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A CMB map contains ~106 pixels. Information could be hidden in higher-order statistics. 
Bispectrum: angular 3-point function
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= 2.7± 5.8 (Planck ’13)
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Any little improvement of the current constraints may be very important!
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These modes re-enter the horizon and we observe them today... 

Each mode exits the Hubble radius,                      , and get frozen out the horizon with an almost 
scale-invariant spectrum:
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Beyond Gaussianity
Are there correlations between these modes?
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Gravity induces interactions which are suppressed by slow-roll:
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Any modification from this standard picture enhances non-Gaussianity:

➡ Modified inflaton Lagrangian: higher-derivative terms, DBI, ghost inflation, etc...
➡ Multi-field inflation; curvaton or varying decay rate reheating
➡ Alternative to inflation
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potentially contains a wealth of information about the source of perturbations
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Squeezed limit
kL ⌘ k1 ⌧ kS ⌘ k2 ⇠ k3

Maldacena ’02
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Maldacena’s consistency relation (for single-field models) in the squeezed limit:
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All single-field models predict negligible NG in the squeezed limit: a detection of local NG rules 
out all single-field models! 

Maldacena’s consistency relation (for single-field models) in the squeezed limit:



Intrinsic nonlinear effects
Even in the absence of primordial non-Gaussianity,                             , the CMB is non-Gaussian! h⇣~k1
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2nd-order effects induce non-Gaussianity: 
• late time: ISW-lensing;
• at recombination: 2nd-order perturbations in the fluid + GR nonlinearities.

Goldberg, Spergel, ’99 f loc

NL

= 7.1 Detected by Planck!

Planck Collaboration: Planck 2013 Results. XXIV. Constraints on primordial NG

good indication that no spurious NG features are present in the
actual data set when compared to our simulations. It should be
noted that we found a similarly good level of agreement between
estimators for the non-primordial shapes of point sources and
ISW-lensing, although we chose not to present those results here
in order to focus on the primordial shapes. Finally, regarding the
wavelet pipeline, the lower weight correlation and suboptimal
error bars produce an expected larger scatter when compared to
the other estimators. Nonetheless, the level of agreement is still
of order 1�, which is quite acceptable for consistency checks of
the optimal results. Again, this MC expectation agrees with what
we see in our results on the real data.

7. Results

For our analysis of Planck data we considered foreground-
cleaned maps obtained with the four component separation
methods SMICA, NILC, SEVEM, and C-R. For each map, fNL
amplitudes for the local, equilateral, and orthogonal primordial
shapes have been measured using three (four for SMICA) bispec-
trum estimators described in Sect. 3. The results can be found
in Sect. 7.1. These estimators, as explained earlier, basically use
an expansion of the theoretical bispectrum templates in di↵erent
domains, and truncate the expansion when a high level of corre-
lation with the primordial templates is achieved. These accurate
decompositions, which are highly correlated with each other, are
then matched to the data in order to extract fNL. The di↵erent
expansions are all di↵erent implementations of the maximum-
likelihood estimator given in Eq. (32). So the final estimates are
all expected to be optimal, and measure fNL from nearly identi-
cal fitting templates. As discussed and tested in detail on simu-
lations in Sect. 6, central fNL values from di↵erent methods are
expected to be consistent with each other within about 0.3� fNL .
It is then clear that comparing outputs from both di↵erent esti-
mators and di↵erent component separation methods, as we do,
allows for stringent internal consistency checks and improved
robustness of the final fNL results.

In addition, the binned and modal techniques produce shape-
independent full bispectrum reconstructions in their own di↵er-
ent domains. These reconstructions, discussed in Sect. 7.2, com-
plement the standard fNL measurements in an important way,
since they allow detection of possible NG features in the three-
point function of the data that do not correlate significantly with
the standard primordial shapes. This advantage is shared by the
skew-C` method, also applied to the data. A detection of such
features would either produce a warning that some residual spu-
rious NG e↵ects are still present in the data or provide an in-
teresting hint of “non-standard” primordial NG that is not cap-
tured by the local, equilateral and orthogonal shapes. Additional
constraints for a broad range of specific models are provided
in Sect. 7.3 (see also Sect. 2.3). In Sect. 7.4 we present the
constraints on local NG obtained with Minkowski Functionals.
Finally, in Sect. 7.5 we present our CMB trispectrum results.

