every

point. In coordinates, this conditions means that the 1-form

should vanish on the hyperplanes of the contact field.
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49 /49 / Projective duality and Legendre transformation

� A contact structure on a manifold is a nondegenerat e field of tangent 
hyperplanes

� The manifold of contact elements in projective spac e coincides with 
the manifold of contact elements of the dual projec tive space

� A contact element in projective space is a pair, consisting of a point of the space and 
of a hyperplane containing this point. The hyperplane is a point of the dual projective 
space and the point of the original space defines a contact element of the dual space.

� The manifold of contact elements of the projective space has two 
natural contact structures: 

� The first is the natural contact structure of the manifold of contact elements of the 
original projective space. 

� The second is the natural contact structure of the manifold of contact elements of the 
dual projective space

� The dual of the dual hypersurface is the initial hy persurface (at least if 
both are smooth for instance for the boundaries of convex bodies)

� The affine or coordinate version of the projective duality is called the 
Legendre transformation . Thus contact geometry is the geometrical 
base of the theory of Legendre transformation .



50 /50 / Duality in Projective Geometry: Pascal’s Mystic Hexagram

� In projective geometry, Pascal's theorem (the Hexag rammum 
Mysticum Theorem) states that:

� if an arbitrary six points are chosen on a conic (i.e., ellipse, parabola or hyperbola) 
and joined by line segments in any order to form a hexagon, then the three pairs of 
opposite sides of the hexagon (extended if necessary) meet in three points which lie 
on a straight line, called the Pascal line of the hexagon

� The dual of Pascal’s Theorem is known as Brianchon’ s Theorem: 

� Pascal’s Theorem: If the vertices of a simple hexagon are points of a point conic, 
then its diagonal points are collinear.

� Brianchon’s Theorem: If the sides of a simple hexagon are lines of a line conic, 
then the diagonal lines are concurrent.



51 /51 / History of Contact Geometry

� Huygens Principle : the wave front Fqo(to + t) is the envelope of the 
fronts Fq(t)

� 1872, Sophus Lie: the notion of contact transformat ion 
(Beriihrungstransformation) as a geometric tool to study systems of 
differential equations.

� 19th century and the beginning of the 20th century,  F. Engel, H. 
Poincaré, E. Goursat and E. Cartan
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Probability in Metric Spaces 
by Fréchet



53 /53 / Maurice René Fréchet: Probability in Metric Spaces

Maurice René Fréchet

1948 (Annales de l’IHP)
Les éléments aléatoires de nature quelconque

dans un espace distancié
Extension of  Probability/Statistic in abstract/Metric space

1928 Book from Fréchet PhD
Abstract Spaces

Invention of  Metric Space 1928

Jacques Hadamard

PhD Supervisor



54 /54 /« Mean » of structured data: Fréchet Barycenter in Metric Space
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55 /55 / Toeplitz Hermitian PD Matrices: Simple case n=2 

Definite PositiveHermitian  Toeplitz
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56 /56 / Short Summary of the approach

matrix HPD Toeplitz
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57 /57 / Maurice Fréchet : Random Elements on Abstract Spaces

M. Fréchet, “les éléments aléatoires de nature quelconque dans un espace 
distancié”, Annales de l’IHP, t.10, n°4, p.215-310, 1948( voir sur Numdam)

� Il constitue la mise au point de certains des cours  que nous avons fait à la Sorbonne en 
1945 et en 1946

� Formidable extension du Calcul [des probabilités qui] résulte de la simple introduction 
de la notion de distance de deux éléments aléatoire s

� La nature, la science et la technique offrent de no mbreux exemples d’éléments aléatoires 
qui ne sont, ni des nombres, ni des séries, ni des vecteurs, ni des fonctions. Telles sont 
par exemple, la forme d’un fil jeté au hasard sur une table, la forme d’un oeuf pris au 
hasard dans un panier d’oeufs . On a ainsi une courbe aléatoire, une surface aléatoire . On 
peut aussi considérer d’autres éléments mathématiqu es aléatoires : par exemple des 
transformations aléatoires de courbe en courbe .

� Il paraît certain que l’urbanisme conduira à étudie r des éléments aléatoires tels que la 
forme d’une ville prise au hasard , vérifier par exemple, d’une manière scientifique 
l’hypothèse de la tendance au développement des vil les vers l’Ouest.

� Parmi les premières notions à généraliser figurent celles de loi de probabilité, de valeurs 
typiques (moyenne, équiprobable, etc.), de dispersi on, de convergence stochastique, 
que nous allons d’abord examiner.

� Nous indiquerons plus loin en Note additionnelle, u n moyen très général d’étendre la 
notion de fonction de répartition à des éléments al éatoires de nature quelconque.

Appartement ou 
vécu Fréchet

12 Square 
Desnouettes, 
15ème, Paris
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� Nous avons entrepris une étude expérimentale de que lques exemples particuliers. Ceux-
ci sont actuellement : la forme aléatoire d’un fil jeté sur une table, la forme aléatoire 
d’une section horizontale (prise à un niveau anatom ique déterminé) d’un crâne humain
choisi au hasard.

� Pour ce second exemple, notre choix s’est porté sur  deux collections de contours 
obtenus au “conformateur” d’une part sur des person nes vivantes (mais anonymes), 
contours fournis gracieusement par la grande maison  parisienne de chapellerie Sools , 
d’autre part sur une collection ethnographique de crânes d’individus morts, collection 
mise aimablement à notre disposition par M. Lester,  Directeur du laboratoire 
d’Ethnographie.

� L’étude statistique d’une collection de contours crâniens préhistoriques .

� Les fonctions représentatives sont développées en série de fourier et l’on procédera à  
une analyse statistique de ces séries . On déterminera les lois de fréquences des 
premiers coefficients pris isolément et l’on étudie ra d’autre part leur corrélation au 
moyen de divers indices de corrélation et en partic ulier l’indice diagonal que nous avons 
défini récemment.

� Le laboratoire de Calcul de l’Institut Henri Poinca ré opérant sur deux analyseurs 
harmoniques.

� Pour les fils, environ 120 coefficients (nous dispo sons de 100 de ces formes). Pour les 
contours crâniens dont les formes sont infiniment m oins variées, nous nous sommes 
contentés de 12 harmoniques soient 25 coefficients pour chaque crâne.

� Dévelopement en série de Fourier de l’équation en c oordonnées polaires d’un contour 
crânien



59 /59 / Fond Fréchet : French Science Academy Archive

M. Fréchet collaboration avec M. Ozil 

� M. Ozil a dès 1938 émis l’idée qu’on pourrait aider à la classification des races 
au moyen de l’analyse harmonique des profils humain s. Les tableaux de M. 
Ozil ne correspondent pour des formes en fait assez c ompliqués qu’à 9 
harmoniques et représentent seulement la moitié exp ressive du profil, c’est à 
dire une fonction non périodique.

Documents numérisés à 
partir du Fond Fréchet 

des Archives de 
l’Académie des 

Sciences:
Correspondance entre M. 

Fréchet et M. Ozil
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Metric Geometry of 
Hermitian Positive Definites 

Matrices (HPD):
What is the good metric ?



61 /61 / Probability Metrics: Distance between 2 random variables

Question in Probability and Statistic: Could we define 
distance between 2 random variables ? 

Or equivalently, could we define distance between 2 
probability densities of these 2 random variables ?
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62 /62 / Point of views of Probabilists: Information Geometry of Rao

Information Geometry: 

� Cramer-Rao-Fréchet-Darmois Bound and Fisher Informati on Matrix

� Kulback-Leibler Divergence (variational definition by Donsker/Varadhan) :

� Rao-Chentsov Metric (invariance by non-singular change  of parameterization)

� Invariance: 
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63 /63 / Combinatorial/Variational Foundation of Kullback Divergence 

Combinatorial Fundation of Kullback Divergence

� Kullback Divergence can be naturally introduced by combinatorial elements and 
stirling formula :
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Stirling formula gives : 

� Variational Foundation of   Kullback Divergence

� Donsker and Varadhan have proposed a variational definition of Kullback divergence :
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This proves that the supremum over all       is no smaller than the divergence

Kullback Divergence & VARADHAN’s Variational Approach 
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Using the divergence inequality,

� Link with « Large Deviation Theory » & Fenchel-Legendre Transform which 
gives that logarithm of generating function are dual to Kullback Divergence  :
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65 /65 / Dual Information Geometry: Multivariate Gaussian Law

Dual Coordinates systems & Potential functions

� Potential Functions are Dual and related by  Legendre transformation :
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� Hessians are convexe and define Riemannian metrics :



66 /66 / Dual Differential Geometry

Link with Kullback Divergence

� For each Dual Geometry, we can built a divergence that is directly related 
to Kulback-Leibler Divergence :
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67 /67 / Information Geometry of Multivariate Gaussian Density

Multivariate Gaussian Distribution of zero mean

� Riemannian Information metric is given by Rao Metric
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68 /68 / Canonical Exemple: Monovariate Gaussian Law

Gauss-Laplace Law

� Fisher Information Matrix for Gauss-Laplace Gaussian Law:
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69 /69 /Point of View of Geometers: Cartan-Siegel Domains Metric

Henri Poincaré
(upper-half plane 

model of hyperbolic 
geometry)

n=1

Elie Cartan
(classification in 6 
types of symmetric 

homogeneous 
bounded domains ) 

n<=3

Ernest Vinberg
(link with homogeneous convexe cones,       

Siegel  domains of 2nd kind)

Fine structure of 
Information Geometry
(Hessian Geometry, 
Kählerian Geometry)

« Il est clair que si l’on parvenait à démontrer qu e tous 
les domaines homogènes dont la forme    

est définie positive sont symétriques, toute la thé orie 
des domaines bornés homogènes serait élucidée. 

