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The Karcher mean

Definition: The Karcher mean G = G(Ay, ..., Ax) is the matrix G where

the following function takes its minimum.
A3

k /

K _1 _1
f(X) =) d(X.A)> =) |llog(A; *XA; )| O
=1

i=1 / \

Al A2

Property: The Karcher mean is unique and satisfies the 10 ALM axioms
It is also called least squares mean, or Riemannian mean [Moakher],
[Bhatia], [Holbrook], [Jeuris, Vandebril, Vandereycken], [Lawson, Lim].

Existence and uniqueness follow from the fact that f(X) is geodesically
convex, i.e., it is convex along any geodesic
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The Karcher mean

The point where the function takes its minimum is the unique positive
definite matrix which solves the equation V£ (X) = 0, where Vf(X) is the
gradient of f(x).

The gradient of f(X) is
k k
VA(X)=2X"1) log(XA ") =2) log(A " X)X?
=1 =1

k
=2X72 Y log(X2A1X2)X 2
i=1
This way, the Karcher mean can be viewed as the unique positive solution
of the matrix equation Vf(X) = 0, that is

k
) log(A71X) =0
=1
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Solving matrix equations: Fixed point algorithms

A class of algorithms to solve a matrix equation of the kind H(X) =0 is
based on generating a matrix sequence as follows

Xu+1 = (X)), v=0,1,2,...
Xo given

where the matrix function ¢(X) has a fixed point G, i.e., such that
p(G) =G
if G is such that H(G) = 0. Possible examples
p1(X) = X —OH(X),  @a(X) = X exp(—0H(X))
where 6 # 0, and for ¢, X has real eigenvalues.

This way, if ¢(X) is continuous and the sequence X,, converges to a limit
G then G = ¢(G) and G is solution to the matrix equation
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Their convergence analysis

Let ¢(X) be a matrix function and L,(Y, E) its Fréchet derivative at Y.

Then
p(Y +E)—p(Y) = Lo(Y, E) + o(|E]]) = L(Y, E)

Let G be such that G = ¢(G) andset Y =G, E =X — G. Then
p(X) = G = @(X) —¢(G) = L, (G, X - G)
Therefore, denoting E,, = X, — G the error at step v then
E,i1=L,(G,E)
Local convergence depends on the linear map E — L, (G, E).

There exists a neighborhood U of G such that for any Xy € U the
sequence X, converges to G if the spectral radius of the linear map
E — L,(G,E) is less than 1.
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Let e, = vec(E,) and rewrite equation
E,+1=L,(G,E)

In matrix-vector form as

where K,(G) is the n® x n® matrix which represents the linear map
E — L,(G,E) in terms of vec(E). Then

Q & = KSO(G)VG()
e ||K,(G)| < 1, for some operator norm || - ||, provides local
convergence;

@ the reduction of the norm error at any step is determined by ||K,(G)|

e p(K,(G)) gives the asymptotic average of the error reduction per
step In any vector norm

o if p(K,(G)) =0 and the function is sufficiently regular, then
convergence is at least quadratic
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Algorithm 1

For 8 > 0, define

K k
p(X) = X = 0X 3 log(A;1X) = X — 0X: (Z Iog(X%A,lxé)> X3
i=1 i=1

Remarks

® The correction coincides with 30XV (X)X

@ If 0 is small enough, the sequence X, is formed by positive definite
matrices

o X = ¢(X) if and only if X 3% log(A~1X) =0

@ Therefore, ¢(X) has only one positive definite fixed point X. It
coincides with the solution of the equation Zf:l log(A1X) =0

o If lim, X, = X then 5(2?:1 log(A71X) =0
o If X is positive definite then Zf;l log(A1X) =0
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Algorithm 1

In the case of scalars, choosing 6 = % the function (X) turns into

x|

k
p(x) = x(1 — log E)? — <H ai>

The geometric mean g is the positive fixed point of p(x).
Moreover, since ¢'(x) = — log g, it holds that
©'(g) =0
Therefore if convergent, the sequence x, converges quadratically to g