7.1. Constraints on local, equilateral and orthogonal fNL

Our goal here is to investigate the standard separable local, equi-
lateral and orthogonal templates used e.g., in previous WMAP
analyses (see e.g., Bennett et al. 2012). When using the modal,
binned, or wavelet estimator, these theoretical templates are ex-
panded approximately (albeit very accurately) using the relevant
basis functions or bins. On the other hand, the KSW estimator by
construction works with the exact templates and, for this reason,
it is chosen as the baseline to provide the final fNL results for

Table 8. Results for the fNL parameters of the primordial local,
equilateral, and orthogonal shapes, determined by the KSW es-
timator from the SMICA foreground-cleaned map. Both indepen-
dent single-shape results and results marginalized over the point
source bispectrum and with the ISW-lensing bias subtracted are
reported; error bars are 68% CL .

Independent ISW-lensing subtracted

KSW KSW

SMICA

Local . . . . . . . . . 9.8 ± 5.8 2.7 ± 5.8

Equilateral . . . . . �37 ± 75 �42 ± 75

Orthogonal . . . . . �46 ± 39 �25 ± 39

the standard shapes (local, equilateral, orthogonal), see Table 8.
However, both the binned and modal estimators achieve opti-
mal performance and an extremely high correlation for the stan-
dard templates (⇠ 99%), so they are statistically equivalent to
KSW, as demonstrated in the previous section. This means that
we can achieve a remarkable level of cross-validation for our
Planck NG results. We will be able to present consistent con-
straints for the local, equilateral and orthogonal models for all
four Planck foreground-cleaned maps, using three independent
optimal estimators (refer to Table 9). Regarding component sep-
aration methods, we adopt the SMICA map as the default for the
final KSW results given its preferred status among foreground-
separation techniques in Planck Collaboration XII (2013). The
other component separation maps will be used for important
cross-validation of our results and to evaluate potential sensi-
tivity to foreground residuals.

All the results presented in this Section were obtained using
the union mask U73, which leaves 73% of the sky unmasked.
The mask is the union of the confidence masks of the four di↵er-
ent component separation methods, where each confidence mask
defines the region where the corresponding CMB cleaning is
trusted (see Planck Collaboration XII 2013). As will be shown in
Sect. 8.2, results are robust to changes that make the mask larger,
but choosing a significantly smaller mask would leave some NG
foreground contamination. For the linear term CMB and noise
calibration, and error bar determination, we used sets of realistic
FFP6 maps that include all steps of data processing, and have
realistic noise and beam properties (Planck Collaboration ES
2013). The simulations were also lensed using the Lenspix al-
gorithm and filtered through the component separation pipelines.

In Table 8 we show results for the combination of the KSW
estimator and the SMICA map, at a resolution of `max = 2500.
We present both “independent” single-shape results and “ISW-
lensing subtracted” ones. The former are obtained by directly
fitting primordial templates to the data. For the latter, two ad-
ditional operations have been performed. In the first place, as
the name indicates, they have been corrected by subtracting
the bias due to the correlation of the primordial bispectra to
the late-time ISW-lensing contribution (Mangilli & Verde 2009;
Junk & Komatsu 2012; Hanson et al. 2009b, see Sect. 5.2). In
addition, a joint fit of the primordial shape with the (Poissonian)
point source bispectrum amplitude extracted from the data
has been performed on the results marked “ISW-lensing sub-
tracted”.10 Since the ISW-lensing bispectrum is peaked on

10 More precisely, in the subtracted ISW-lensing results the equilateral
and orthogonal primordial shapes are also fitted jointly, although this
has a nearly negligible impact on the final result because the two shapes
are by construction nearly perfectly uncorrelated.

24
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Intrinsic nonlinear effects
• Squeezed limit:

• Creminelli, Zaldarriaga ’04
• Creminelli, Pitrou, Vernizzi ’11
• Bartolo, Matarrese, Riotto ’11
• Lewis ’12
• Pajer, Schmidt, Zaldarriaga ’13

The squeezed limit can be used as a consistency check of the full calculation, i.e. of 2nd-order 
Boltzmann codes:

kL ⌘ k1 ⌧ kS ⌘ k2 ⇠ k3 ~k1
~k2

~k3

• Full Boltzmann code:

Bartolo, Matarrese, Riotto ’04, ’06; Bernardeau, 
Pitrou, Uzan ’08; Pitrou ’08 (CMBquick2); Bartolo, 
Riotto ’08; Khatri, Wandelt ’08; Senatore, Tassev, 
Zaldarriaga ’08; Nitta et al. ’09, Boubekeur, Creminelli, 
D’Amico, Norena, ’09, Beneke and Fidler ’10,...

