Varieties of commuting matrices

Klemen Sivic

ETH Ziirich

Advanced school and workshop on matrix geometries,
ICTP, Trieste, 8" July 2013

Klemen Sivic (ETH Ziirich) Varieties of commuting matrices ICTP, Trieste, 8t July 2013 1/ 46



The problem

[ algebraically closed field.

Notation

C(d,n) = {(A1, A, ..., Aq) € My(F)9; A;A; = A;A, for each i and j}

N(d,n) = {(A1,Az,...,Aq) € C(d,n); A1,...,Aqarenilpotent }

Both sets are affine varieties in F97°.

The problem

For which positive integers d and n are the varieties C(d, n) and N(d, n)
irreducible?
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Applications

biology
physics

algebraic geometry: Hilbert schemes

commutative algebra: theory of modules over artinian commutative
rings
@ linear algebra:

> stability of invariant subspaces of commuting matrices
» dimension of commutative matrix subalgebras
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Introduction

Generic and r-regular matrices

Definitions
A matrix A € M,(F) is:
@ r-regular, if each its eigenspace is at most r-dimensional;

@ generic, if it has n distinct eigenvalues.

Notations
e R"(d,n) ={(A1,Az,...,Aq) € C(d, n); some linear combination of
Ai,...,Aq is r-regular}
e Ry(d,n) = R"(d,n)n N(d,n)
e G(d,n) ={(A1,As,...,Aq) € C(d, n); some linear combination of
A1, ..., Aq is generic}.
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Introduction

Proposition

o The variety C(d, n) is irreducible if and only if
C(d,n) = R(d,n) = G(d, n).

o The variety N(d, n) is irreducible if and only if N(d, n) = RY(d, n).

v

Proof

@ The set G(d, n) and all sets R"(d, n) are open in C(d, n) in the
Zariski topology, and Ry,(d, n) are open in N(d, n).

@ A matrix that commutes with 1-regular matrix is a polynomial in that
matrix.

e R(d,n) and G(d, n) are irreducible and of dimension n? + (d — 1)n.
o R} (d,n) is irreducible and of dimension n> — n+ (d — 1)(n — 1).

Corollary
If N(d, m) is irreducible for each m < n, then C(d, n) is irreducible.

v
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Introduction

Dimension of d-generated commutative matrix algebra

Theorem (Gerstenhaber, 1961)

If the variety C(d, n) is irreducible, then each unital algebra generated by
d-tuple of commuting n X n matrices is at most n-dimensional.

Idea of the proof
o dimF[A1, Ay, ..., Aq] < nis closed condition in the Zariski topology.

@ The variety
V= {(Al,AQ, . 7Ad) € C(d, n);dimIF[Al,Az, 500 ,Ad] < n}

contains G(d, n).

o Irreducibility of C(d, n) implies C(d,n) = G(d, n), hence
VY = C(d, n).
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Known results

More than 3 matrices

Proposition (Guralnick, 1992)

For n > 4 the commutative algebra of all n x n matrices of the form

ai
az

dn—4
d
f

o
o o 0O

| b

is (n + 1)-dimensional and generated by 4 matrices as a unital algebra.
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Known results

Corollary
Ifd > 4 and n > 4, then C(d, n) is reducible.

Proposition (Schur, 1905)

Al A

The commutative algebra of all n x n matrices of the form 0\

where A € F, A € My (n—m)(F), m = | 3] is (m(n — m) + 1)-dimensional.

|

v

Corollary (Gerstenhaber, 1961)
If d > n> 4, then N(d, n) is reducible.

Proposition (Kirillov, Neretin, 1984; Guralnick, 1992)
If n <3, then C(d,n) and N(d, n) are irreducible for each d.
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Known results

Pairs

Theorem (Motzkin, Taussky, 1955)

For each positive integer n the variety C(2, n) is irreducible.

Proof
e (A, B) € C(2,n) arbitrary pair.
@ B commutes with some 1-regular matrix C.
o The line £L = {(M + (1 — \)C, B); A € F} intersects RY(2, n).

@ Line is irreducible, therefore £ C R1(2, n). In particular,
(A, B) € R1(2,n).