Is this property true also in the matrix case?
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Another algorithm: Algorithm 2
For 6 > 0 define

k
(X)) = X exp (-9 > |og(A,1X)>
iI=1

Remarks
@ the sequence is formed by positive definite matrices
o X = ¢(X) if an only if X 3%, log(A:71X) =0
@ Therefore, ©(X) has only one positive definite fixed point X. It
coincides with the solution of the equation fozl log(A1X) =0

o If lim, X, = X then 3% log(A71X) =0

@ Approximating exp(Y) with I + Y in ¢(X) provides the function ¢ of
Algorithm 1.
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Another algorithm: Algorithm 2

In the scalar case, with 8 = 1/k, the function ¢(x) turns into

—Iogg =Xx==4g

p(x) = xe "

Therefore, in one step the sequence arrives at convergence

What happens in the matrix case?
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Yet another algorithm

The matrix equation
k
> log(A71X) =0
i=1

2

can be viewed as a system of n® equations in n®> unknowns

f(x)=0, xeR”, f:R” 5 R"
We can apply Newton's iteration to this system and get

Xyt1 = Xy — J(X,,)_lf(x,,)

If the Jacobian J(x) of f is nonsingular at the solution g then the
sequence x, has a local convergence which is at least quadratic.

The drawback of this approach is that at each step we have to solve a
linear system of size n°. If we do not exploit specific structures of the
Jacobian, then the computational cost grows as O(n®).
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Yet another algorithm

For the function Zf‘zl log(A:1X), the Jacobian has a structure which is
hardly exploitable.

Using the expression of the Fréchet derivative of the matrix logarithm
[Higham, Function of Matrices 2008], one can prove that

k
J=>) (I® (X TA))h(log(AX) @1 — I @ log ATTX)(1 @ A7),
=1
t
h —
()=

Question: s it possible to solve an n® x n? system with the coefficient

matrix J in O(n3) operations? It is very unlikely
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Analysis of Algorithm 1
Recall that E,41 = L,(G,E), E, =X, -G

Problem: evaluate the Fréchet derivative L,(G, E) of ¢(X) at X = G in
the direction of E.

Properties of the Fréchet derivative:

Lgin(X, E) = Lg(X, E)h(X) 4+ g(X)Ln(X, E) product rule
Lgon(X, E) = Lg(h(X), Ly(X, E)) chain rule
Lea(F(X),E) = L;1(X,E) derivative of inverse functior

k k

P(X) =X =X Y log(A;1X) = X =6 i(X),
i=1 =1

i(X) = X log(A;'X)

For simplicity consider 1)(X) = X log(A~1X) and compute Ly (X, E).
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Properties:

Lgsn(X, E) = Lg(X, E)h(X) 4+ g(X)La(X, E) product rule
Lgon(X, E) = Lg(h(X), Lp(X, E)) chain rule
For simplicity consider 1(X) = X log(A~1X) and compute Ly (x, E).

Applying the product rule with g(X) = X and h(X) = log(A~!X) and
then the chain rule with h(X) = A71X, g(X) = log(X) yields

Lu(X,E) = Lx(X, E)log(A™1X) 4+ X Ligg(a-1x)(X, E)  product rule
= E log(A™'X) + X Liog(a-1x) (X, E)
= E log(A™1X) + X Liog(A~1X,A71E) chain rule
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Ly, (X, E) = E log(A: ' X) + X Liog(A ' X, A71E)

Recall that
k

P(X)=X =0 pi(X)
i=1
so that

k k

Lo(G,E)y=E —0E) log(A;'G) —0G ) Liog(A7"G,AT'E)
i=1 i=1

But G solves the matrix equation so that the blue part is zero. Thus,

k
Lo(G,E)=E —0G > Lig(A7'X,AT'E)
i=1
In matrix-vector form vec(L,(G, E)) = K,(G)vec(E)

k
Ko(G)=1-0(1®G)> Kig(AT1G)(I ® A7)
=1
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It remains to evaluate Kiog(A-'G). From the rule of inverse function
derivative one has Kjog(X) = K&é(Y), Y =log X