• Bernardeau, Pitrou, Uzan ’08 (CMBquick2)
• Khatri, Wandelt ’08 (perturbed rec.)
• Senatore, Tassev, Zaldarriaga ’08 (perturbed 
recombination)
• Huang, Vernizzi ’12 (CosmoLib2nd)
• Su, Lim, Shellard ’12
• Pettinari, Fidler, Chrittenden, Koyama, 
Wands ’13 (SONG)

Based on many contributions:



Particular squeezed limit

at recombinationH�1

One of the angles must subtend a scale longer than Hubble radius at recombination (but smaller 
than Hubble radius today):
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Physical argument

LSS

Creminelli, Zaldarriaga, ’04

friend 2

Local physics is identical in Hubble patches that differ only by super-horizon modes: two 
observers in different places on LSS will see exactly the same CMB anisotropies (at given T).

long wavelength mode

Single-field inflation: 1 clock, e.g. everything is determined by T.
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ClS

The long mode is inside the horizon and I can compare different patches. Will see a modulation of 
the 2-point function due to large scale T:
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1) The long mode changes the local average temperature: 

Gaussian variable (on large scales and squeezed limit)

• Local effect absorbable with a nonlinear change of variable:
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The long mode is inside the horizon and I can compare different patches. Will see a modulation of 
the 2-point function due to large scale T:

2) Transverse rescaling of spatial coords ⇒ rescaling of angles:

)Cl ! Cl + ⇣(n̂ ·rn̂Cl)

• Squeezed limit consistency relation: 

with Creminelli, Pitrou ’11; Bartolo, Matarrese, Riotto; ’11, Lewis ’12

This relation can be used as consistency check of Boltzmann codes based on a physical limit
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CosmoLib2nd: the Boltzmann code

★ Fortran, no license, faster and parallelized
★ Full-sky bispectrum
★ Much (105) more accurate 
★ Perturbed recombination: RECAST consistently perturbed with metric fluctuations. Boltzmann 
solutions past many tests (squeezed limit, analytic sols.).
★ Better scheme to integrate photon distribution along the line of sight

• Comparison with the previous code CMBquick2 by Cyril Pitrou:

• Solve Boltzmann and Einstein equations up to 2nd order:

Gij = 8⇡G
X

I

T (I)
ij&

dfI
d⌘

= CI [fI ] , I = �, ⌫, b,CDM

Zhiqi Huang

• Integrate the photon temperature along the line of sight
• No lensing and time delay (will be included soon!)
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CosmoLib2nd accuracy
• The accuracy can be estimated by evaluation of energy and momentum constraint equations
⇒ 10-6 accurate
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2nd-order evolution as a coord change 
Maldacena ’02;  Weinberg ’03; 
Fitzpatrick, Senatore and 
Zaldarriaga ’09

Locally, possible to rewrite a perturbed FRW metric as an unperturbed one by reabsorbing the 
long mode with a coordinate transformation. Ex, in matter dominance:

ds2 = a2(�)
⇥
�(1 + 2�L)d�

2 + (1� 2�L)dx
2
⇤

ds2 = a2(�̃)
⇥
�d�̃2 + dx̃2

⇤

FRW
H�1

�

Conversely, start from a perturbed metric at 1st-order and “generate” 2nd-order couplings between 
short and long modes by the inverse coordinate transformation:

ds

2 = a

2(⌘̃)
h
�(1 + 2�̃S)d⌘̃

2 + (1� 2 ̃S)dx̃
2
i

ds

2 = a

2(⌘)
⇥
�e

2�
d⌘

2 + e

2 
dx

2
⇤

�

⌘̃ = ⌘(1� ⇣/5)

x̃

i = x

i(1 + ⇣)

� = �̃S + �L � 1

5
⇣

@�̃S

@ ln ⌘
+ ⇣x

i @�̃S

@x

i

with ⇣ = �3

5
�L



CosmoLib2nd checks
• We can use the squeezed limit to directly check the solutions of the Boltzmann code:
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Line-of-sight treatment with Z. Huang, ’12