Generalization (Richardson, 1979)

If g is a reductive Lie algebra over F and charF = 0, then the commuting
variety C(g) = {(x,y) € g x g; [x,y] = 0} is irreducible.

v
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Nilpotent pairs

Theorem (Baranovsky, 2001; Basili, 2003)
If charF = 0 or charF > 7, then the variety N(2, n) is irreducible.

Generalization (Premet, 2003)

Let g be a semisimple Lie algebra over F and assume that charF is good
for the root system of g. Then the nilpotent commuting variety

C"(g) = {(x.y) € g x g;[x,y] = 0, x, y nilpotent}

is equidimensional and its irreducible components are parametrized by the
distinguished nilpotent orbits in g.

In particular, N(2, n) is irreducible for each n in any characteristic.

Klemen Sivic (ETH Ziirich) Varieties of commuting matrices ICTP, Trieste, 81" July 2013 10 / 46



Triples

Theorem (Holbrook, Omladi¢, 2001)
The variety C(3, n) is reducible for n > 29.

Idea of the proof
The set of all triples (A, B, C) € C(3,29) with A similar to the matrix

0 /g 00
0 0 /g O . . .

Abg + 00 0 0 for some A € F is contained in a proper
0 0 0O

subvariety of C(3,29) of dimension at least 292 + 2 - 29.

Theorem (Guralnick, Sethuraman, Holbrook, Omladi¢, Han, KS.)
If charF = 0, then C(3, n) is irreducible for n < 8.

v
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Known results

Nilpotent triples

Theorem (Clark, O'Meara, Vinsonhaler, 2011)
The variety N(3, n) is reducible for n > 13.

Theorem (Young, 2010)
The variety N(3,4) is irreducible.
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Aproximation by 1-regular commuting matrices

Reductions

Lemma

If o : C(3,n) — C(3,n) is a polynomial map that maps R*(3, n) to itself,

then (A, B, C) € RY(3, n) implies (A, B, C) € R1(3, n).

Corollaries
@ The property that a triple from C(3, n) belongs to R1(3, n) depends
only on the algebra generated by the triple.
@ While proving that a triple belongs to R1(3, n) we can simultaneously
conjugate the matrices in the triple by any invertible matrix.

@ We can assume that one of the matrices is in the Jordan canonical
form.

The same reductions can be made in the nilpotent case.
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Aproximation by 1-regular commuting matrices

Lemma

If C(3, m) is irreducible for each m < n and if all matrices in a triple from
C(3,n) commute with a matrix having two distinct eigenvalues, then the

triple belongs to G(3, n).

Corollary

Only triples of commuting matrices that span a vector space of nilpotent
matrices have to be considered.
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Aproximation by 1-regular commuting matrices

Simultaneous commutative approximation

e (A, B, C) any triple of commuting (nilpotent) matrices.

e X,Y,Z € M,(F) such matrices that A+ AX, B+ AY and C + \Z
commute for each A\ € F (and they are nilpotent if we are proving
irreducibility of N(3, n)).

@ Suppose that for each A from some open subset of F the triple

(A+ AX,B+ \Y,C + \Z) belongs to R1(3, n) (respectively
RY(3, ).

Typically this happens if some linear combination of A+ AX, B+ AY
and C + A\Z either has higher rank than A, B and C or (in the case of
C(3,n)) it has two distinct eigenvalues.

e Then (A, B, C) € RY(3, n) (respectively R (3, n)).
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Commuting pairs in the centralizer of the given matrix

Variety of commuting pairs in the centralizer of a matrix

Notations
For A € Mp(F) let:
o C(A) ={B e M,(F); AB = BA}: the centralizer of A.
e N(A) = {B € C(A); Bnilpotent}: the nilpotent centralizer.
o Gy(A) = {(B,C) € C(A) x C(A); BC = CB}.
o Nr(A) = G(A)N (N(A) x N(A)).

Proposition
If Co(A) is irreducible for each n x n matrix A, then C(3, n) is irreducible.

v

Theorem (Neubauer, Sethuraman, 1999)
If A is 2-regular matrix, then Cy(A) is irreducible.
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Commuting pairs in the centralizer of the given matrix

Pairs of 1-regular matrices in G,(A)

Notation
Ry(A) ={(B, C) € Gi(A); B or C 1-regular }.