C’est là un problème de géométrie hermitienne 
certainement très intéressant »

Dernière phrase de Elie Cartan, dans « Sur les 
domaines bornés de l'espace de n variables complexe s 

», Abh. Math. Seminar Hamburg, 1935
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Jean-Louis Koszul
(canonical hermitian form of 

complex homogeneous spaces, 
a complex homogeneous space 
with positive definite canonical 
hermitian form is isomorphic to 

a bounded domain,,Study of 
Affine Transform Groups  of 

locally flat manifolds)

Carl Ludwig Siegel
(Siegel domains in framework 

of Symplectic Geometry)

Lookeng Hua
(Bergman, Cauchy and Poisson 

Kernels in Siegel domains)
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71 /71 / Hyperbolic Poincaré Space

Action of SLAction of SLAction of SLAction of SL2222R Group on hyperbolic Poincaré PlanR Group on hyperbolic Poincaré PlanR Group on hyperbolic Poincaré PlanR Group on hyperbolic Poincaré Plan

� Möbius Transform is a transitive action that transforms upper half-
plane to itself (homogeneous space) :

� M and –M have same action then we consider the quotient Group  :

� Complex unit disk is link to upper half plane by Cayley transform :
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� Siegel Metric for the Siegel Upper-Half Plane:

� Upper-Half Plane : 

� Isometries of              are given by the quotient group:

with                        the Symplectic Group:

� Unique Metric invariante by                :

Invariance by Automorphisms: Siegel Metric of SHn
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73 /73 / Siegel Uppel-Half Plane Geometry

{ }0Im/),( >=∈+== Y(Z)CnSymiYXZSHn

Siegel Upper Half Space
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74 /74 / QUANTIZATION IN COMPLEX SYMMETRIC SPACES

F. Berezin
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� Information Geometry for Multivariate Gaussian Law of zero Mean 
and intrinsec Geometry of Hermitian Positive Defini te Matrices 
(particular case of Siegel Upper-Half Plane) provid e the same 
metric

� Information Geometry:

� Geometry of Siegel Upper-Half Plane:
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� Siegel Distance:

� Particular Case (X=0) and General Case: 

� Particular Case (pure imaginary axis) :

� General Case of Siegel Upper-Half Plane Distance:

Distance between HPD Matrices: particular case of Siegel
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Siegel has deduced an other distance from :

Another distance deduced from Siegel Work
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78 /78 / HPD Matrices Geometry

Geometry of Hermitian Positive Definite Matrices given 
by:

� Geodesic :

Properties of this space

� Symetric Space as studied by Elie Cartan : Existence  of bijective 
geodesic isometry

� Bruhat-Tits Space : semi-parallelogram inequality

� Cartan-Hadamard Space (Complete, simply connected wi th 
negative sectional curvature Manifold)
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x
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z
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V

Cartan’s Symmetric Space

� Symetric Space as studied by Elie Cartan : Existence  bijective geodesic 
isometry

� Bruhat-Tits Space : semi-parallelogram inequality
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� This isometry for metric space :

� Is an extension of this one :

� To be compared with Euclidean « symmetric » space

Symmetric Space
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� is the only fixed point because :

� due to trace property of  :

Unicity of fixed point
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�For space of Symmetric Positive Definite matrices, the  analogue of      

is :

� It constitutes a natural framework for a generalized the ory of convexity, 
where the role of arithmetic mean is played by a midpoint pairing :   

� is called -convex if 

� For space of symmetric positive definite matrices, an affine function is
given by :

�and is closely related to entropy :

Convexity
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83 /83 / Bruhat-Tits Space & Semi-parallelogram Law 

� Bruhat-Tits Space :

� Space (Sym++,δ) is called Bruhat-Tits Space, where, according to δ
metric, point at equal distance of 2 points is unique and given by 
geometric mean:
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� Bruhat-Tits Space is a complete metric space that verifies semi-parallelogram law :
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� Bruhat-Tits Space are particular cases of Cartan-Hadamard 
Manifold

[1] F. Bruhat & J. Tits, « Groupes réductifs sur un corps 
local », IHES, n °41, pp.5-251, 1972
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84 /84 / Bruhat-Tits Space & Semi-Parallelogram Law

� Bruhat-Tits Space :

� Semi-parallelogram Law :
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� Geodesic between matrix P and Geodesic between Q & R :

� The geodesic projection is a contraction :

Geodesic Projection
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86 /86 / Kähler Potential & Bergman Kernel

� We can find Bergman Kernel of Kähler geometry for S iegel Upper-
half space by mean of Siegel Unit Disk :

� Analogy with Bergman Kernel for Poincaré unit disk : 
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87 /87 / Upper-Half Planes & Disks of H. Poincaré and C.L. Siegel

( )
( ) ( ) *1*1*2

22

2

2

11

1

dwwwdwwwds

w

dw
ds

−− −−=

−
=

iz

iz
w

+
−=

( )( ) 1−+−= iIZiIZW

Upper-Half Plane of H. Poincaré Unit Disk of Poincaré

Siegel Upper-Half Plane Unit Siegel Disk

( )

),(  and  ),(

with  

112

CnHPDYCnHermX

iYXZ

ZddZYYTrds

∈∈
+=

= −−

0 and  with  

*112

2

2

2

22
2

>+=
=

=+=

−−

yiyxz

dzdzyyds

y

dz

y

dydx
ds

( ) ( )[ ]+−+−+ −−= dWWWIdWWWITrds
112



88 /88 /

� Koszul Forms

� 1st Koszul Form :

� 2nd Koszul Form:

� Application for Poincaré Upper-Hal Plane:

� With                         and

� We can deduce that

Jean-Louis Koszul Forms
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� Koszul form for Siegel Upper-Half Plane:

� Symplectic Group : 

� Associated Lie Algebra:     

Jean-Louis Koszul Forms for Siegel Upper-Half Plane
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Geometry of Optimal Transport
and 4th « Forgotten » distance of 

Maurice Fréchet 



91 /91 / Optimal Transport Theory: Wasserstein distance

Wasserstein Distance

� Classical form of Wasserstein distance in Optimal t ransport

Particular case of Wasserstein distance

� Case n = 1 : Monge-Kantorovich-Rubinstein Distance

� Case n=2 : distance de Levy-Fréchet Distance
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92 /92 / Optimal Transport: Fréchet-Wasserstein Distance

Fréchet-Wasserstein Distance for Multivariate 

Gaussian LAw

� Fréchet-Wasserstein Distance

� Proof:

� Let

� Solution is given by:
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93 /93 / Optimal Transport: Fréchet-Wasserstein Distance

Wasserstein Distance for Multivariate Gaussian Law 
with non-zero mean

� Fréchet-Wasserstein distance

� Geodesic:

� If we let:

� Optimal Transport :

� transport from                         to  
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94 /94 / Optimal Transport: Fréchet-Wasserstein Distance

Characterization of this space (cas m=0)

� Wasserstein Metric :

� Tangent Space & Exponential Map:

Properties of this space

� Alexandrov Space

� Space of Positive sectionnal curvature (geodesicall y  convexe and 
simply connected). Sectional Curvature is given by:    

Where matrix S is a symetric matrix such that:                                           

is anti -symmetric.
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95 /95 / Optimal Transport: Fréchet-Wasserstein Distance

Wasserstein Barycenter of multivariate gaussian laws 
(Cas m=0)

� Wasserstein Barycenter

� Solution of Wasserstein Barycenter for N Mulitvaria te gaussian 
laws of zero mean :

� Constrained for the barycenter:

� Iterative solution (paris-dauphine university)

� Fixed point (convergence for d=2, d>3 conditional convergence to initiation)
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96 /96 / Optimal Transport: Fréchet-Wasserstein Distance

Levy-Fréchet Distance

� In 1957, Maurice René Fréchet introduced this dista nce, based on a 
previous Paul Levy’s paper from 1950
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97 /97 / Optimal Transport: Fréchet-Wasserstein Distance

Levy-Fréchet Distance

� 1957 Fréchet paper in CRAS :

� Letter from Paul Levy to Maurice Fréchet (2 April 1 958)
� … J’ai ainsi pu apprécier ce que vous aviez fait, en prenant comme point de départ de votre 

mémoire ce que vous appelez ma première définition de la distance de deux lois de probabilité 
(en fait ce n’était pas la première). Vous l’avez d’ailleurs généralisée, en ce sens que je ne l’avais 
associée qu’à une de vos définitions de deux variables aléatoires. Et j’ai beaucoup admiré 
comment avec votre quatrième définition, vous arrivez à faire quelque chose de maniable d’une 
idée qui pour moi était surtout théorique, vu la difficulté de déterminer le minimum de la distance 
de deux variables aléatoires ayant les répartitions marginales données.



98 /98 / 4th « Forgotten » distance of Fréchet : Frechet Extreme Copulas

4th distance of Fréchet

� Extreme Copulas of Fréchet

� 4th distance of Fréchet
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� G. Dall’Aglio (Université La Sapienza à Rome), « Fréchet Classes: 
the Beginnings », Advanced in Probability Distributions with 
Given Marginals Beyond the Copulas, Rome 1991, Kluw er

� With help of Giuseppe Pompilj, G. Dall’Aglio rmet Maurice Fréchet, 80 years 
old, in 1956 in Roma, during visit to l’Istituto di Calcolo delle Probabilita

� Dall’Aglio met a 2nd time Fréchet in Paris and is in contact with Paul Levy

� Dall’Aglio write : « Levy also showed some interest in distributions wit h 
given marginals. In a note in 1960 he refers to a f ormula by Poincaré for 
utilization in n-dimensional distributions with giv ens marginals, without 
developping the idea » 

� Paul Levy, « Sur les conditions de compatibilité des données marginales 
relatives aux lois de probabilité » CRAS, t. 250 pp.2507-2509, 1960, note 
présentée par M. Jacques Hadamard 

4th distance of Fréchet & Romane School of statistic                                      
(Pompilj, Leti, Rizzi, Dall’Aglio,Salvemini, Gini…)
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� G. Dall’Aglio (Université La Sapienza à Rome), « Fréchet Classes: 
the Beginnings », Advanced in Probability Distributions with 
Given Marginals Beyond the Copulas, Rome 1991, Kluw er

� By integration by parts: 