⌘⌘0

Free-streamingTight-coupling

ne�T ⌧ Hne�T � H

Few multipoles develop

l  2

integrated effects collision term

d

d⌘
(⇥+ �)�⇥( ̇� �,in

i)� E = (n̄e�Ta)(1 + �e + �)F

• Photon temperature equation:

temperature fluctuations

E ⌘ (�̇+  ̇)� !̇in
i � �̇ijn

inj/2 ISW (+ RS), vector and tensor contributions

F ⌘ ⇥00 �⇥� 1

2

r
4⇡

53

X

m

⇥2mY2m(n̂) + n̂ · ~v

+ 7(n̂ · ~v)2/4� v2/4 + n̂ · ~v
 
⇥+ 3⇥00 �

1

2

r
4⇡

53

X

m

⇥2mY2m(n̂) + i

r
⇡

3

X

m

⇥1mY1m(n̂)

!

+ 2⇡v

r
2

15

X

m,M

✓
1 1 2
m M �m�M

◆
⇥2,m+MY1m(n̂)Y1M (v̂)(�1)m+M + i

r
⇡

3
v
X

m

⇥1mY1m(v̂)

from Tassev, Senatore, Zaldarriaga, ’08



Line-of-sight treatment with Z. Huang, ’12

⌘⌘0

Free-streamingTight-coupling

ne�T ⌧ Hne�T � H

Few multipoles develop

l  2

integrated effects collision term

d

d⌘
(⇥+ �)�⇥( ̇� �,in

i)� E = (n̄e�Ta)(1 + �e + �)F

• Photon temperature equation:

temperature fluctuations



Line-of-sight treatment with Z. Huang, ’12

⌘⌘0

Free-streamingTight-coupling

ne�T ⌧ Hne�T � H

Few multipoles develop

l  2

• Photon temperature equation:

integrated effects Gaussian collision term

d

d⌘
(⇥̃+ �)� E = (n̄e�Ta)(1 + �e + �)F̃

T = T̄ e⇥̃ , ⇥̃ ⌘ ⇥� 1

2
⇥2

temperature fluctuations

bl1l2l3 = Cl1Cl2 + Cl1Cl3 + Cl2Cl3 + b̃l1l2l3

• Change of variable improves the convergence of the expansions   

) F̃ becomes Gaussian on super-Hubble scales



The squeezed limit

• Comparison with the analytic formula:

b̃l1l2l3 = �1

2
CT⇣

l1

⇣
Cl2

d ln(l22Cl2)

d ln l2
+ Cl3

d ln(l23Cl3)

d ln l3

⌘

with Z. Huang, ’12

l1 ⌧ l2, l3



The squeezed limit

• Comparison with the analytic formula:

with Z. Huang, ’12

b̃l1l2l3 = �1

2
CT⇣

l1

⇣
Cl2

d ln(l22Cl2)

d ln l2
+ Cl3

d ln(l23Cl3)

d ln l3

⌘⇥
1 +O(l1/l2)

2
⇤



Observability and contamination

Planck Collaboration: Planck 2013 Results. XXIV. Constraints on primordial NG

good indication that no spurious NG features are present in the
actual data set when compared to our simulations. It should be
noted that we found a similarly good level of agreement between
estimators for the non-primordial shapes of point sources and
ISW-lensing, although we chose not to present those results here
in order to focus on the primordial shapes. Finally, regarding the
wavelet pipeline, the lower weight correlation and suboptimal
error bars produce an expected larger scatter when compared to
the other estimators. Nonetheless, the level of agreement is still
of order 1�, which is quite acceptable for consistency checks of
the optimal results. Again, this MC expectation agrees with what
we see in our results on the real data.

7. Results

For our analysis of Planck data we considered foreground-
cleaned maps obtained with the four component separation
methods SMICA, NILC, SEVEM, and C-R. For each map, fNL
amplitudes for the local, equilateral, and orthogonal primordial
shapes have been measured using three (four for SMICA) bispec-
trum estimators described in Sect. 3. The results can be found
in Sect. 7.1. These estimators, as explained earlier, basically use
an expansion of the theoretical bispectrum templates in di↵erent
domains, and truncate the expansion when a high level of corre-
lation with the primordial templates is achieved. These accurate
decompositions, which are highly correlated with each other, are
then matched to the data in order to extract fNL. The di↵erent
expansions are all di↵erent implementations of the maximum-
likelihood estimator given in Eq. (32). So the final estimates are
all expected to be optimal, and measure fNL from nearly identi-
cal fitting templates. As discussed and tested in detail on simu-
lations in Sect. 6, central fNL values from di↵erent methods are
expected to be consistent with each other within about 0.3� fNL .
It is then clear that comparing outputs from both di↵erent esti-
mators and di↵erent component separation methods, as we do,
allows for stringent internal consistency checks and improved
robustness of the final fNL results.