Proposition

For each A € My(FF) the closure Rx(A) is irreducible variety of dimension
dim C(A) + n.

Corollary

Co(A) is irreducible if and only if Ry(A) = Co(A).
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Irreducibility of CG,(A) in 3-regular case

Using simultaneous commutative approximation by pairs of 1-regular
commuting matrices in the centralizer of A we obtain:

Theorem
If A is 3-regular matrix, then Cy(A) is irreducible. J
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Reducibility of C3(A) in 5-regular case

Proposition

For A= the variety Co(A) is reducible.

O O O O oS
O O O oS O
OO OS Oo

O O O O oo
O O O O oo
OG- OO oo
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Commuting pairs in the centralizer of the given matrix

Proof of the proposition

The variety of all pairs (A4 + B, uha + C) € G(A) with B and C of the

form

O OO o oo

B>

Bs
B>
By

By
Bg

Bs [

(@)
I
cocoococoo

has dimension at least 72 = 14 4 dim C(A).

Klemen Sivic (ETH Ziirich)
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G G G G G
0 G G 0 G
0 0 G 0 0
0 0 0 0 0
0 G G 0 G
0 0 G 0 0 |
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Commuting pairs in the centralizer of the given matrix

4-regular cases

Theorem

Let char[F = 0 and let A be a 4-regular matrix whose Jordan canonical
form has at most two nonzero Jordan blocks for each eigenvalue. Then
Co(A) is irreducible.

Corollary

Let charF = 0. If A € My(F) is either 3-regular or 4-regular and its Jordan
canonical form has at most two nonzero Jordan blocks for each eigenvalue,
then for each pair (B, C) € Cy(A) the triple (A, B, C) belongs to G(3, n).

V.

For general 4-regular matrices A the problem of (ir)reducibility of C,(A) is
still open.
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Commuting pairs in the centralizer of the given matrix
The set D,(A)

Notations
For a nilpotent n X n matrix A let:
e D(A)={B € N(A);dimF[A, B] = n}.
o Dy(A)={(B,C) € Na(A);dimF[A, B] = n}.

Lemma

The sets D(A) and D»(A) are Zariski open in N(A) and Na(A),
respectively.

Lemma (Basili, 2003)
The variety N(A) is irreducible and of dimension dim C(A) — dim ker A.

v
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Commuting pairs in the centralizer of the given matrix

Proposition

D, (A) is irreducible and of dimension dim C(A) — dimker A+ n — 1.

Proof
o Let A, B be nilpotent n x n matrices with dimF[A, B] = n.

o If C commutes with A and B, then C € [F[A, B] by the theorem of
Neubauer and Saltman.

@ If the Jordan canonical form of A has Jordan blocks of orders
n>mn>--->ng>1, then

{AB/0<j<k-10<i<ny—1}

is a basis of F[A, B] by the theorem of Barria and Halmos.
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Commuting pairs in the centralizer of the given matrix

@ The polynomial map : D(A) x Fm~1 x F™ x ... x F™ — Dy(A)

defined by

@(Ba (C217 ORI Cn11)7 (C127 s ooy Cn22) ey (C1k7 ey ank)) =

(B Z cn AT+ Z Z cATB

j=2 i=1
is bijective and a birational equivalence.
.
Corollary
No(A) is irreducible if and only if Dy(A) = Na(A).
v
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Commuting pairs in the centralizer of the given matrix

Irreducibility of N,(A) in 2-regular case

Theorem
If A is 2-regular nilpotent matrix, then Ny(A) is irreducible.

Proof in the case when the Jordan blocks of A are of the same size

o hL --- 0
e A= :
0 b
0
Bl B2 Bk Cl (_‘2 Ck
o B= B e
Bl 82 Cl C2
B G
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Commuting pairs in the centralizer of the given matrix

o If By #0, then dim(ker AN ker B) = 1 or dim(ker AT Nker BT) = 1,
and dim[F[A, B] = n by the theorem of Kogir.