From [Higham, Function of Matrices 2008] one has
Keo(Y) = 1(YT @1~ 1@ Y)(I @exp(Y)), (1) = (e — 1)/t

so that

Kiog(X) = (1© X" )B(log XT @1 — I @log X), B(t) = % _t/(ef 1)

replacing this expression in

k
Ko(G)=1—-0(1®G)) Kiog(AT'G)(I ® A1)
=1

yields

k
Ko(G)=1-0) Blog(GA;)® 1 —I®log(GATY)), B(t) =t/(e' —1)
=1
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k
Ko(G)=1-0) Bllog(GAT )@ 1 —I®log(GATY)), B(t) =t/(e' —1)
=1

e+1 = Kyo(G)e, e =vec(E,), E, =X -G

Introduce E, = G_%E,/G_% = G_%X,/G_% — | so that for g, = vec(Ey) it
holds that

841= (G20 G 2)K,(G)(G 2 ® G 2)8, = K,(G)s,

k
RSO(G) == QZB(M’ @1 —1® M), M= G_%Ai_lG—%
i=1
wich shows that R«p is symmetric. Moreover, M; are positive definite and

since the function 3(t) takes positive values also the matrices in the
summation are positive definite as well their sum.
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Theorem

Let G be the Karcher mean of A1, ..., Ak, let X, be the sequence defined
by Xy+1 = ¢(X,) with

k
P(X) =X —6X > log(A7'X)
=1
Define E, = GY2(X, — G)G~/2, @, = vec(E,). Then
e 1= —0H@ H=Y".,H
H; = B(log(M;) ® | — | ® log(M;)), B(t) =t/(e" —1)

M; = G1/2Ai—1 G1/2

Remark

M; are symmetric positive definite as well as H; and H. Therefore, for
6 > 0 small enough, | — OH has spectral radius less than 1 and the

method is locally convergent
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Question:

What is the best choice of 8 which minimizes the spectral radius of
| —OH?

o The eigenvalues of | —OH are 1 —OX\;(H), j=1,...,n*. If m< M
are the minimum and maximum eigenvalues of H, respectively, then

for O = MLJFm we get the minimal spectral radius that is Mjrﬁ
rhOA

rho=max abs(1-theta*lambda)

(M-m)/(M+m)

e
/M 2/(m+M) l/lambda 1/m theta
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@ From the Courant-Fischer theorem it holds that for any pair A, B of
real symmetric matrices

Amin(A)_F)\min(B) < )\min(A+B) < Amax(A‘FB) < )\max(A)+)\max(B)

Therefore
k k
Z )\min(Hi S < Z max(Hi)
i=1 i=1
@ Since the function S(t) is decreasing, then
log ¢; log ¢; Amax(M;)
)\min HI — ) )\m X HI — ¢ , [ =
( ) C,'—]. 2 ( ) ¢ C,'—]. ¢ Amin(Mi)
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Combining the above properties one gets the optimal value

k
A ; 2
p(l —0H) < %:':Ci(l)gc , for 0=
D ic1 ci—1 log ¢ D ic1 c—1 log ¢;
where \ (M)
c= Zmad T v~ GIATLG
y )\min(Mi) 7 :

Remarks:

@ ¢; close to 1 for any i/, i.e., M; well conditioned, implies p close to 0,
that is fast convergence

@ Recall that d(A;, G) = || log M;||. If for any i, A; is close to G in the
Riemannian metric then M; is close to /, ¢; is close to 1 that is,
convergence is fast.

