Notation

We denote by o(A) the spectrum of A, that is the set of the eigenvalues of A. The set M,,(2) will be the
set of complex n X n matrices whose spectrum is contained in €.
For a diagonal matrix, we use the notation

aq 0 0
. - 0 as
diag(ay,...,an) = @[ai] =
i=1 0
0 0 ay

For a upper triangular Toeplitz matrix we use the notation

a1 as as cee Qp,

0 al as

utoep(asy,...,a,) =
0 0 a1 as
0 -+ - 0 a
Let A = [c1]ea] ... |cn] € C™*™ whose columns are ¢y, ..., ¢,, then we define
C1
C2
vec(A) =

C7l

Let F : C™" — C"*" be a linear function, then there exists a matrix M € C* *"” such that vec(F'(A4)) =
M vec(A). We say that M represents F in the vec basis.

The symbol f[a, b] means w for a # b and f’(a) for a = b (it is said to be a divided differences of

a

f)-
Let A be a square matrix and p(z) = Y.;", a;z' be a polynomial, then p(4) = 3" a; A"

The Euclidean or Frobenius norm of a matrix M is |[M||r = />, ; [mi;|*.

Useful concepts

Let f: Q — C be analytic and let A be a diagonalizable matrix such that o(A) C C one can define f(A) as
L. f(A):=M@,[f(\)]M~!, where M~'AM = &, [\];

2. f(A) := p(A), where p(z) is any polynomial verifying the interpolation conditions p(\;) = f()\;) for
A€ a(A).

3. Let v be a contour enclosing o(A) then
f(4) = — / f(2)(2I — A)~tdz.
8!

Notice that the first two definitions require only that f is defined in €.

In most exercises we will assume that matrices are diagonalizable but the three definitions are equivalent and can
be extended to nondiagonalizable matrices. Definition 1 requires the function of a Jordan block of size v, that is

'y f(”_”(/\)>
2 w1 )

f(‘]) = f(utoep()V 1a 0,--- 70)) = utoep (f()‘)7 f/()‘)7

Definition 2 requires p(z) to interpolate the function f(z) not only at the eigenvalues of A but, for each eigenvalue
i, PP (N) = fO(N) for 5 =0,...,v — 1, where v; is the largest size of the Jordan blocks relative to A;. Definition
3 generalizes in the same form to nondiagonalizable matrices. For further details see [1].



Let Q C C and f be a function differentiable in 2. The Fréchet derivative of the function f: M, (Q2) —
C™*™ at a point A in the direction H € C™*" is

DF(AYH] = lim - (F(A -+ tH) — f(4).

Let f: 2 — R be a function differentiable in © C C and let X be a matrix such that o(X) C Q. The
gradient with respect to the scalar product (-,-) of f at A is the matrix V(A) such that

for each H € C™"*"™. Observe that the gradient depends on the scalar product.

The geometric mean of two positive definite matrices is A#B = A(A~'B)'/2, the Riemannian distance
of two positive definite matrices is §(A, B) = ||log(A~Y/2BA~1/2)||p, while the Riemannian scalar product
in the space tangent to the set of positive definite matrices at the point X is (A, B) x = trace(X 1AX~1B),
for Hermitian A, B.

Operation counts

Let A be a positive definite matrix, then there exists unique a upper triangular matrix R with positive
diagonal entries, such that A = R*R. This is called Cholesky factorization of A and can be computed with
n®/3 + o(n?®) arithmetic operations (ops).

For any matrix A € C"*", there exist U unitary and T upper triangular such that U*AU = T'. This is
called Schur decomposition and its computation requires about 25n3 ops; if A is Hermitian 7" is diagonal
real and the (spectral) decomposition can be computed with about 9n? ops [3].

Using the customary algorithms, the product of two square matrices requires 2n® + o(n®) ops, while
multiplying a triangular matrix by a full matrix requires n3 + o(n?) ops. Inverting a full matrix requires
2n3 + o(n?®) ops, while inverting a triangular matrix requires n®/3 + o(n?) ops.

Exercises

Exercise 1. Prove that the three definitions are equivalent for a diagonalizable matrix.

Exercise 2. Prove in an elementary way that, for any invertible matrix A, A~! can be written as a
polynomial of the matrix A, say p(A). Find a strict lower bound for the degree of p(z).

Exercise 3. Show that the definition of the exponential of a matrix A as a function of A agrees with the

usual definition exp(A4) = >-77, Ak—]: Using the latter definition, prove that the exponential of a matrix A is

a polynomial of A.

Exercise 4. Let f : Q — C be a function and A be a matrix such that o(A4) C Q. Prove that f(A4)T = f(AT).
Discuss the existence of an analogous formula for f(A*).

Exercise 5. Prove that if A is Hermitian and f : R — R then f(A) is Hermitian and if, moreover f : R — R,
then f(A) is positive definite. Deduce that if P is positive definite and H is Hermitian, then exp(H) is positive
definite, P/? is positive definite, log(P) is Hermitian, where z'/2? and log(z) denote the principal branches
of the square root and the logarithm, respectively.