@ Let By = C; = 0 and assume that By is not scalar. Then
B, G, = By, therefore G, = al, + BB5 for some «, 5 € F. We can
add polynomials in A and B to C, so we can assume that (; = 0.
Similarly C3 == Ck—l = 0.

@ The set of all n X n matrices that are not generic is
(n? — 1)-dimensional variety defined by det pi (X) = 0, where p is
the derivative of the characteristic polynomial of X.

@ There exist p, v € F such that uBy — vCy is not generic.
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Commuting pairs in the centralizer of the given matrix

o If v =0, then we can assume that B, is nilpotent. Then

B, Bs --- B, 0
B, Bs --- By
X = o se is nilpotent, it commutes with B
B, Bs
B>

and (B, C 4+ AX) € Dy(A) for X # 0.
o If v # 0, then we can subtract %Ak_zB from C, so we can assume
that Cy is not generic and we can proceed similarly as above.
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Commuting pairs in the centralizer of the given matrix

@ Suppose that By is a scalar. There exists C; that is not a scalar.

0 ¢ - CG 0 --- 0
0 ¢ -+ C 0
Then X = 0 C --- Cx | isnilpotent, it
0 G
0 -

commutes with C and (B + AX, C) € Dy(A) for A # 0.

Corollary

If (A, B, C) € N(3,n) and A is 2-regular, then (A, B, C) € R}(3, n).
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Reducibility of Ny(A) in 3-regular case

Proposition

For A= the variety No(A) is reducible.

OO +~r O OO

O O O O oo
OO o oo
O O O o+ o
O O O O oo
O O O o oo
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Only one nonzero Jordan block

Proposition

Let k < n and assume that each triple of commuting nilpotent n x n
matrices whose linear span contains a matrix of rank at least k belongs to

RY(3,n). If (A, B, C) € N(3,n) and the Jordan canonical form of A has
one Jordan block of order k and n — k zero Jordan blocks, then

(A, B, C) € RL(3, n).

Remark

The same result for triples from C(3, n) was proved by Holbrook and
Omladig.

Remark
Additional assumptions have no influence on the irreducibility of N(3, n).
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More zero than nonzero Jordan blocks

Proposition

Let k < n and assume that C(3, m) is irreducible for each m < n and that
each triple of commuting n X n matrices whose linear span contains a
matrix of rank at least k belongs to G(3,n). If (A,B,C) € C(3,n),
rank A = k — 1 and the Jordan canonical form of A has more zero than

nonzero Jordan blocks, then (A, B, C) € G(3,n).
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Algebra with radical of square zero

Theorem (Holbrook, Omladi¢, 2001)

If commuting n x n matrices A, B and C generate an algebra with radical
of square zero, then (A, B, C) € G(3,n).

Generalizations

@ If commuting n x n matrices A, B and C generate an algebra with
radical of square zero, then (B, C) € R2(A).

@ Let / >0, m>0and n=2/+ m, and assume that each triple of
commuting nilpotent n x n matrices whose linear span contains either
a matrix of rank at least / + 1 or a matrix with nonzero square
belongs to R; (3 n). If (A, B, C) € N(3,n) and the Jordan canonical
form of A has / Jordan blocks of order 2 and m zero Jordan blocks,
then (A, B, C) € Ry(3, n).
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Only one Jordan block of order exceeding 2

If A, B and C generate vector space of nilpotent matrices, then the square
of the algebra F[A, B, C] is zero if and only if the Jordan canonical form of
each linear combination of A, B and C has Jordan blocks of orders at
most 2 only.

Theorem

Let k >3, 1 >0 and n > k + 2/, and assume that C(3, m) is irreducible
for each m < n and that each triple of commuting n x n matrices whose
linear span contains either a matrix of rank at least k + | or a matrix with
square of rank at least k — 1 belongs to G(3,n). If (A, B, C) € C(3,n)
and the Jordan canonical form of A has one Jordan block of order k, |
Jordan blocks of order 2 and n — 2| — k zero Jordan blocks, then

(A,B,C) € G(3,n).
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Sketch of the proof for k > 4

o
Je 000
o oo
A= 0 0 0 0|’
0 0 0O
0 ei;a’ era’ +eb’ ec’
5_ dex_1” +fex” D E F
- de, 0 D 0 ’
gey " 0 G H
0 e1a’’ e +eb’ e’
C— d’ek_lT + f’ekT D’ E’ F’
N d/ekT 0 D’ 0
gen” 0 G' H’
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Triples of matrices with small Jordan blocks

e We can assume rank (0¢A+ fB+~C) < k+/—1and
rank (aA + 3B +vC)? < k — 2 for all a, 3,y € F, therefore
D=D'=0,H=H =0, and (BF +vF')(8G +vG’) =0 and
(BG +~G")(BF +~F') =0 for all 3,7y € F.