e If A; commute, then H; = I so that for # = 1/k one has | — §H = 0.
That is convergence is at least quadratic

e If A; almost commute but are “far” from each other, then 6 = 1/k
leads to failure

D.A. Bini (Pisa) Matrix geometric means Trieste 2013 22 /51



Some numerical experiments

Number of iterations for k random matrices with condition number 102
and 10%, respectively, where we set Xy equal to the Cheap mean.

k 3 4 5 6 7 8 9 10
cond=10% | 17 17 16 16 15 15 14 14
cond=10% | 41 37 35 31 29 29 29 28

Number of iterations for 10 random matrices with condition number 20
and 10°, respectively, lying in a neighborhood of radius e.

€ 05 107! 102 103 10°*
cond= 20 5 4 2 1 1
cond= 10° | 22 19 14 12 6
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Implementation

The choice of the optimal value of § can be performed by replacing G with
the current approximation X, in the expression

¢ = cond(M;), M;=G2A7'G>

Since cond(M;) = cond(M; ') we use the expression
ci = cond(G_%A,-G_%)

The computation of the correction (scaled gradient) and of the optimal
value of 6 can be performed simultaneously by the following function

function [w,thetal=correction(varargin)

T
T
T
T
T

[w,theta]=correction(Al, ... ,Ak,X)

compute the correction

-S*sum(log(SI*A_i*SI))S, S=X"{1/2}, SI=inv(S)

at X and provides the optimal theta

theta=2/(sum log(c_i) (c_i+1)/(c_i-1)), c_i=cond(SI*A_ix*SI)
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Implementation: Computing the correction and the
optimal 6

A=varargin; p=length(A); X=A{p}; k=p-1;
n=length(A{1});
sqgx=sqrtm(X); isqx=inv(sqgx); v=zeros(n); theta=0;
for i=1:k
M=isqx*A{i}*isqgx;
c=cond (M) ;
if ¢ I=1
theta=theta+(c+1)*log(c)/(c-1);
else
theta=theta+2;
end ;
v=v+logm (M) ;
end
W=—SQX*V*S(QX;
theta=2/theta;
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Implementation: the Karcher mean

function [G,iter]=karcher(varargin)

% [G,iter]=karcher(A_1,...,A_k) computes the Karcher mean by the
%» Richardson-like iteration X_new= X+theta*S*sum(log(SI*A_i*SI))S
% S=X"{1/2}, SI=inv(S), with optimal theta

b Al,...,Ak: positive definite matrices
A G: the Karcher mean of Al,...,Ak
% iter: the number of iterations needed

A=varargin; k=length(A); n=length(A{1});

tol=1d-11; maxiter=1000; X=cheap(A{});

for iter=1:maxiter
A{k+1}=X; [C,thetal=correction(A{}); err=norm(C); X=X-thetax*C;
if err<tol ©break end

end

G=X;

if iter==maxiter
disp(’Reached the maximum number of iterations’);

end
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A cheaper formula
In order to avoid inversion of A; we used the formula
log(X2A71X2) = —log(X 2A:X"2)

A less expensive formula can be derived by replacing X with the Cholesky
factorization X = LLT, where L is lower triangular:

k
P(X) =X —6X > log(A7'X)
=1

k
=X —0LY log(LTATTL)LT
I=1

k
=X +0LY log(L™'AL=T)LT
=1
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Computing L and L1 is much cheaper than computing X1/2 and its
1 1
inverse. Moreover, L~YA;L~T has the same eigenvalues of X"2A;X "2 so

that
¢; = cond(M;) = cond(L™tA;L™T)

Proof:
det(L7YA;L™T — \;) = det(A; — ALL") = det(A; — AX)
= det(A; — AX2X2) = det(X 24, X2 — A )det X

Therefore in the correction function it is enough to replace
sqx=sqrtm(X); with sqx=chol(X)’;

and to add some trasposition, i.e., to replace
M=isqx*Ai*isqx; with M=isqx*Ai*isqx’;

and w=-sqx*v*sqgx; with w=-sqx*v*sqx’;
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Analysis of Algorithm 2

k
o(X) = X exp (—QZ Iog(AilX)>
i=1
1 a 1 1 1
= X2 exp (92 |og(XzA,1Xz)> X2
Since exp(X) = I + X + O(X?), the function ¢(X) can be written as
k
P(X) =X —6X > log(A7X) + O(X?)