� assigns to all sub-sets of diagonal y=x, maximum of probability 
compliant with marginals: S. Bertino, « Su di una sottoclasse della classe di 
Fréchet », Statistica 25, pp. 511-542, 1968

� Gini Work : in 1914, Gini introduced « linear dissimilarity parameter » (solution 
in discret case for α = 1, 2)

� Tommaso Salvemini (+ Leti) Work : construction of « tabella di cograduazione » 
and « di contrograduazione » (equivalent to Fréchet Extreme Repartition 
Functions )

� Generalization to multivariate by Rizzi in 1957, Dall’Aglio (1960)

4th distance of Fréchet & Romane School of statistic                                      
(Pompilj, Leti, Rizzi, Dall’Aglio,Salvemini, Gini…)
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101 /101 / Comparison Information Geometry versus Optimal Transport

For transport optimal:
A. Takatsu. On Wasserstein Geometry of the Space of  Gaussian Measures, to appear in Osaka J. 
Math., 2011, http://arxiv.org/abs/0801.2250
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103 /103 / Geometric Mean Extension for Symmetric Positive Definite matrices

Geometric Mean Extension for Symmetric Positive Definite Matrices :Geometric Mean Extension for Symmetric Positive Definite Matrices :Geometric Mean Extension for Symmetric Positive Definite Matrices :Geometric Mean Extension for Symmetric Positive Definite Matrices :

� Cauchy series given by harmonic and arithmetic mean :
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104 /104 / Geometric Mean by Ricatti Equation

bxxaabxabx =⇔=⇔= −12

� In scalar case, geometric mean of a,b>0 satisfies for x>=0 :

� The last « symmetrized » version is suitable for generalization 
to noncommutative settings : the geometric mean is the unique 
solution of                 , if the unique solution exists.

� We define a group equipped with the operation                        :

bxxa =−1

xxyyx 1−=•
baxbaxbxxa o=⇔=•⇔=−1

� To solve               , we need                      to have a unique 
solution. Every element must have a unique square root :

aex =• exxex == 2
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� Extension for Matrix Geometric Mean :
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Iterative Method for Square Root Computation

� Denman-Beabers Iteration :

� Schultz Iteration (without matrix inversion) :

� Björk Method by Schur Decomposition :

Key Enablers : Matrix Square Root
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106 /106 / The arithmetic-geometric mean : C.F. Gauss result

� Gauss (20 years old) & Lagrange independently prove d that 

� Arithmetic-geometric mean of a and b :

� Is related to elliptic integral :

� Landen transformation gives also :
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In Rn, the center of mass is defined for finite set of points       

� Arithmetic mean:

� This point minimizes the function of distances: 

� The median (Fermat-Weber Point) minimizes :
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108 /108 / Cartan Center of Mass and Karcher Flow

Cartan Center of Mass

� Elie Cartan has proved that the following functiona l :

is strictly convexe and has only one minimum  (cent er of 
mass of A for distribution da) for a manifold of negative 
curvature

Karcher Flow

� Hermann Karcher has proved the convergence of the 
following flow to the Center of Mass :

E. J. Cartan

H. Karcher
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109 /109 / probability on a manifold : Emery’s exponential barycenter 

� Maurice René Fréchet, inventor of Cramer-Rao bound in 1939, has also 
introduced the entire concept of Metric Spaces Geometry and functional 
theory on this space (any normed vector space is a metric space by defining                                 
but not the contrary). On this base, Fréchet has then extended probability in 
abstract spaces . 

� In this framework, expectation                        of an abstract probabilistic 
variable            where       lies on a manifold is introduced by Emery as an 
exponential barycenter :

� In Classical Euclidean space, we recover classical definition of Expectation 
E[.] :

xyyxd −=),(
M. R. Fréchet, “Les éléments aléatoires de nature quelconque dans un espace 

distancié”, Annales de l’Institut Henri Poincaré, n°10, pp.215-310, 1948
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M. Emery & G. Mokobodzki, “Sur le barycentre d’une probabilité sur une variété”, 
Séminaire de Proba. XXV, Lectures note in Math. 1485, pp.220-233, Springer, 1991



110 /110 / Mean & Median of N matrices HPD(n)

Mean of N Hermitian Positive Definite Matrices HPD(n)

� Solution given by Karcher Flow with Information Geo metry metric

Median (Fermat-Weber Point) of N matrices HPD(n)

� PhD Yang Le supervised by Marc Arnaudon (Univ. Poit iers/Thales)
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111 /111 / Median on a Manifold: Karcher-Cartan-Fréchet

� Gradient flow on Surface/Manifold

Gradient Flow :Pushed by Sum of 
Normalized Tangent vectors of 

Geodesics

Fréchet-Karcher Barycenter :            
Sum of Normalized Tangent vectors 

of Geodesics is equal to zero
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112 /112 / Mean : Karcher Barycenter
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113 /113 / Gradient Flow & Toeplitz structure

� The following structure of a Matrix M is invariant by this flow :

� where J is antidiagonal matrix. We can prove that :

� is a close submanifold of (Hermitian Positive Definite Matrix)
and sub-group of

� For Siegel metric, this set is convex in a“ Geodesic” meaning (all geodesics
between two elements ofE are in E). Then barycenter of N elements ofE is
in E.
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Karcher Flows for Toeplitz 
HPD matrices (THPD):

Trench/Verblunsky Theorem
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� Covariances matrices are structured matrices that  verify the 
following constraints : 

� Toeplitz Structure (for stationary signal)  :

� Hermitian structure :

� Positive Definite Structure :

� How to built a flow that preserves the Toeplitz stru cture ?
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116 /116 / Complex Circular Multivariate Gaussian Model

Radar Signal Model :

� Complex Circular Multivariate Model :

� Radar Model :

� Complex autoregressive model :

� Close Link with Issai Schur’s algorithm (1875-1941)

� [Alpay] D. Alpay, « Algorithme de Schur, espaces à noyau reproduisant et 
théorie des systèmes », Panoramas et synthèse, n °6, Société Mathématique de 
France, 1998
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117 /117 / Block matrix structure of CAR model

�We can exploit Block structure of covariance matrix  
to compute Rao metric for CAR model :

� Rao metric for Complex Multivariate Gaussian model of zero mean :

� Block structure of covariance matrix for CAR model :
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118 /118 / Block matrix structure & extended eigen-values

�Matrix                              or                            that is 
used for Rao Metric computation has same block 
structure

� Invariance of Block structure :

� This block structure to compute extended eigen-values  :
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� We can deduce an algorithm that could be parallelize d according to 
CAR model order for each extended eigen-values :
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120 /120 / Recursive Expression for Rao Metric

� If we use block structure matrix, we can compute 
Rao metric at model order n from model order at n-1

� Recursive Expression of Rao Metric:

� We can observe that :

� This could be interpreted with Information Geometry & Fisher matrix
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121 /121 / Non-Symmetric Square Root of Siegel Group

� If we consider Cholesky decomposition of covariance  matrix :

� Cholesky decomposition (Goldberg inversion algorithm) :

� All distribution of n-dimensionnal variable is associated with Affine Group. It is the 
element such that its action on vector

Is transformed to random vector : 

� This representation of Affine Group elements could be considered as non 
symmetric square root of Siegel Group element :
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122 /122 / Recursive Expression of  Kullback Divergence

� We consider expression of Kullback Divergence for M ultivariante 
Gaussian Law of zero mean :

� Kullback divergence is given by :

� If we consider recursive relation :

� Kullback Divergence is given recursively by :
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123 /123 /Trench/Verblunsky Theorem & Partial Iwasawa Parameterization

� All Toeplitz Hermitian Positive Definite Matrix can be
parameterized by Reflection/Verblunsky Coefficients:

� Block structure of covariance matrix & Verblunsky Parameterization:

� Verblunsky/Trench Theorem: Exitence of diffeomorphism ϕ
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124 /124 / Preservation of Toeplitz Structure by Verblunsky Coefficients

� Conformal Information Geometry metric (metric = Hes sian of 
Entropy):

� Entropy ΦΦΦΦ as Kähler potential:

� Conformal metric on Verblunsky parameterization:
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Erich Kähler
…

Entropy U=-logdet[R]  , for Complex Autoregressive model, can be considered as a Kähler Potential that 
depends on reflection coefficient. This expression is exactly the same than the first potential proposed by 
E. Kähler

« Kähler Erich, Mathematical Works », Edited by R. Berndt and O. Riemenschneider, Berlin, Walter de Gruyter, ix, 
2003

Seminal Erich Kähler Paper, 1932, Hamburg



126 /126 / Regularized Verblunsky Coefficients: Regularized Burg Algorithm

• Regularized Burg Algorithm (THALES Patent)





+−=
−+=









=

+=

=

−=
+−+

−

+−
−−=

=
=

=

==

−−

−−

−
−

−

+=

−

=

−
−−

+=

−

=

−
−

−
−−

=

∑ ∑

∑ ∑

∑

)(.)1()(

    )1(.)()(

11    ,    .

1

).()2.(   with   
..2)1()(

1

...2)1().(
2

     to1For    : (n) tep .

1

)(.
1

ech.) nb. : (N  1  ,   )()()(f

:tion Initialisa .

1
*

1

11

)(

)*1()1()(

)(
0

22
1

)(

1

1

0

2)1()(2

1

2

1

1

1

1

)1()1()(*
11

)0(
0

1

2

0

00

kfkbkb

kbkfkf

a

,...,n-k=aaa

a

nk
akbkf

nN

aakbkf
nN

MnS

a

kz
N

P

,...,N k=kzkbk

nnnn

nnnn

n
n

n

n
knn

n
k

n
k

n

n
kN

nk

n

k

n
k

n
knn

N

nk

n

k

n
kn

n
k

n
knn

n

N

k

µ
µ

µ
µ

πγβ
β

β
µ

Regularization



127 /127 / Median by Median Reflection/Verblunsky Coefficients µµµµk
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Classical Karcher Flow in Unit Disk
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128 /128 / Median by Median Reflection/Verblunsky Coefficients µµµµk



129 /129 / Inductive Mean (K.T. Sturm)

� A natural way to define the « expectation » E(Y) of a  random variable Y is to use  
generalizations of the law of large numbers. 