@ The only nontrivial case to consider is G = G’ = 0.

@ It turns out that we can assume that a and a’ are linearly
independent, therefore by conjugation we can get b = b’ = 0 and
c=c =0. Similarly, f =f = 0.
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Triples of matrices with small Jordan blocks

o It suffices to prove the existence of the matrices

00 0 O 0 0 0 O
0 Z 0 O 0 Z 0 0

X = 00 7 0 and Y = 00 7 0 | not both of
00U T o0 U T

them zero, such that XY = YX and BY + XC = CX + YB.
@ The equations XY = YX and BY 4+ XC = CX + YB are equivalent to

a’z =a''z, zd = Z4d, (1)

ZE' +EZ'+ FU =Z'E+ E'Z+ F'U, (2)
ZF' + FT'=Z'F+F'T, (3)

Ud + Tg = Ud+ T'g, (4)
77'=27'7, (5)

UZ'+TU =U'Z+T'U, TT' =T'T. (6)
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Triples of matrices with small Jordan blocks

o If Ahas p=n— k —2/ > 0 zero Jordan blocks, then the dimension of
{(Z,Z,U,U, T, T') € M|(F)? x Mpy;(F)? x Mp(F)?;
a’Z =a’z,zd =Zd,Ud + Tg = Ud+ T'g}
is at least 2/2 4+ 2pl + 2p? — 2/ — p, and the dimension of
{(Z,Z,U,U, T, T') € M|(F)? x Mps(F)? x Mp(F)?;
77 =72'Z,UZ + TU =UZ+T'U,TT =T'T,
ZE +EZ + FU =ZE+E'Z+FU,ZF + FT'=Z'F+ F'T}

is at least p? + p + 2/, therefore their intersection has dimension at
least p? and it contains some nonzero point.
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Triples of matrices with small Jordan blocks

@ If A has no zero Jordan blocks, then using the theorem on fibres of
polynomial map we show that the projection from

{(Z,Z,W, W x,X,y,y") € Mi(F)* x (F")*: Zgeneric and invertible,
727" =2'Z,ZW + WZ' = Z/W + W'Z,
xTZ' =x"2,2y = Z'y,xTy' =x'Ty}

to
(W, W, x,X,y,y') € Mi(F)? x (F))*;xTy' = x'Ty},

is dominant. The first set is of dimension 2/? 4 4/ and the second one
of the dimension 2/2 + 4/ — 1, therefore the set of all pairs

(Z,2') € (M(F))? satisfying ZZ' = Z'Z, a’ Z' = a'z zd =Z7d
and ZE' + EZ' = Z'E + E'Z has dimension at least 1 by the theorem

on fibres.
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Irreducibility of C(3, n) for n < 10

Let char[F = 0. The following cases of sizes of Jordan blocks remain to be
considered:

en=9 3321

e n=10: 4,3,2,1, 3,3,3,1, 3,3,2,2, 3,3,2,1,1.

Using simultaneous commutative approximation we prove that such triples
belong to G(3, n).

Theorem
For n < 10 the variety C(3, n) is irreducible.

Corollary

Each unital algebra generated by three commuting n X n matrices is at
most n-dimensional for n < 10.
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Irreducibility of N(3,n) for n <6

Proposition
If (A, B, C) € N(3,6) and the Jordan canonical form of A has Jordan

blocks of orders 3, 2 and 1, then (A, B, C) € Ry(3, n).

Theorem
For n < 6 the variety N(3, n) is irreducible.
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More than 3 nilpotent matrices

Reducibility of N(d, n) for d, n > 4 in almost all cases

We already know that N(d, n) is reducible for d > n > 4.