=1

so that ¢(X) has the same Fréchet derivative as the function ¢(X) of
Algorithm 1.
Therefore, the same analysis applies.
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Other algorithms

Inductive Mean (Spiral Descent) [Holbrook]
Su+1 = A 1ALL (v mod n)y 91 € Py
G=1IlmS§S,

The t-power mean [Lim, Palfia is the unique solution G; € P, to the the
matrix equation

k
1
X =7 ; X#A
It holds that

t—0
The t-power mean can be computed by using the iteration

K
1
Xo41 = P E Xt Ai
i—1

Convergence is linear with reduction of the error per step 1 — t.
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function [G,iter]=inductive_mean(varargin)
A=varargin; k=length(A); n=size(A{1}); tol=1.e-7; maxiter=100(
S=eye(n) ;
for iter=1:maxiter
h=1+mod(iter,k);
Sl=sharp(S,A{h},1/iter);
if norm(S-S1)<tol break end
S=S1;
end
G=S1;
if iter==maxiter disp("reached the max number of iterations")
end
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Structured mean: definition and algorithms

Fact: Unfortunately, the Karcher mean does not preserve structure.
Al,.. Ak e ACP, & G(A1,...,Ax) e A

2 1 0 0 1.3590 0.3860  —0.0611  0.0173

] 11 2 1 o0 B . 0.3860 1.2978 0.4034  —0.0611
Example: A = o 1 2 1 | B=1 G= —0.0611  0.4034 1.2978 0.3860
0 0 1 2 0.0173  —0.0611  0.3860 1.3590

A different definition is needed [B., lannazzo, Jeuris, Vandebril 2013]:

Let o(t) : RT — R™" be a differentiable map and define A = o(R?) NP, where
P, is the set of positive definite matrices.

Definition (Structured mean)

The structured mean with respect to A of the matrices
Ai=o(a))e A, a€eRY i=1...k

Is the set
Gu={X=o0(t)e A: f(X):\ern;f(Y)}

v
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Properties that we can prove

@ G4 is not empty if A is a linear space
e If A is geodesically convex, then the structured mean coincides with

the Karcher mean.
o If o(RY) is a matrix algebra then it is geodesically convex

@ the structured mean is not generally unique
Example of non uniqueness
Let A=/, B =diag(a,a™ 1), o(t) =A+t(B—-A),0<t<1.
the function f(t) = 6?(o(t), A) + 6%(o(t), B)
is symmetric w.r.t. t =1/2 and for a« = 100 is such that

54
52
50
43
48 i
44 1
42 g
9 01 oz 03 04 05 06 07 08 09 1
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Properties that we can prove

Self duality G(Aq,...,A)"1 = G(A[', ..., A !) is satisfied in the
following form

Ga(AL, .. A = Gaa(AY . LAY, ATT={AT1: AcA

The inverse of the structured mean w.r.t. A coincides with the structured
mean of the inverses w.r.t. A1

Congruence invariance G(STA1S,...,STAS) =STG(Ay,...,AL)S is
satisfied in the following form

Gst 4s(STALS,...,STALS) = Ga(A1, ..., Ax)
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Properties that we can prove

Joint homogeneity G4(a1A1,...,akAx) = (I]; @)Y G(A1,..., Ax) holds
if A is a linear space

Permutation invariance
Repetition invariance: G(Al, oL AR AL ,Ak) = G(Al, e ,Ak)

Monotonicity is false: there are counterexamples
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Computing the structured mean: A vector equation