Exercise 6. Prove that if f : 2 — C is defined on the diagonalizable matrix A, and K is an invertible
matrix, then f(KAK™1) = Kf(A)K~.

Exercise 7. Prove that A is a normal matrix if and only if A* is a function of A. Prove that a matrix which
is normal and triangular, is necessarily diagonal.

Exercise 8. Let A, B be positive definite matrices and let f : R — R, show that Af(A~!B) is well defined
and Hermitian, moreover if f : Rt — R* then Af(A~!B) is positive.

Exercise 9. If A and B are positive, show that (AB)'/? is well defined, but in general it can be different
from A'/2B/2. Show that if A, B commute and are positive definite then (AB)'/? = A/2B'/2,

Exercise 10 ([2]). Let A= C*C and B = D*D, with C, D nonsingular. Prove that
A#B = C* polar(CD™1)D,

where polar(M) = M(M*M)~'/? is the unitary polar factor of the matrix M.



Exercise 11 ([2]). Let A = K*K = C*C be full rank factorization of A, then KC~! is unitary and, in
particular, KC~! = polar(KC*). Use this to prove that if A = C*C is a full rank factorization of A and B
is positive definite then, for the Riemannian distance, we have

3(A, B) = ||log(A™ 2 BA™2) | p = || log(C~*BC™)| .

Exercise 12. Let A, B positive definite and let K (A, B) = A#B be their geometric mean, show that the
derivative of K (A, B) is such that

vec(DK(A,B)[Ha, Hp)) =(I@ Z '+ Z7' @ 1) ' vec(Ha) + (I @ Z+ Z 1) vec(Hp),
where Z = (BA=1)1/2,

Exercise 13. Design an algorithm to evaluate f(A) for A being Hermitian, using the spectral decomposition
of A. Estimate its computational cost. Discuss the diagonalizable, non Hermitian case.

Exercise 14. Compare the three algorithms for computing Af(A~!B), for A and B being positive definite:
(i) use the formula Af(A~1B);
(ii) use the formula A'/2f(A=1/2BA-1/2)Al/?,
(iii) use the formula R*f(R~*BR™!)R, where A = R*R is the Cholesky factorization.
Exercise 15. Compare the two algorithms for computing §(A, B), for A and B being positive definite:
(i) use the formula (A, B) = ||log(A~Y/2BA=1/2)||p;
(i) use the formula 6(4, B) = |[log(R~*BR™')||r, where A = R*R is the Cholesky factorization.

Exercise 16. Let b > a > 0 and let

1 2
Of+1 = i(ak + br), bet1=5—71>

ak b

with ap = a and bg = b. Show that for each &
ar < agpy1 < Vab < byyy < by,

apbr = ab and that limy, aj, = limy, by = Vab.

The same properties hold by substituting scalar with positive definite matrices, the real order with the
order on positive matrices and the geometric mean of scalars with the geometric mean of matrices (difficult
to prove, compare [2]).

Exercise 17 ([2]). Consider the iteration Ag = A, By = B and
1 _ Z1v—
Ak+1 = i(Ak'f'Bk‘)» Bk+1 :2(Ak1+Bk 1) L

Show that the iteration )
C]c+1 =<p(C/€) = §(Ck+AC,ng), Co = A,

generates a sequence such that Ay = Cy. Prove that the limit, if exists, is A#B. Moreover, prove that the
sequence may be not locally convergent in a neighborhood of the fixed point A#B (it is sufficient to prove
that p(Dp(A#B)) > 1).

Exercise 18. Let f be analytic in .
(i)Using the Cauchy formulae prove that, for a,b € Q, we have

1 f(2)

i ), oo —p =00

where + is a contour in €2 enclosing a and b.
(ii) Let A = ,[A;] be such that o(A) C €, use the Sherman-Morrison formula

A v AL

A *—1:A—1_
(A+uv?) 1+ v A-1y’



to show that
Df(A)[eie]] = fIAi, \jleie]

(iii) Prove that Df(A)[H] = [f[\i, \j]] o H, for each H € C™**".
(iv) Prove that if A is normal and U is such that U*AU = A = @,[\;] and with \; € Q, then

Df(A)[H] = UDf(A)[U* HUJU*.

Exercise 19. Let f,g : Q — C differentiable, and let X be a normal matrix such that o(X) C Q. Show
that

trace(f(X) Dg(X)[H]) = trace(f(X)g'(X)H).

Exercise 20. Let X, H be Hermitian matrices of the same size, with X positive definite.
(i) Let o(X) = || X||?, show that Dp(X) = 2trace(X H).
(i) Let ¥(X) = || log(X)||?, show that D (X)[H] = 2trace(X ~!log(X)H).
(iii) Let A be positive definite and set 64 (X) = 0(X, A)2. Use the fact that 6% (X) = 02(A1/2XA~Y/2) =
P(A/2X A~1/2) to prove that
D&% (X)[H] = 2trace(X ' log(X A~ H)

(iv) Let Ay, ..., Ay, be positive definite and set f(X) = >_'" %(A4, X). Show that the Euclidean gradient
of fis

> 22X log(X A,

i=1

while the gradient with respect to the Riemannian scalar product is

D 2Xlog(A;'X).
i=1
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