In addition, the binned and modal techniques produce shape-
independent full bispectrum reconstructions in their own di↵er-
ent domains. These reconstructions, discussed in Sect. 7.2, com-
plement the standard fNL measurements in an important way,
since they allow detection of possible NG features in the three-
point function of the data that do not correlate significantly with
the standard primordial shapes. This advantage is shared by the
skew-C` method, also applied to the data. A detection of such
features would either produce a warning that some residual spu-
rious NG e↵ects are still present in the data or provide an in-
teresting hint of “non-standard” primordial NG that is not cap-
tured by the local, equilateral and orthogonal shapes. Additional
constraints for a broad range of specific models are provided
in Sect. 7.3 (see also Sect. 2.3). In Sect. 7.4 we present the
constraints on local NG obtained with Minkowski Functionals.
Finally, in Sect. 7.5 we present our CMB trispectrum results.

7.1. Constraints on local, equilateral and orthogonal fNL

Our goal here is to investigate the standard separable local, equi-
lateral and orthogonal templates used e.g., in previous WMAP
analyses (see e.g., Bennett et al. 2012). When using the modal,
binned, or wavelet estimator, these theoretical templates are ex-
panded approximately (albeit very accurately) using the relevant
basis functions or bins. On the other hand, the KSW estimator by
construction works with the exact templates and, for this reason,
it is chosen as the baseline to provide the final fNL results for

Table 8. Results for the fNL parameters of the primordial local,
equilateral, and orthogonal shapes, determined by the KSW es-
timator from the SMICA foreground-cleaned map. Both indepen-
dent single-shape results and results marginalized over the point
source bispectrum and with the ISW-lensing bias subtracted are
reported; error bars are 68% CL .

Independent ISW-lensing subtracted

KSW KSW

SMICA

Local . . . . . . . . . 9.8 ± 5.8 2.7 ± 5.8

Equilateral . . . . . �37 ± 75 �42 ± 75

Orthogonal . . . . . �46 ± 39 �25 ± 39

the standard shapes (local, equilateral, orthogonal), see Table 8.
However, both the binned and modal estimators achieve opti-
mal performance and an extremely high correlation for the stan-
dard templates (⇠ 99%), so they are statistically equivalent to
KSW, as demonstrated in the previous section. This means that
we can achieve a remarkable level of cross-validation for our
Planck NG results. We will be able to present consistent con-
straints for the local, equilateral and orthogonal models for all
four Planck foreground-cleaned maps, using three independent
optimal estimators (refer to Table 9). Regarding component sep-
aration methods, we adopt the SMICA map as the default for the
final KSW results given its preferred status among foreground-
separation techniques in Planck Collaboration XII (2013). The
other component separation maps will be used for important
cross-validation of our results and to evaluate potential sensi-
tivity to foreground residuals.

All the results presented in this Section were obtained using
the union mask U73, which leaves 73% of the sky unmasked.
The mask is the union of the confidence masks of the four di↵er-
ent component separation methods, where each confidence mask
defines the region where the corresponding CMB cleaning is
trusted (see Planck Collaboration XII 2013). As will be shown in
Sect. 8.2, results are robust to changes that make the mask larger,
but choosing a significantly smaller mask would leave some NG
foreground contamination. For the linear term CMB and noise
calibration, and error bar determination, we used sets of realistic
FFP6 maps that include all steps of data processing, and have
realistic noise and beam properties (Planck Collaboration ES
2013). The simulations were also lensed using the Lenspix al-
gorithm and filtered through the component separation pipelines.