� Given any sequence               of points, we defi ne a new sequence              of 
points by induction on n as follow (inductive mean)  :

� strongly depend on permutations but 

� Extension of scalar case :
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130 /130 / Stochastic Approach: Arnaudon Flow

Random selection at each 
iteration of 1 point in the 
disk + driven of the flow 

along the geodesic
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M. Arnaudon, C. Dombry, A.Phan, L.Yang, ”Stochastic  algorithms for computing          
means of probability measures”, http://hal.archives -ouvertes.fr/hal-00540623
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132 /132 / Arnaudon Flow extended on compact space

New Arnaudon Stochastic Flow on the sphere

M. Arnaudon, L. Miclo, ”Means in complete manifolds: 
uniqueness and approximation”, 
http://arxiv.org/abs/1207.3232
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� Case of Poincaré unit disk:

� G+ sub-group of automorphisms preserving orientation

avec                et  

� G operate on               of probability measure of

� Principe :  assign to all probability measure      on         a point                          
such that                          is conformal and verify: 

� There is only one conformal way to assign to each probability measure     on 
one vectors fields      on D such that:

with

Conformal Busemann Barycenter (Douady-Earle,…)
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� Case of Poincaré Disk

� could be described according to             that is the tangent vector of the 
geodesic in              pointing to               :

� In Poincaré Geometry of unit disk, vectors field         is the gradient of a function       
whose the level sets are the horocycles tangents to      in                :

Median Fréchet Barycenter = Busemann Barycenter
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135 /135 / Median Fréchet Barycenter = Busemann Barycenter



136 /136 / Median Fréchet Barycenter = Busemann Barycenter
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� From Cartan Center of Mass to Busemann Barycenter

� Elie Cartan has proved for simply connected riemannian manifolds with negative 
or null curvature, existence and unicity of the minimum of:

� Following function, is simply connexe  and reachs its minimum:

� when     goes to infinity converging to a point      of           , the normalized  
distance function to     converges : Busemann function

� Fixing an origine                 . Let       finite measure on           with a support of 
more than 2 points. The following strictly convexe function reachs its minimum at a 
unique point, independant of O choice  and is called Busemann Barycenter :

Busemann Barycenter on Cartan-Hadamard Manifold
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138 /138 / Comparison of Mean  & Median Doppler Spectrum

Raw Doppler 
Spectrum

Mean Doppler 
Spectrum

Median Doppler 
Spectrum

Range axis

Doppler axis

No preservation 
of discontinuities

Perturbation by 
outlier
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� Diffusion Fourier Equation on 1D graph (scalar case )

� Approximation par un Laplacien discret :   

with arithmetic mean of adjacent points : 

� Dicrete Fourier Heat Equation for Scalar Values in 1D :  

� By Analogy, we can define Fourier Heat Equation in 1D grapf of  
HDP(n) matrices : 
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140 /140 / Isotropic Diffusion of Doppler Spectrum



141 /141 / Anisotropic Diffusion of Doppler Spectrum



142 /142 / Canonical Exemple: Monovariate Gaussian Law

Gauss-Laplace Law

� Fisher Information Matrix for Gauss-Laplace Gaussian Law:
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143 /143 / Median of Gaussian laws
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� Travaux de Jacob Burbea (1984)

� On considère une densité de probabilité pour une variable de Cn

� Identification avec le carré du module d’une fonction normalisé:

� On considère la pseudo-distance de Skwarczynski :

� On en déduit l’équivalence entre métrique de Fisher et métrique Hessienne :

Lien entre géométrie Hessienne et de l’information
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New « Ordered Statistic High 
Doppler Resolution CFAR » 

(OS-HDR-CFAR)



146 /146 / Radar Data Measurement

Radar estimates Electromagnetic fluctuations of :

� Reflectivity : Amplitude of EM Wave reflected energ y 

� Phases variations due to Doppler-Fizeau 

� Polarization of EM Wave 



147 /147 /

Radar estimates Electromagnetic fluctuations of :

� Reflectivity : Amplitude of EM Wave reflected energ y 

� Phases variations due to Doppler-Fizeau 

� Polarization of EM Wave 

Radar Data Measurement
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148 /148 / Radar Processing based on Covariance Matrix

Doppler Processing
(Time Covariance Matrix)

Antenna Processing
(Space Covariance Matrix)

STAP Processing
(Space-Time Covariance Matrix)

Polarimetric Radar Processing
(Polarimetry Covariance Matrix)
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Military Air Defense Application

Detection of slow/stealth targets in inhomogeneous Clutter

� New requirements in Air Defense to detect low altit ude or surface 
targets at low elevation. Target Doppler is very cl ose to fluctuating 
Clutter Doppler (Ground & Sea Clutters)

� Detection of asymmetric & stealth targets in Ground  Clutter
� Microlight Airplane

� General Aviation

� UAV & Micro UAV

� Micro Helicopter

� Detection of small targets in Sea Clutter
� Wooden & inflatable canoe

� Jetski

� Unmanned Boat

� Naval Micro Helicopter

� Periscope

Detection of low RCS targets

Detection of teneous Doppler Signal

Increase Range & Reactivity
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Civil Air Traffic Control Application

Monitoring of turbulences: New Requirement in ATC (SESAR)

� In Turbulences, signal is no longer characterized by  Doppler velocity 
Mean but by Doppler Spectrum Width & “shape”

� Atmospheric Air turbulences

� Eddy Dissipation Rate

� Turbulent Kinetic Energy

� Airplane Wake-Vortex turbulences (A380, B747-8)

� Circulation

� Decay Rate

� Windshear in Final Approach

� Headwind

� Crosswind

Improve Safety by mitigating weather hazards

Increase Capacity by reducing safe separations



151 /151 / Challenges of Doppler Radar Processing: Detection on Ground

Detection of asymmetric & stealth targets in 
Inhomogenesous Ground Clutter

� Classical Doppler Filter Banks (or FFT) are not 
efficient with very short bursts (<16 pulses) : 

� Low Resolution of Doppler Filters with short Bursts (Low 
sidelobes / high loss, wide filter)

� If Target Doppler is between two Doppler filters, energy is 
spread on adjacent filters. Gain between 2 filters is lower than 
gain at filter center ("Straddling loss")

� Ground Clutter Energy is not limited to zero-Doppler filter but 
pollution  is spread over all filters due to poor Filter-Banks 
Resolution & Doppler side lobes in case of very short Bursts.

Filter 0 Filter 1 Filter 7Filter 2 Filtre 6Filter 3 Filter 4 Filter 5

Pollution of all Doppler Filters in case of Burst w ith low number of pulses
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Challenges of Doppler Radar Processing:Detection in Sea

Detection of slow targets in 

Sea Clutter

� Sea Clutter is highly 
inhomogeneous

� Doppler fluctuation

� Time/space Fluctuation

� Sea Clutter is dependant of 
� Sea current

� Surface wind

� fetch

� Bathymetry

� Sea Clutter is corrupted by 
� Spikes due to breaking waves

� “Moutonement”

Offshore Sea 
Doppler Spectrum

Close to the Shore   
Sea Doppler Spectrum

(Breaking waves)



153 /153 / Challenges of Doppler Radar Processing: Atm. turbulences

Monitoring of atmospheric 
turbulences

� Air turbulence is characterized by 
Spread of fluctuating speeds

� This composition of different 
Doppler speeds in Radar cells 
generates a Widen Doppler 
Spectrum

� Speed variance of Doppler 
Spectrum Width are related to 2 
measures of turbulence :

� EDR: Eddy Dissipation Rate

� TBE: Turbulent Kinetic Energy
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Monitoring of Wake-Vortex Turbulences

� Wake vortex generate to contra-rotative roll-
up spirals

� Mean speed depends on cross-wind

� Wake-Vortex has spiral geometry with 
increasing speed in the core and 
decreasing speed outside the core

� Wake-Vortex Speed and structure depend 
on Wake-Vortex age/decay phase

� Wake-Vortex Strength is characterized by 
Circulation in m 2/s

Monitoring of Windshear

� Inversion of speed in range or in altitude

� Microburst in the same radar cell

Challenges of Doppler Radar Processing: Wake Turbulences

Wake-Vortex 
Doppler Spectrum

Wind-Shear 
Doppler Spectrum
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For detection of Slow & Stealth/Small Target in inhomogeneous 
clutter, we need simultaneously :

� High Doppler Resolution with short Bursts

� Robust CFAR in inhomogeneous clutter & closely sepa rated targets

Proposed Solution : OS-HR-Doppler-CFAR

� Avoid drawbacks of Doppler Filters / FFT in case of  short bursts

� Take advantages of Robust Ordered Statistic of OS-C FAR (Ordered 
Statistic CFAR, Median-CFAR)

Challenges to define OS-HR-Doppler-CFAR : 

� Can we order « Doppler Spectrums » : NO
� there is no total order of covariance matrices R1>R2>…>Rn

� There is only Partial « Lowner » order :  R1>R2 if and only if R1-R2 Positive Definite

� Can we define « Median » of « Doppler Spectrums » : YES !!!
� In a « Metric Space », the median is defined as the point that minimizes the « geodesic » 

distance to each point (compared to the mean that minimizes the square distance to each 
point)

� We can define a deterministic or stochastic gradient flow that converges fastly to « median 
spectrum » (Modified Karcher Flow : THALES Patent )

Transport Optimal : barycentre de Fréchet-WassersteinOS-HD-Doppler-CFAR
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Median Mean
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Sensitivity to outliers : Median versus Mean 



157 /157 / Classical CFAR Chain versus OS-HDR-CFAR
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158 /158 / OS-HDR-CFAR on reflexion coefficients