The set of structured means G = o(g) is a subset of the set of stationary
points for f(o(t)), i.e., Vif(o(t)) =0

The vectors g are the solutions of the vector equation
V:f(t;a1,...,ax) = 0 such that o(g) is positive definite

From the chain rule of derivatives, this leads to a vector equation which,
for A linear space, takes the form

UTvec(M(o(t))) =0, T(X)= 1Z|og (XA

where o(t) : R9 — R™" is linear and vec(o(t)) = Ut for U € RI*™
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An example: Toeplitz matrices

A matrix A = (a;;) is Toeplitz if a;j = ti_;

i o t1 b |
o((to,t1,2)) = | t1 to t
| o 11 to |

vec(a(t)) = (to, t1, ta, t1, to, t1, to, t1, to) |

01 0
U’ = 0
0

o O+
o = O
=R O O

0 0 1
110 1 O
0|1 0 O

1
0
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Algorithms for solving the matrix/vector equation
In the structured case we consider iterations of the kind

) = (), p(t) =t = OV(1) V£ (1)

where V/(t) is a suitable invertible matrix.
Remarks:
o If V(t) is the Jacobian matrix of V:f(t) then the algorithm is

Newton's iteration
@ The Jacobian of V:f(t) can be obtained as U Kr U where Kr is the

matrix which represents the Fréchet derivative of ['(X). Using the
same technique as before yields

k
Kr(X)==X"") log(XA7 ) @ X!
=1

k
+) (AT XTHB(W) (I @ AXTT)
=1
W =log(XA Y@l —I®log(XA™Y),  B(z)=z/(e* —1)
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Newton's iteration is very expensive: the Jacobian depends on all the
matrices A1,..., A,

Cheaper iterations can be obtained by looking for a matrix V' which
depends only on the current approximation. Here are some possibilities:

@ V(t)=D, D=UTU

Q@ V(t) = [UT(a(t“)_1 ® a(t)_l)U}

@ VIi(t) =D U (o(t) @ o(t))UD™!

Motivation:

© projected gradient descent method w.r.t. the Euclidean inner product
(A, B) = trace(AB)

© projected gradient descent method w.r.t. the “natural” scalar product
(A, B)x = trace(AX1BX1)

© ‘projected version” of the transformation performed in the
unstructured case: Vxf — X (Vxf)X
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Convergence analysis

Convergence analysis can be performed by computing the Jacobian of
@o(o(t)) through the Fréchet derivative of I'(X)

By performing a convergence analysis similar to that of the unstructured
case one finds that the Jacobian of (t) in G is

J=1-0V Ul ® G)H(I @ G 1)U
where H is the same as in the unstructured case, that is
H — Z H: H; = B(log(M;) ® | — | @ log(M;))

ﬁ(t) — t/(et — ].) M; = G1/2Ai_1G1/2
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In the case of the second algorithm we find exactly the same bounds of the
unstructured case:

k
I ; 2
p(J) < %: +<1)gc for 0= ¢ il
>y S log e >y St log
where
)\max(Mi) 11,1
C,':)\ (M), M,:G2Ai G2

D.A. Bini (Pisa) Matrix geometric means Trieste 2013 41 / 51



Some experiments
Case 1: n=10, k=5, e =103

A; = H + €Toep(rand(n, 1)),

cond(H) = 2.5

Case 2: n=10, k=5, e = 1073

Ai = H + e¢Toep(rand(n, 1)),
cond(H) = 132.36

Case 3: n=10, k=5,e=103 A, = Toep(t),
t= rand(n,1); t(1)=t(1)-min(eig(Toep(t)))+1.e-3;

Number of iterations
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Case | lter. 1 | lter 2. | lter. 3
1 33 3 11
2 | > 1000 3 47
3| > 1000 32 183

I=1,..

i=1,...