In Table 8 we show results for the combination of the KSW
estimator and the SMICA map, at a resolution of `max = 2500.
We present both “independent” single-shape results and “ISW-
lensing subtracted” ones. The former are obtained by directly
fitting primordial templates to the data. For the latter, two ad-
ditional operations have been performed. In the first place, as
the name indicates, they have been corrected by subtracting
the bias due to the correlation of the primordial bispectra to
the late-time ISW-lensing contribution (Mangilli & Verde 2009;
Junk & Komatsu 2012; Hanson et al. 2009b, see Sect. 5.2). In
addition, a joint fit of the primordial shape with the (Poissonian)
point source bispectrum amplitude extracted from the data
has been performed on the results marked “ISW-lensing sub-
tracted”.10 Since the ISW-lensing bispectrum is peaked on

10 More precisely, in the subtracted ISW-lensing results the equilateral
and orthogonal primordial shapes are also fitted jointly, although this
has a nearly negligible impact on the final result because the two shapes
are by construction nearly perfectly uncorrelated.
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good indication that no spurious NG features are present in the
actual data set when compared to our simulations. It should be
noted that we found a similarly good level of agreement between
estimators for the non-primordial shapes of point sources and
ISW-lensing, although we chose not to present those results here
in order to focus on the primordial shapes. Finally, regarding the
wavelet pipeline, the lower weight correlation and suboptimal
error bars produce an expected larger scatter when compared to
the other estimators. Nonetheless, the level of agreement is still
of order 1�, which is quite acceptable for consistency checks of
the optimal results. Again, this MC expectation agrees with what
we see in our results on the real data.

7. Results

For our analysis of Planck data we considered foreground-
cleaned maps obtained with the four component separation
methods SMICA, NILC, SEVEM, and C-R. For each map, fNL
amplitudes for the local, equilateral, and orthogonal primordial
shapes have been measured using three (four for SMICA) bispec-
trum estimators described in Sect. 3. The results can be found
in Sect. 7.1. These estimators, as explained earlier, basically use
an expansion of the theoretical bispectrum templates in di↵erent
domains, and truncate the expansion when a high level of corre-
lation with the primordial templates is achieved. These accurate
decompositions, which are highly correlated with each other, are
then matched to the data in order to extract fNL. The di↵erent
expansions are all di↵erent implementations of the maximum-
likelihood estimator given in Eq. (32). So the final estimates are
all expected to be optimal, and measure fNL from nearly identi-
cal fitting templates. As discussed and tested in detail on simu-
lations in Sect. 6, central fNL values from di↵erent methods are
expected to be consistent with each other within about 0.3� fNL .
It is then clear that comparing outputs from both di↵erent esti-
mators and di↵erent component separation methods, as we do,
allows for stringent internal consistency checks and improved
robustness of the final fNL results.

In addition, the binned and modal techniques produce shape-
independent full bispectrum reconstructions in their own di↵er-
ent domains. These reconstructions, discussed in Sect. 7.2, com-
plement the standard fNL measurements in an important way,
since they allow detection of possible NG features in the three-
point function of the data that do not correlate significantly with
the standard primordial shapes. This advantage is shared by the
skew-C` method, also applied to the data. A detection of such
features would either produce a warning that some residual spu-
rious NG e↵ects are still present in the data or provide an in-
teresting hint of “non-standard” primordial NG that is not cap-
tured by the local, equilateral and orthogonal shapes. Additional
constraints for a broad range of specific models are provided
in Sect. 7.3 (see also Sect. 2.3). In Sect. 7.4 we present the
constraints on local NG obtained with Minkowski Functionals.
Finally, in Sect. 7.5 we present our CMB trispectrum results.

7.1. Constraints on local, equilateral and orthogonal fNL

Our goal here is to investigate the standard separable local, equi-
lateral and orthogonal templates used e.g., in previous WMAP
analyses (see e.g., Bennett et al. 2012). When using the modal,
binned, or wavelet estimator, these theoretical templates are ex-
panded approximately (albeit very accurately) using the relevant
basis functions or bins. On the other hand, the KSW estimator by
construction works with the exact templates and, for this reason,
it is chosen as the baseline to provide the final fNL results for

Table 8. Results for the fNL parameters of the primordial local,
equilateral, and orthogonal shapes, determined by the KSW es-
timator from the SMICA foreground-cleaned map. Both indepen-
dent single-shape results and results marginalized over the point
source bispectrum and with the ISW-lensing bias subtracted are
reported; error bars are 68% CL .

Independent ISW-lensing subtracted

KSW KSW

SMICA

Local . . . . . . . . . 9.8 ± 5.8 2.7 ± 5.8

Equilateral . . . . . �37 ± 75 �42 ± 75

Orthogonal . . . . . �46 ± 39 �25 ± 39

the standard shapes (local, equilateral, orthogonal), see Table 8.
However, both the binned and modal estimators achieve opti-
mal performance and an extremely high correlation for the stan-
dard templates (⇠ 99%), so they are statistically equivalent to
KSW, as demonstrated in the previous section. This means that
we can achieve a remarkable level of cross-validation for our
Planck NG results. We will be able to present consistent con-
straints for the local, equilateral and orthogonal models for all
four Planck foreground-cleaned maps, using three independent
optimal estimators (refer to Table 9). Regarding component sep-
aration methods, we adopt the SMICA map as the default for the
final KSW results given its preferred status among foreground-
separation techniques in Planck Collaboration XII (2013). The
other component separation maps will be used for important
cross-validation of our results and to evaluate potential sensi-
tivity to foreground residuals.