Médiane

Cases distance

Cellule sous test

Cellules ignorées

Cellules ambiance 

µ1 µ2

Calcul de la 
distance

>S

OS-HDR-CFAR

Valeur médiane 
(OS) pour ambiance



159 /159 / Reflection coefficients of only Ground Clutter

µ1
µ2

µ3



160 /160 / Real Data Records of Ground Clutter

I&Q Data Records of Ground Clutter

� 12 and 10 scans



161 /161 / Context of the detection problem
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162 /162 / OS-HDR-CFAR Performance Analysis Methodology

Insertion of synthetic targets in real ground clutter

� Normalized Doppler/speed distance from target to clu tter : 
α*Variance with Variance = Capon Spectrum Interval >  X dB 

� Power of inserted targets : P target

Capon Spectrum before target 
insertion ( α=1; SNR=13dB)

Capon Spectrum before 
target insertion



163 /163 / Methodology

Capon Spectrum insertion before target insertion ( α=1; SNR=13dB)



164 /164 / Tests on real recorded I&Q data of Ground Clutter

Low Elevation Beam 
Recording

Perfo HDR Median
Perfo HDR mean

OS-HDR-CFAR
BF+OS/CA-CFAR

OS-HDR-CFAR
BF+OS/CA-CFAR
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166 /166 / Comparison Frechet Mean / Frechet Median



167 /167 / Simulation

Robustness to multi-target case for a Weibull texture with 

a shape parameter θ=0.1 

30 target samples in the reference cells



168 /168 /
Pd versus SNR for Pfa = 2.1*10-4

α = 1

α = 0.25 α = 0.5



169 /169 / Rao’s  L1 approach



170 /170 / Rao’s  L1 approach

� Result on ground clutter : 

� The estimator of Γ is non-parametric : we should incorporate the 
information of stationarity
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Karcher Flows for Toeplitz-
Block-Toeplitz HPD matrices 

(TBTHPD)



172 /172 / Extension to Toeplitz Block Toeplitz Hermitian PD Matrices

� Previous results can be extented to Block-Toeplitz M atrices :
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173 /173 / Extension of Trench/Verblunsky Theorem for TBTHPD Matrices

� Every Toeplitz-Block-Toeplitz HPD matrix can be param etrized by 
Matrix Verblunsky Coefficients:

� Extension of Trench/Verblunsky Theorem: Existence o f 
Diffeomorphism ϕϕϕϕ
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174 /174 / Information Geometry Metric : Entropic Kähler Potential

� Kähler potential defined by Hessian of multi-channe l/Multi-variate 
entropy :
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We recover the previous metric for THPD matrix !!



175 /175 / Multi-Channel Burg Algorithm: MOPUC

� Multi-Channel Burg Algorithm :
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176 /176 / Mostow Decomposition (& Berger Fibration)

� Mostow Theorem :

Every matrix      of                  can be decomp osed : 

where

is unitary

is real antisymmetric

is real symmetric

Can be deduce from

� Lemma : Let     and     two positive definite hermit ian matrices, 
there exist a unique positive definite hermitian ma trix      such that:

� Corollary : if      is Hermitian Positive Definite, there exist a unique 
real symmetric matrix     such that :

M ( )CnGL ,
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A B
X

BXAX =
M

S
SS eMeM 1* −=
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178 /178 / Siegel Disc Automorphism

� Automorphism of Siegel Disc        given by :

� All automorphisms given by : 

� Distance given by:

� Inverse automorphism given by :
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179 /179 / Iterated Computation of Median in Siegel disk
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New « Ordered Statistic 
Space-Time Adaptive 

Processing » (OS-STAP)



181 /181 / Secondary Data Covariance Matrix Estimation
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A Riemannian approach for training data 

selection in STAP processing 

J-Fr. DEGURSE1,2, L. SAVY1, J-Ph. MOLINIE, Prof. S. MARCOS2

1ONERA, Electromagnetism and Radar Department (DEMR)
2Laboratoire des Signaux et des Systèmes (L2S SUPELEC-CNRS-Univ-Paris-Sud)



Airborne detection of slow moving targets in 
non stationary environments

183183

Speed (or Doppler frequency)

R
an

ge

Hidden area (clutter)

Fast targets
(exo clutter)

Slow targets
(endo clutter)

Need for STAP 
Processing !



Space Time Adaptive Processing (STAP)

184

• Doppler and receiving angles are coupled for clutter echoes

• Monodimensionnal clutter in a bidimensionnal space

Ground echo (clutter)

Doppler Freq. Or Speed 

Doppler Frequency Fd (or speed)

A
ng

le
 (

si
n 
θ
)



Objective

Which secondary data to choose?

185

Secondary data CUT*

Guard cells

Range gates

Secondary data 

* Cell under test

Guard cells

• One covariance matrix is estimated for each range gate

• Clutter from secondary data must be homogenous with clutter from CUT
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Speed (or Doppler frequency)

R
an

ge

Hidden area (clutter)
Clutter type

Gaussian clutter

level c0

Gaussian clutter

level c0/10

Gaussian clutter

level c0

Spiky clutter

Gaussian clutter

level c0

Sidelobes clutter A

Area

B

C

B

D

B

Detection of slow moving targets in 
non stationnary environements
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Classical secondary data selection

Use Euclidean distance between covariance matrices: 

Less powerful
clutter area

Main lobe 
clutter energy

Only detects power 
changing regions
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Physical criterion for secondary data selection

is the weights vector obtained with from the range cell

then applied to

matched
filter

whiten
I+N

Output

• if is the optimal weights vector, is “white”, hence

we want

• that leads to the optimal criterion or “distance” but this is NOT a distance: 
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Secondary data selection: physical POV

Optimal criterion between covariance matrices: 

Clutter power change 

Heterogeneous area 
(spiky clutter)

No detection of the high
to low power clutter
change
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Secondary data selection: physical POV

Symetrized physical criterion between covariance matric es: 

Clutter power change 

Heterogeneous area 
(spiky clutter)



Link to the Riemannian geometry

191

• For positive definite Hermitian covariance matrix, th e right metric is defined by: 

and the distance:  

• From the following serie : 

first order approximation: 

with

This approximation is the physical criterion
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Secondary data selection using Riemannian metric 
distance

Riemannian distance  between covariance matrices: 

Heterogeneous area 
(spiky clutter)

Clutter power change 



Real data performance: SAREX

193

Speed (m/s)

D
is

ta
nc

e 
ce

ll

Targets

RAMSES RADAR

• 4 channels antenna

• X-band, side looking

• PRF = 3125 Hz

• Va = 85 m/s



Real data performance: SAREX (Euclidean Geometry)

Selection strategy: guardcells = 2, we pick the 10 closest matrices out of 20
a maximum distance value can be set so the number of chosen matrices could be < 10

Threshold is set to 10dB



Real data performance: SAREX (Riemannian Geometry)

Selection strategy: guardcells = 2, we pick the 10 closest matrices out of 20
a maximum distance value can be set so the number of chosen matrices could be < 10

• Clutter rejection is much better

• Small signal loss (1 dB) on target 
3

• Small signal gain (0.5dB) on 
target 1

Threshold is set to 10dB
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Way forward

� Use geometric mean in Riemannian geometry instead o f classical 
arithmetic mean 

� Algorithm implementation on GPU to increase calcula tion speed
• massively parallel algorithms, should run very fast !

� Application to air-to-air radar mode: high heteroge neous sidelobes
clutter + continuous mainlobe clutter



www.thalesgroup.com

Extension to Non-Stationary 
Time-Doppler Signal



198 /198 / Operational Need

Non-Stationary Doppler Processing

� New challenge in Radar is the processing of non-sta tionary 
signal 

� fast time variation of Doppler Spectrum in one burst

� Most of processing chains implemented in radars mak e the 
assumption of 

� Doppler stationary signal during the burst waveform duration. 

� This assumption is not always true, especially in c ase of:

� high speed Doppler fluctuation

� abrupt Doppler changes

of target or clutter signal

� We can observe non-stationarity for 

� high speed or abrupt Doppler variations of clutter or target signal but 
also in case of target migration during the burst duration due to high 
range resolution. 



199 /199 / Non-Stationary Doppler: Target Signal

Detection of Target Non-Stationary Doppler Signal

� High speed Doppler fluctuation:

� Rotor and blades of helicopter

� Abrupt Doppler changes:

� helicopter pop-up or low altitude target demasking behind a creast line

� rocket with splitting events (multi-headed rocket, decoys, debris,...), Multiple 
Reentry vehicle payload for a ballistic missile that deploys multiple warheads

� missile firing by an airborne platform

� Target Range Migration in High Range Resolution Mod e (UWB)

Applications for other MFR radar functions

� Kill Assessment for staring antenna (long burst/waf eform)

� Manoeuver Detection for Tracking (coupled with Rada r Res. Mgt)

� Advanced NCTR (Non-Cooperative Target Recognition)

� Robust target recognition with time-scale invariance properties



200 /200 / Non-Stationary Doppler: Clutter Signal

Non-Stationary Doppler Signal of Non-homogeneous 
Clutter (amplitude/Doppler/Polar fluctuations)

� Sea Clutter

� Littoral Environment

� Breaking Waves

� Spikes

� Atmospheric clutter

� Turbulent Atmosphere (high Eddy Dissipation Rate)

� Wind-Shear, Micro-Burst, Downdraft

Wake-Vortex of all airborne platforms

� Wake-Vortex of Civil Commercial Aircrafts on airpor t (European 
SESAR, US Nexten in US, Japanese CARATS , NTU ATM R I 
« Research Institute » in Singapore)

� Wake-Vortex of helicopters in Non Light of Sight 

� Wake-Vortex of fighters / Delta Wing UCAV in Rain



201 /201 / Non-Stationary Time-Doppler Signal in Radar

Time-Doppler Signature of BEL206 helico on one rang e cell 
staring antenna

Doppler signature of Sea Clutter

Time-Doppler signature of wind farm turbine blades

Time-Doppler signature of Helco Blades Wake-Vortex Doppler signature of aircraft wake-vortex

Bande UHF S X

Fmean 435 MHz 3.15 GHz
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NEW APPROACH AND MODEL FOR 
NON-STATIONNARY

DOPPLER SIGNAL: 
LOCAL STATIONARITY MODEL OF 

NON-STATIONARY TIME SERIES



203 /203 / State-of-the-Art: Active Research

Non-Stationnary Time Series Analysis

� Based on past work : Y. Grenier, “Time dependent ARMA modelling of 
nonstationary signals”. IEEE, Trans. Acoust. Speech S ignal Process. 
31, 899–911, 1983

� New active Research: Workshop 2012 : SFdS (Société Française de 
statistique)

� Time series do not benefit from generous properties  of stationarity
of ergodicity which allow to recover the law of a pr ocess by the only 
observation. Various alternatives are envisaged: 

� the Local Stationarity allows to take into account regular variations of behavior 

� The Isotonique Regression gives one simple model in which a test of stationarity
is even possible 

� The Hidden Markov Chains models the times of these breaks



204 /204 / State-of-The-Art: LOCAL STATIONARITY

� Heidelberg University, 2012 : R. Dahlhaus, « Locally  Stationary 
Processes », Handbook of Statistics, 30, 2012, 
http://arxiv.org/abs/1109.4174

� If one restrict to linear processes or even more to Gaussian processes then a
much more general theory is possible. We give a general definition for linear
processes and discuss time varying spectral densities in detail. Study contains
the Gaussian likelihood theory for locally stationary processes.