‘7k7

7k7

Trieste 2013

H = Toep([51...1])

H = Toep([n: —1: 1])
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Implementation: case of Toeplitz matrices
We need some functions:

function X=toep(t)
% X: symmetric toeplitz matrix whose first column is t
n=max (size(t)); X=zeros(n);
for i=1:n

for j=1:n

X(i,j)=t(abs(i-j)+1);

end

end

The matrix U

function U=Utoep(n)
% U = Utoep computes the n"2 x n matrix U such that Ut=vec(toep(t))
ey=eye(n) ;
U=vec (toep(ey(1,:)));
for i=2:n
U=[U,vec(toep(ey(i,:)))];
end;
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Implementation: case of Toeplitz matrices

Computing the projected gradient

function [w,thetal=projgrad(varargin)

% w=projgrad(tl,...,tk,x,U) computes the projected gradient
% w = [UT(X \otimes X))~ (-1)U]l~(-1) U"T vec(grad(X))

%» at x of the Toeplitz matrices toep(tl),...,toep(tk)

% U is such that vec(Ut)=toep(t)

t=varagin; n=length(t{1}); p=length(t); U=t{p}; k=p-2;
for i=1:k; ai{i}=toep(ti{i}) ;end

x=toep(ti{k+1}); ai{k+1l}=x;

[grd,thetal=grad(ai{});

utgrad=U’*vec (grd) ;

xi=inv(x); vv=U’*kron(xi,xi)*U;

w=(z\utgrad) ’;
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Implementation: Computing the gradient

function [w,thetal=grad(varargin)

% [w,thetal=grad(Al,...,Ak,X) computes the gradient

% w=—SI*sum(log(SI*A_i*SI))=*SI, S=X"{1/2}, SI=inv(S) at X and

% provides the optimal theta theta=2/(sum log(c_i) (c_i+1)/(c_i-1)),
% c_i=cond (SI*A_ix*SI)

A=varargin; p=length(A); X=A{p}; k=p-1;
n=length(A{1}); sgx=sqrtm(X); isqgx=inv(sqx); v=zeros(n); theta=0;
for i=1:k
M=isqx*A{i}*isqx; v=vt+tlogm(M); c=cond(M);
if ¢ =1
theta=theta+(c+1)*log(c)/(c-1);
else
theta=theta+2;
end;
end
w=—isqx*v*isqx; theta=2/theta;
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Implementation: case of Toeplitz matrices
Computing the structured mean

function [t, it]=toeplitzmean(varargin)

% t=toeplitzmean(tl,t2,...,tk,t0)
%» G=toep(t) is the structured geometric mean of the Toeplitz
%» matrices Al=toep(tl), ..., Ak=toep(tk) starting from toep(t0)

A=varargin; n=length(A{1}); p=length(A); itmax=100;
t=A{p}; k=p-1;
U=Utoep(n); A{k+2}=U;
for it=1:itmax
A{k+1}=t; [pgrd,thetal=projgrad(A{});
t=t-theta*pgrd; err=max(abs(pgrd));
if err<1.0e-12
break
end
end
if it==itmax
disp("Warning: reached the max number of iterations")
end
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Conclusions

Matrix geometric means (MGM) are needed in the applications
For two positive definite matrices there is a unique definition of MGM

For kK > 2 matrices there are many MGMs

The mean based on medians can be computed faster than the ALM
mean, however, the cost grows exponentially with k

@ The cheap mean has a polynomial cost but does not satisfy the
monotonicity property

@ The Karcher mean has the good properties: it requires the solution of
a matrix equation.

e Effective algorithms exist for solving this matrix equation

@ A structured mean has been introduced with the property of
preserving structures

@ An effective algorithm for its computation has been provided
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Some open issues and things to do

Global convergence of the Cheap mean

Monotonicity of the Cheap mean for close input matrices

Global convergence of the Richardson iteration for the Karcher mean
Analysis of the distances of the different geometric means

Conditions for the uniqueness of the structured mean

Structured means through positive parametrizations
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