Theorem

Ifd >5andn>4orifd=4and n>6, then N(d, n) is reducible.

Proof

e m=|[3].

@ Let V be the variety of all d-tuples of the form
0 Im O 0 B G 0 By Cy4
o o o0f|,/]0 0 O ¢{,--,]0 0 O
0 0 O 0 0 O 0 0 O

where By, ..., By € Mm(F) and G,...,Cy € Mm><(n—2m)(]F)-

e Vis a subvariety of N(d, n), it is irreducible and of dimension
(d —1)m(n— m).
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More than 3 nilpotent matrices

e Define a polynomial map ¢: SL,(F) x V — N(d, n) by
(p(P, (Al,AQ, ... ,Ad)) = (P_1A1P, P_1A2P, R P_lAdP).

o All fibres are birationally equivalent to C(A1) N SLy(F), where

0 /In O
Ai=1| 0 0 0 |, therefore they are of dimension
0 0 O

m? +(n—m)? - 1.
@ Let VW be the closure of the image of the map ¢. Then

dimW = (d + 1)m(n — m) by the theorem on fibres.
olfd>5andn>4orifd=4and n> 6, then

dimW = (d + 1)m(n— m) > (d + n—1)(n — 1) = dim R},(d, n).
@ W is a proper subvariety of N(d, n), so N(d, n) is reducible.
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Irreducibility of N(4,5)

Theorem
N(4,5) is irreducible.

Proof
e For any (A1, Az, A3, As) € N(4,5) we have to show
(Al,AQ,A3,A4) € RI{I(4’5)'
@ The only nontrivial case is when Ay, Ay, A3, Ay are of rank 2 and
square zero.

0 L O 0 Bi a;
eA7;=]10 0 0[|,A=1]0 0 0 | fori=2,3,4 where
0 0O 0 0 O

B; € MQ(]F), a; € F2.
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More than 3 nilpotent matrices

@ Let U be the set of all quadruples (X1, X2, X3, Xs) € N(4,5) such

that Xj is 1-regular and for each i < 4, X; = g’ VZ‘} ] for some
1
strictly upper triangular Y; € My(FF), some Z; € My, 3(FF) and some

W; € Ms(TF).
o If (X1, X2, X3,Xq) € U, then X, X3, X4 are polynomials in X,
therefore U is birationally equivalent to F x N3 x Moy 3(F) x (F3[t])3,

where N,, denotes the variety of all nilpotent n X n matrices.

2

@ It is known that N, is irreducible and of dimension n“ — n for each n,

therefore U is irreducible and of dimension 25.
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More than 3 nilpotent matrices

o Let m: U — Mpy3(F)* be the projection defined by

Y, Z Yo 7 Ys Zs Yo Z ]\
T™lo wal']l o Wel'| O Wel’'| 0 Wl)™
= (217227 Z3,Z4).

@ Assume that 7 is not dominant. Then 7(U/) is a proper subvariety of
May3(F)*, therefore dim 7(U) < 23.

@ By the theorem on fibres all fibres of 7 have dimension at least
dimU — dim () > 2.

o If
000 100
Zl_[l 0 o]’z2_[0 1 0]’
010 00 1
23_[0 0 1]’24_[0 0 0]’

then dimn=1(Z1, 2>, Z3, Z4) = 1, a contradiction.
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More than 3 nilpotent matrices

o Therefore 7(U) is dense in My 3(F)*.

o If (Z1,2>,23,2Z4) € w(U) is arbitrary quadruple, then there exist
strictly upper triangular matrices Y1, Y2, Y3, Y4 € My(F) and
nilpotent matrices Wy, Wa, W3, Wy € M3(F) such that

Y. Z4 Y, 2 Ys Z3 Yo Z4
0O Wi |’ 0 Wo |[’| O W3 || 0O W,
belongs to R (4,5).
o Identify May3(IF) with the upper right corners of 5 x 5 matrices of the

form [ 8 ; ] Then m(U) C RY(4,5), therefore

M2><3(IF)4 = TF(U) - RI{/(475)'
o In particular, (A1, A2, A3, As) € R(4,5).
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