� Mannheim University, 2011: Vogt, M. “Nonparametric regress ion for
locally stationary time series”. PhD, 2011

� we study nonparametric models allowing for locally stationary regressors and a
regression function that changes smoothly over time. These models are a natural
extension of time series models with time-varying coefficients. we show that the
main conditions of the theory are satisfied for a large class of nonlinear
autoregressive processes with time-varying regression function.

� Télécom ParisTech: E. Moulines, P. Priouret, et F. Roueff., “On
recursive estimation for locally stationary time varying a utoregressive
processes”, Ann. Statist. 33, 2610–2654, 2005

� the properties of recursive estimates of tvAR-processes have been investigated in
the framework of locally stationary processes. The asymptotic properties of the
estimator have been proved including a minimax result.
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INFORMATION GEOMETRY MODEL OF 
STATIONARY TIME SERIES

(Duality Concept): 
SIEGEL METRIC FOR HERMITIAN 

POSITIVE DEFINITE (HPD) MATRIX
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� Information Geometry for Multivariate Gaussian Law of zero Mean 
and intrinsec Geometry of Hermitian Positive Defini te Matrices 
(particular case of Siegel Upper-Half Plane) provid e the same 
metric

� Information Geometry:

� Geometry of Siegel Upper-Half Plane:
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� Siegel Distance:

� Particular Case (X=0) and General Case: 

� Particular Case (pure imaginary axis) :

� General Case of Siegel Upper-Half Plane Distance:

Distance between HPD Matrices: particular case of Siegel
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208 /208 / HPD Matrices Geometry

Geometry of Hermitian Positive Definite Matrices given 
by:

� Geodesic :

Properties of this space

� Symetric Space as studied by Elie Cartan : Existence  of bijective 
geodesic isometry

� Bruhat-Tits Space : semi-parallelogram inequality

� Cartan-Hadamard Space (Complete, simply connected wi th 
negative sectional curvature Manifold)
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MODEL NON-STATIONARY TIME SERIES
AS GEODESIC PATH OF LOCALLY 

STATIONARY SIGNAL ON THPD MATRIX 
MANIFOLD



210 /210 /NS TIME SERIES = GEODESIC PATH OF LS TIME SERIES ON MANIFOLD

Locally Stationarity Assumption

� We will assume that each non-stationary signal in o ne burst can 
be split into several short signals 

� with less Doppler resolution 

� but locally stationary, 

represented by

� time sequence of stationary covariance matrices  (Toeplitz Hermitian PD 
matrix)

� a geodesic path/polygon on covariance matrix manifold (THPD Matrix 
Manifold)

� we will consider Time-Doppler signature:

� as a geodesic path on an Information Geometry manifold (of covariance 
matrices) 

� by analyzing the time series in the burst with a short sliding window



211 /211 /NS TIME SERIES = GEODESIC PATH OF LS TIME SERIES ON MANIFOLD

( ) ( ) ( )∑
=

−− ==
n

k
kRRRRRd

1

222/1
12

2/1
121

2 log..log, λ

( ) 0det 12 =− RR λ

( ) ( )
YXYX

X

t

XYXXX
RRRt

X

RRRR

RRRRRReRt XYX

o===
== −−−−

)2/1(et    )1(   ,   )0(

)( 2/12/12/12/12/1log2/1 2/12/1

γγγ
γ

EACH TIME SERIE IS A PATH ON 
COVARIANCE MATRIX MANIFOLD

)( 1tR
)( 2tR
)( 3tR
)( 4tR



www.thalesgroup.com

FRECHET DISTANCE BETWEEN CURVES 
AND GEODESIC EXTENSION ON 

MANIFOLD



213 /213 /FRECHET Distance between Curves/Paths in Euclidean Space Rn

Classical Frechet/Hausdorff distances between Curves

� Classically,  Hausdorff distance, that is the maximu m distance 
between a point on one curve and its nearest neighb or on the other 
curve, does not take into account the flow of the c urves

� The Fréchet distance between two curves is defined a s:

The minimum length of a leash required to connect a  dog and 
its owner as they walk without backtracking along t heir 
respective curves from one endpoint to the other. 

� Let P and Q be two given curves, the Fréchet distance between P
and Q is defined as the infimum over all reparameterizations
and       of           of the maximum over all                    of the distance 
in between                 and              . In ma thematical notation:

α
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214 /214 /FRECHET Distance between Curves/Paths in Euclidean Space Rn
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215 /215 / FRECHET Distance: Free-Space Diagram

Polynomial Time Algorithm: Free-Space Diagram

� Alt and Godau have introduced a polynomial-time algo rithm to 
compute the Fréchet distance between two polygonal c urves in 
Euclidean space. 

� For two polygonal curves with m and n segments, the  computation 
time is                     

� Alt and Godau have defined the free-space diagram between two 
curves for a given distance threshold ε is a two-dimensional region 
in the parameter space that consist of all point pa irs on the two 
curves at distance at most ε:

� The Fréchet distance                          is at most ε if and only if the 
free-space diagram                     contains a p ath which from the 
lower left corner to the upper right corner which i s monotone both 
in the horizontal and in the vertical direction. 

( ))log(mnmnO

( ) [ ] ( ){ }εβαβαε ≤∈= ))(()),((/1,0,),( 2 tQtPdQPD Fréchet
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216 /216 / FRECHET Distance: Free-Space Diagram

Polynomial Time Algorithm: Free-Space Diagram

� In an n m free-space diagram, shown in following fig ure, the 
horizontal and vertical directions of the diagram co rrespond to the 
natural parametrizations of P and Q respectively.  

� Therefore, if there is a monotone increasing curve from the lower 
left to the upper right corner of the diagram (corr esponding to a 
monotone mapping), it generates a monotonic path th at defines a 
matching between point-sets P and Q
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FRECHET DISTANCE OF GEODESIC 
CURVES REPRESENTATIVE OF TIME-

DOPPLER SIGNATURE ON 
INFORMATION GEOMETRY MANIFOLD
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Thales Land & Air Systems   Date

FRECHET Distance of Geodesice Curves in Information Geometry

Fréchet Distance between 2 geodesic paths

� We extend previous Fréchet distance between paths i n Rn to 
Information Geometry Manifold. 

� When the two curves are embedded in a more complex metric 
space, the distance between two points on the curve s is most 
naturally defined as the geodesic length of the sho rtest path 
between them. 

� If we consider N subsets of M Radar pulses in the burst, the 
Doppler burst can then be described by a poly-geode sic lines on 
Information Geometry Manifold. 

� The set of N covariance matrices time serie                                                       
describe a discrete ”polygonal” geodesic path on Info rmation 
Geometry Manifold, and we can extend previous Frech et Distance 
but with Geodesic distance:
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219 /219 / Extended FRECHET Distance of Geodesice Curves

Extended Fréchet Distance between 2 geodesic paths

� As classical Fréchet distance doesn’t take into acco unt with 
Inf[Max] close dependence of elements between points of time  
series paths, we propose to define a new distance g iven by:

� We have then to find the solution for computing the  geodesic 
minimal path on the Fréchet free-space diagram. The length of the 
path is not given by euclidean metric                     where                ) 

but geodesic metric weighted by d(.,.) of the free- space diagram : 
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220 /220 / Extended FRECHET Distance of Geodesice Curves

Extended Fréchet Distance between 2 geodesic paths 
computable by « fast marching / shortest path » algorithms
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221 /221 /Computation of « Median Curves » in Covariance Matrix Manifold

Ordered CFAR for Non-Stationary Signal:

� « Median Curve/Curve » on Matrix Manifold should Minimi ze :

� Non-Stationary Ordered-Statistic CFAR:
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222 /222 / Modified Fréchet distance between paths on Manifold
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Covariance Matrix
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227 /227 / Main Theorem : Poincaré Everywhere
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228 /228 / Hadamard Compactification

From the cylindrical representation of
we contract the caps and the side,

and blow-up the two circular corners

Géométrie des bords :
compactifications différentiables

et remplissages holomorphes
Benoît Kloeckner

UMPA, École normale supérieure de Lyon



229 /229 / Toeplitz Hermitian PD Matrices: Simple case n=2 

Definite PositiveHermitian  Toeplitz
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230 /230 / Short Summary of the approach

matrix HPD Toeplitz
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Quantization of Complex 
Symmetric Spaces by Berezin



233 /233 / Classical Symmetric Bounded Domains

Symmetric bounded domains in Cn are particular cases of symmetric 

spaces of noncompact type.