All the results presented in this Section were obtained using
the union mask U73, which leaves 73% of the sky unmasked.
The mask is the union of the confidence masks of the four di↵er-
ent component separation methods, where each confidence mask
defines the region where the corresponding CMB cleaning is
trusted (see Planck Collaboration XII 2013). As will be shown in
Sect. 8.2, results are robust to changes that make the mask larger,
but choosing a significantly smaller mask would leave some NG
foreground contamination. For the linear term CMB and noise
calibration, and error bar determination, we used sets of realistic
FFP6 maps that include all steps of data processing, and have
realistic noise and beam properties (Planck Collaboration ES
2013). The simulations were also lensed using the Lenspix al-
gorithm and filtered through the component separation pipelines.

In Table 8 we show results for the combination of the KSW
estimator and the SMICA map, at a resolution of `max = 2500.
We present both “independent” single-shape results and “ISW-
lensing subtracted” ones. The former are obtained by directly
fitting primordial templates to the data. For the latter, two ad-
ditional operations have been performed. In the first place, as
the name indicates, they have been corrected by subtracting
the bias due to the correlation of the primordial bispectra to
the late-time ISW-lensing contribution (Mangilli & Verde 2009;
Junk & Komatsu 2012; Hanson et al. 2009b, see Sect. 5.2). In
addition, a joint fit of the primordial shape with the (Poissonian)
point source bispectrum amplitude extracted from the data
has been performed on the results marked “ISW-lensing sub-
tracted”.10 Since the ISW-lensing bispectrum is peaked on

10 More precisely, in the subtracted ISW-lensing results the equilateral
and orthogonal primordial shapes are also fitted jointly, although this
has a nearly negligible impact on the final result because the two shapes
are by construction nearly perfectly uncorrelated.
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good indication that no spurious NG features are present in the
actual data set when compared to our simulations. It should be
noted that we found a similarly good level of agreement between
estimators for the non-primordial shapes of point sources and
ISW-lensing, although we chose not to present those results here
in order to focus on the primordial shapes. Finally, regarding the
wavelet pipeline, the lower weight correlation and suboptimal
error bars produce an expected larger scatter when compared to
the other estimators. Nonetheless, the level of agreement is still
of order 1�, which is quite acceptable for consistency checks of
the optimal results. Again, this MC expectation agrees with what
we see in our results on the real data.

7. Results

For our analysis of Planck data we considered foreground-
cleaned maps obtained with the four component separation
methods SMICA, NILC, SEVEM, and C-R. For each map, fNL
amplitudes for the local, equilateral, and orthogonal primordial
shapes have been measured using three (four for SMICA) bispec-
trum estimators described in Sect. 3. The results can be found
in Sect. 7.1. These estimators, as explained earlier, basically use
an expansion of the theoretical bispectrum templates in di↵erent
domains, and truncate the expansion when a high level of corre-
lation with the primordial templates is achieved. These accurate
decompositions, which are highly correlated with each other, are
then matched to the data in order to extract fNL. The di↵erent
expansions are all di↵erent implementations of the maximum-
likelihood estimator given in Eq. (32). So the final estimates are
all expected to be optimal, and measure fNL from nearly identi-
cal fitting templates. As discussed and tested in detail on simu-
lations in Sect. 6, central fNL values from di↵erent methods are
expected to be consistent with each other within about 0.3� fNL .
It is then clear that comparing outputs from both di↵erent esti-
mators and di↵erent component separation methods, as we do,
allows for stringent internal consistency checks and improved
robustness of the final fNL results.