Elie Cartan has proved that there is :

� 4 types of classical symmetric bounded domains

� 2 exceptional types (group of motion E6 and E7)

Classical Symmetric Bounded Domains (extension of Poincaré Disk)
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234 /234 / Kernel function of  Symmetric Bounded Domains

� Luo-Geng Hua has computed the kernel functions for all 
classical domains :

� Particular case (p=q=n=1) : Poincaré Unit Disk
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235 /235 / Analytic automorphisms of  Bounded Domains

� Groups of analytic automorphisms of these domains a re locally 
isomorphic to the group of matrices which preserve following forms:

� The group consits of block matrices A (generalizatio n of the fractional 
linear transformation). For the first 3 types :
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236 /236 / Analytic automorphisms of  Bounded Domains

� All classical domains are circular following from C artan’s general theory, 
and the point 0 is distinguished for the potential :

� Berezin quantization is based on the construction of the Hilbert Space of 
functions analytic in ΩΩΩΩ :
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237 /237 / Berezin Quantification of Poincaré Unit Disk

� The most elementary example of Berezian quantificati on is, in the case 
of complex dimension 1, given by the Poincaré unit Disk with volume 
element :

� Map from path on D to automorphy factor :
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238 /238 /

� Extension for Siegel Unit Disk :

� The orbit of the matrix Z=0 is the space of matrice s of the form :
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239 /239 / Special Berezin Coordinates

� For every symmetric Riemannian space, there exist a  dual space 
being compact. The isometry groups of all the compa ct symmetric 
spaces are described by block matrices (the action of the group in 
terms of special coordinates is described by the sa me formula as the 
action of the group of motions of the dual domain).

� Berezin coordinates for Siegel domain :
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240 /240 / Invariant metric in Special Berezin Coordinates

� Let M be a classical complex compact symmetric spac e. The invariant 
volume and invariant metric in terms of special Ber ezin coordinates 
have the form :

� Link with : For arbitrary Kählerian homogeneous spa ce, the logarithm of 
the density for the invariant measure is the potent ial of the metric
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Analysis on Symmetric Cone
by Faraut



242 /242 / Link with Analysis on Symmetric Cones (J. Faraut)

� Jacques Faraut has published 2 books on Analysis on  Symmetric 
Cones & on Lie Group :

� [1] J. Faraut & A. Koranyi, « Analysis on Symmetric cones », Clarendon Press, Oxford, 
1994

� [2] J. Faraut, « Analyse sur les groupes de Lie », Calvage & Mounet, Paris, 2006

� Harmonic Analysis in the special case of the cone o f positive definite 
matrices in the vector space of all real symmetric matrices plays a 
fundamental role in :

� Number Theory (Minkowski, siegel, Maas,…)

� Statistics (Wishart, Constantine, James, Muirhead)

� Physic (study of Lorentz cone)

� General Case has been studied by :
� Gindikin

� Vinberg

� Symmetric Cones & Tubes (over them) are example of Riemannian 
Symmetric Spaces



243 /243 / Link with Analysis on Symmetric Cones (J. Faraut)

Convex cones :

� Let V be a finite dimensional real Euclidean Space. A sub set C of V is 
said to be a cone if :

� The closed dual cone of any cone C is defined by :

� The automorphism group           of an open convex cone         is defined 
by :

� is a closed subgroup of               , and hence i s a Lie Group. The 
open cone      is said to be homogeneous if           acts on it transitively. 
The open cone is said to be symmetric if it is homo geneous and self-
dual :
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244 /244 / Link with Analysis on Symmetric Cones (J. Faraut)

Convex cones :

� For any proper open convex cone       : 

� characterizes the symmetric cones

Characteristic Function of a Cone :

� Let       be a proper open convex cone, its charact eristic function is :

dy Euclidean Measure on V

The second derivative                         is po sitive definite at each point
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245 /245 / Link with Analysis on Symmetric Cones (J. Faraut)

� Characteristic Function of a Cone :

� Riemannian structure g is given by
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Characteristic Function of a Cone :

� The adjoint : 

� The map                                is a bijecti on :                        and has unique 
fixed point

Symmetric Cone as Riemannian Symmetric Space :

� The bilinear form                                              is positive definite, 
therefore it defines a Riemannian metric on  

� The cone        equiped with this metric is a Riema nnian Manifold

� Since the cone       is symmetric, the map                                               is 
a bijection and an isometry (the manifold is a Riem annian Symmetric 
Space given by this isometry)
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The cone of Positive Definite Symmetric matrices :

� Inner Product & quadratic form: 

� Let                          be the set of positive  definite  symmetric matrices. 
The set is an open conex cone and is self-dual : 

� is homegeneous :

� Characteristic function :
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248 /248 / Link with Analysis on Symmetric Cones (J. Faraut)

Symmetric Cone & Exponential Familly of probability measure

� Let µµµµ be a positive Borel Measure on euclidean space V. Assume that 
the following integral is finite for all x in an open set             :

� For             , consider the probability measure (exponential familly) :

Then
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Affine hyperbolic hypersphere

� A locally strongly convex hypersurface in the affine  space Rn+1 is 
called an affine hyperbolic hypersphere if the affin e normals
through each point of the hypersurface either all in tersect at one 
point, called its center, that is on the convex sid e.

� This class of hypersurfaces was first studied system atically by W. 
Blaschke in the frame of affine geometry. 

� E. Calabi raised a conjecture that:

� these hypersurfaces are asymptotic to the boundary of a convex cone

� every non-degenerate cone V determines a hyperbolic affine hypersphere, 
asymptotic to the boundary of V, uniquely by the value of its mean curvature. 

He proved this conjecture for homogeneous convex cones under some conditions 
on the action of the automorphism group of the cone.
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Homogeneous Affine hyperbolic hypersphere

� The theory of homogeneous convex cones plays a cent ral role. 

� Let V be a nondegenerate open convex cone in Rn+1(x) and V’ be its 
dual. A(V) means the group of all linear transforma tions which 
leave V invariant. The characteristic function of V , is given by the 
equation:

with              the value of the linear functional ξ at x 

� We denote by Sc the level surface of                              w hich is a 
noncompact submanifold in V, and by ω the induced metric on Sc

� The Hessian defines the metric on V. 

� Assuming the cone V is homogeneous under A(V), Sasa ki proved 
that Sc is a homogeneous hyperbolic affine hypersphere and 
every such hyperspheres can be obtained in this way 

� Sasaki remarks that ω is identified with the affine metric and S c is 
a global Riemannian symmetric space when V is a sel f-dual cone. 
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Proper Affine hyperbolic hypersphere

� Let S be a hypersurface in Rn+1 and                         be the imbedding 
of S. The imbedding      defines a volume bundle va lued quadratic 
form G on S by the equation:

� in terms of local coordinates                    of  S. This is invariant 
under unimodular affine transformations in Rn+1. If this quadratic 
form is supposed to be non-degenerate, it defines a  
pseudoriemannian structure tensor g with corresponding volume 
element dv(g) , uniquely defined by the equation:
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Proper Affine hyperbolic hypersphere

� we assume that the set S is locally strongly convex . Then the 
tensor g can be chosen to be positive definite choosing the 
orientation of S so that G is positive valued. 

� With this Riemannian metric, called the affine metr ic, the affine 
normal is defined to be the vector                         where ∆ is the 
Laplace-Beltrami operator with respect to g. 

� For an affine hyperbolic hypersphere with the center  at the origin, 
n satisfies the equation: 

where H, called the affine mean curvature , is a nonzero constant.

� Calabi proved that the hypersurface S is a proper affine 
hypersphere with its center at the origin and the af fine mean 
curvature H if u satisfies the equation:
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Non-parametric characterization of an affine hypersphere

� Let                            be a linear coordina te system of Rn+1 and                 

be the representation of S as the graph of a  

locally strongly convex function      for                                 ranging 

in a domain  

� Let                                        be the i mage of D under the locally 

invertible mapping 

� We define the function                              by the equation

where          is the pairing giving the canonical duality. 

� u is the Legendre transform of      and also the domai n Ω the 
Legendre transform of S with respect to the coordinates
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255 /255 / Construction  of hyperbolic affine hypersphere

� Theorem [Wu and Sacksteder]

� Let S be a closed hyperbolic affine hypersphere with center at the origin and the 
affine mean curvature H . the hypersurface S is complete (with respect to the 
affine metric and  with respect to the induced metric of the Riemannian metric of 
Rn+1), noncompact, orientable, smooth and locally strongly convex. In this 
situation we have:

� Such a surface is the full boundary of some closed convex body and is the graph 
of a non-negative smooth strictly convex function defined in some hyperplane.

� By this theorem the hypersurface S can be written globally as the 
set                                    , where      is a positive smooth strictly 
convex function on 

� The tangent plane at any point of S cannot contain the origin. In 
other words the affine normal is not tangent to S:

� the normal vector in Euclidean sense at one point in S is proportional to:

with        the coordinate of the Legendre transformation

� The affine normal at that point is

with  

� Hence: 
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� S is asymptotic to the boundary of a convex cone when  the 
boundary is equal to the set of all asymptotic line s of S:

� Let then                                                   and                     

is an open non-degenerate convex cone. 

� S is asymptotic to the boundary of V

� Theorem: 

� Every closed hyperbolic affίne hypersphere is asymptotic to the boundary of a 
convex cone. Conversely, every non-degenerate cone V determines a hyperbolic 
affine hypersphere asymptotic to the boundary of V, and uniquely determined by 
the value of its mean curvature.

� Legendre transformation is an isometry with respect to the LN-
metric ττττ (introduced by Loewner & Nirenberg) and the affine m etric 
g: 

� For a negative convex solution u of                                   

Loewner & Nirenberg  defined the metric on a bounded convex domain Ω in
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� LN-metric ττττ (introduced by Loewner & Nirenberg)

� This metric has the projective invariance in the fo llowing sense: 

� Let                                     be a projective transformation which sends Ω onto AΩ. 
Then A is an isometry with respect to LN-metrics of Ω and AΩ.

� Legendre transformation is an isometry with respect to the LN-metric 
τ τ τ τ and the affine metric g

� Let  be an equation of a hyperbolic affine hypersphere. 

Since the affine metric is written as

but at the corresponding

points x and ξ by the Legendre transformation. Hence:
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258 /258 / Homogeneous hyperbolic affine hyperspheres

� Let V be a non-degenerate convex cone in Rn+1. First we recall 
some properties of the characteristic function:

� tends to infinity when x approaches to any point of the boundary of V

� The measure is invariant under              :

� is convex on V. Hence                      defines a metric on V

� The level surface of                                            is a noncompact submanifold in V 

called the characteristic surface of V. 

� We denote by the induced metric of                      on 
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� Assuming V is affinely homogeneous. The characteristic surface 
Sc is obviously homogeneous with respect to unimodular elements 
of A(V):

� THEOREM (SASAKI): Every characteristic surface Sc is a complete 
hyperbolic affine hypersphere with mean curvature ac2/n+2 where 
a is a negative constant depending only on V.

� Proof: Let .   .                              can be written
locally as                                    by a s mooth function , the 
coordinate being chosen such that . 
Let     the Legendre transform of     . Since is constant on            
we have                           on      .                                                               
By the definition:                                                                                    
But 

Hence

Therefore

)(log)( xx Vφψ = { }cSc log== ψ
),...,( 11 nn xxfx =+ f( )11,..., +nxx 01 ≠+nψ

u f ψ
cS

1/ += niif ψψ cS
1

1
1 / +

=
+ 







 +−= ∑ n

n

i
i

i
n xfu ψψψ

0,  ,  log)1()()( >∀∈∀+−= kVxknxkx ψψ

∑
+

=

+−=
1

1

)1()(
n

nxx
α

α
αψ

1/)1( ++= nnu ψ



260 /260 / Homogeneous hyperbolic affine hyperspheres

� Consider

� Set

� We have

� Hence                              by the homogenei ty for some constant  b
which depends only on V itself. This means

� Since                                            , then
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� THEOREM:  Let S a complete hyperbolic affine hypersphere with 
its center at the origin which is homogeneous under  the subgroup 
G of the unimodular group. Let V, the convex cone to w hose 
boundary the hypersurface S is asymptotic:                        . 

Let                       , The element acts on V by                        

V is homogeneous under       .                                                                                   

Then S is a characteristic surface of V.

Proof:

Let function on V by the equation 

Since                                           ,     is well defined. 

Then                                         for A e G. 

Therefore, by the homogeneity,                    f or some nonzero 
constant b.
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� 2 previous Sasaki ‘s Theorems prove that the classi fication of 
homogeneous hyperbolic affine hyperspheres is reduce d to the 
classification of homogeneous convex cones:

� Rothaus, O. S., The construction of homogeneous convex cones, Ann. of Math., 
83 , pp. 358-376., 1966

� Vinberg, E. B., The theory of convex homogeneous cones, Trans. Moscow Math. 
Soc, 12 (1963), 340-403

� E.B. Vinberg has defined an inductive method produci ng all 
homogeneous convex cones : 

� From a given convex cone Vi in  Rn+1(x), one can construct another 
homogeneous cone V in R(t) X Rm(y) X Rn+1(x) by the equation :

where h is a linear mapping on Rn+1 whose values are real symmetric positive-
definite matrices of order m and, corresponding to each element  B of some 
transitive subgroup of A{V1), there exists a matrix  such that 

. This method can be transposed to obtain all projectively
homogeneous bounded convex domains or all homogeneous hyperbolic aίfine
hyperspheres
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� THEOREM: Suppose V is homogeneous. Then the metric ωc is 
identified with the affine metric g up to a constant factor.

Proof : 

Let                            .                              can be written locally as                                    

by a smooth function     , the coordinate                       

being chosen such that 

Since                               

we have

But                               . Therefore 

The assumption needed is not the homogeneity of V b ut the 
condition that the level surface is an affine hyper sphere. 
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� Remark: The solution u of the equation  

is given as a first order logarithmic derivative of  the characteristic    

function, i.e.

Since the characteristic function     of the produc t of convex cones 

V and W is equal to  , the derivative of      is wr itten using the 

derivatives of and        . This gives the composit ion formula for 

reducible cones.
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� Considering the self-dual cone,  to formulate anoth er description 
of the Legendre transformation we introduce the *-m apping due to 
Koecher , It is a mapping from V to its dual V defi ned by the 
equation:

� This mapping * has the following properties:

� * sets up a one to one correspondence between V and V and                         
holds for every 

� If V is homogeneous, then V’ is also homogeneous and                        is constant 
for all x. We denote this constant by 

� In homogeneous case, the *-image of Sc is also a characteristic 
surface of V which we denote by S'c. Taking a hyperplane H such 
that                        is a non-empty bounded convex domain, we 
correspond, for every point               the inter section point of the 
line through the origin and x* with U. Thus we have a mapping from 
S'c to U. 

� LEMMA: The mapping * followed by this mapping is de fined on Sc
and projectively equivalent to every Legendre trans formation of Sc.
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� PROPOSITION: Suppose V is homogeneous. Then * is an isometry 
with respect to the metrics                  and 

� Proof:
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� Now assume V is a self-dual cone. Then is an 
automorphism of V and, moreover,  

� Let                 , * / S is an involutive automorphism of S.                       
Since                                                                , we have                                               

.Therefore K(x) is an automorphism of S 

� PROPOSITION:  If the homogeneous cone V is self-dual, then the 
characteristic surface Sc is a globally symmetric space.

� Proof: For one point             define an automorp hism s of S by                       

. Since K(x) is symmetric, s is an involution by       

By 

For a general Sc, it is enough to translate the symmetry of S to Sc

by the mapping

xxKx )(* =
xxxK ∂−∂= /)( *

*K
SS =

( ) KxxxKx VVV det)()()( * φφφ ==
SxxK ∈= for    1))(det(

Sx ∈0
*1

0)()( xxKxs −=

dIx
x

x
xKxxxs −=

∂
∂=

∂
∂= − )()()(
x

s
  and  )( 0

*
1

0000

Sx
c

Sx x ∈→∈ κ



268 /268 / Homogeneous hyperbolic affine hyperspheres

� Let H+(n, K) be the cone of positive-definite hermitian symmetri c 
matrices over K = fields R, C, H (quaternions) or the Cayley algebra 
Ca. Then the followings are the list of all irreducib le self-dual 
cones V and the corresponding globally symmetric spaces S
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� Corollary:  Let  be a regular convex cone and let                            be 
the canonical Hessian metric. Then each level surfa ce of the 
characteristic function      is a minimal surface o f the Riemannian 
manifold 

� Example:  Let  be a regular convex cone consisting of all positive 
definite symmetric matrices of degree n. Then                                         
is a Hessian structure on      , and each level sur face of             is a 
minimal surface of the Riemannian manifold:
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271 /271 / Complex Autoregressive Model & Kähler Geometry

� Erich Kähler Geometry is given by :

� complex Manifold of n dimensions, compact or not, with Kählerian metric, that 
could be locally given by positive definite Riemannian Form : 

� Kähler condition :  Local Existence of Kähler potential function         , (and Pluri-
harmonic equivalent) such that : 

� Ricci Tensor is given by remarkable Expression [Erich Kähler] : 

� And scalar curvature :

∑
=

=
n

ji

ji
ji dzdzgds

1,

2 .2

jiji zz
g

∂∂
Φ∂=

2

( )
ji

lk
ji zz

g
R

∂∂
∂

−=
detlog2

∑
=

=
n

lk
lk

lk RgR
1,

.

Φ



272 /272 / Kähler metric for Complex Autoregressive Model

� Inthe framework of Affine Information Geometry, met ric is given by 
Hessian of Entropy :

� Entropy for Multivariate Gaussian model of zero mean : 

� In cas of Compex Autoregressive Model of order n, Entropy could be expressed by 
reflection coefficients :
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� We define « Doppler » metric in case of Complex Autor egressive 
Model by Hessian of Kähler Potential, where Potenti al is given as in 
Information Affine Geometry by Entropy  :

� Kähler Potential is given by Entropy parametrized by reflection coefficients : 

� Metric can be explicitly computed :
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274 /274 / Scalar Curvature of Complex Autoregressive Model

� We use Ricci Tensor expression given by Erich Kähle r in framework 
of Kähler Geometry

� In Kähler Geometry, Ricci Tensor is given by : 

� We can compute Ricci tensor for Complex Autoregressive Model :

� Its negative scalar curvature is given by :

( )
ji

lk
ji zz

g
R

∂∂
∂

−=
detlog2

( )











−=
−

−=

−=

 1,...,2for     
1

2

1
2

22

2
0

11

nkR

P
R

k

kl
lk

µ

δ

∑=
lk

lk
lk RgR

,

. ∞−→








−
−=

∞→

−

=
∑

n

n

j jn
R

1

0 )(

1
.2



275 /275 / Autoregressive Model # Kähler-Einstein Metric

� Previous metric is not a Kähler-Einstein metric, but a  close matrix 
structure

� A metric is called Kähler-Einstein metric if its Ricci tensor is proportional to the 
metric : 

� In case of Kähler-Einstein Metric, Kähler Potential is solution Monge-Ampère 
Equation :

� For Complex Autoregressive Model, we have :
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276 /276 / Study of Calabi & Kähler-Ricci Flows for CAR Model

� Intrinsic Geometric Flow are of fundamental interes t in Mathematic 
& Physics based on variational Approach :

� Kähler-Ricci Flow : 

� Calabi Flow :

� Inegality between both functionals
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In 2 dimension of the complex variable, Calabi & Kähler-Ricci 
flows are closely related :

� Calabi & Kähler-Ricci Flows can be related by :

� If second derivative according to Kähler-Ricci flow time is 
identificated with opposite of second derivative according to Calabi 
flow time , both flows are equivalent: 

I. Bakas : Relation between Calabi & Kähler-Ricci Flows
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Given Kähler metric :

Ionnas Bakas : Flows action on Kähler Potential
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Based on previous Rao metric computation for 
Autoregressive Model :

� Kähler-Ricci Flow on Reflection Coefficients :

� Calabi Flow on Reflection Coefficients : 

Kähler-Ricci and Calabi Flows for CAR Model
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