In addition, the binned and modal techniques produce shape-
independent full bispectrum reconstructions in their own di↵er-
ent domains. These reconstructions, discussed in Sect. 7.2, com-
plement the standard fNL measurements in an important way,
since they allow detection of possible NG features in the three-
point function of the data that do not correlate significantly with
the standard primordial shapes. This advantage is shared by the
skew-C` method, also applied to the data. A detection of such
features would either produce a warning that some residual spu-
rious NG e↵ects are still present in the data or provide an in-
teresting hint of “non-standard” primordial NG that is not cap-
tured by the local, equilateral and orthogonal shapes. Additional
constraints for a broad range of specific models are provided
in Sect. 7.3 (see also Sect. 2.3). In Sect. 7.4 we present the
constraints on local NG obtained with Minkowski Functionals.
Finally, in Sect. 7.5 we present our CMB trispectrum results.

7.1. Constraints on local, equilateral and orthogonal fNL

Our goal here is to investigate the standard separable local, equi-
lateral and orthogonal templates used e.g., in previous WMAP
analyses (see e.g., Bennett et al. 2012). When using the modal,
binned, or wavelet estimator, these theoretical templates are ex-
panded approximately (albeit very accurately) using the relevant
basis functions or bins. On the other hand, the KSW estimator by
construction works with the exact templates and, for this reason,
it is chosen as the baseline to provide the final fNL results for

Table 8. Results for the fNL parameters of the primordial local,
equilateral, and orthogonal shapes, determined by the KSW es-
timator from the SMICA foreground-cleaned map. Both indepen-
dent single-shape results and results marginalized over the point
source bispectrum and with the ISW-lensing bias subtracted are
reported; error bars are 68% CL .

Independent ISW-lensing subtracted

KSW KSW

SMICA

Local . . . . . . . . . 9.8 ± 5.8 2.7 ± 5.8

Equilateral . . . . . �37 ± 75 �42 ± 75

Orthogonal . . . . . �46 ± 39 �25 ± 39

the standard shapes (local, equilateral, orthogonal), see Table 8.
However, both the binned and modal estimators achieve opti-
mal performance and an extremely high correlation for the stan-
dard templates (⇠ 99%), so they are statistically equivalent to
KSW, as demonstrated in the previous section. This means that
we can achieve a remarkable level of cross-validation for our
Planck NG results. We will be able to present consistent con-
straints for the local, equilateral and orthogonal models for all
four Planck foreground-cleaned maps, using three independent
optimal estimators (refer to Table 9). Regarding component sep-
aration methods, we adopt the SMICA map as the default for the
final KSW results given its preferred status among foreground-
separation techniques in Planck Collaboration XII (2013). The
other component separation maps will be used for important
cross-validation of our results and to evaluate potential sensi-
tivity to foreground residuals.

All the results presented in this Section were obtained using
the union mask U73, which leaves 73% of the sky unmasked.
The mask is the union of the confidence masks of the four di↵er-
ent component separation methods, where each confidence mask
defines the region where the corresponding CMB cleaning is
trusted (see Planck Collaboration XII 2013). As will be shown in
Sect. 8.2, results are robust to changes that make the mask larger,
but choosing a significantly smaller mask would leave some NG
foreground contamination. For the linear term CMB and noise
calibration, and error bar determination, we used sets of realistic
FFP6 maps that include all steps of data processing, and have
realistic noise and beam properties (Planck Collaboration ES
2013). The simulations were also lensed using the Lenspix al-
gorithm and filtered through the component separation pipelines.

In Table 8 we show results for the combination of the KSW
estimator and the SMICA map, at a resolution of `max = 2500.
We present both “independent” single-shape results and “ISW-
lensing subtracted” ones. The former are obtained by directly
fitting primordial templates to the data. For the latter, two ad-
ditional operations have been performed. In the first place, as
the name indicates, they have been corrected by subtracting
the bias due to the correlation of the primordial bispectra to
the late-time ISW-lensing contribution (Mangilli & Verde 2009;
Junk & Komatsu 2012; Hanson et al. 2009b, see Sect. 5.2). In
addition, a joint fit of the primordial shape with the (Poissonian)
point source bispectrum amplitude extracted from the data
has been performed on the results marked “ISW-lensing sub-
tracted”.10 Since the ISW-lensing bispectrum is peaked on

10 More precisely, in the subtracted ISW-lensing results the equilateral
and orthogonal primordial shapes are also fitted jointly, although this
has a nearly negligible impact on the final result because the two shapes
are by construction nearly perfectly uncorrelated.
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good indication that no spurious NG features are present in the
actual data set when compared to our simulations. It should be
noted that we found a similarly good level of agreement between
estimators for the non-primordial shapes of point sources and
ISW-lensing, although we chose not to present those results here
in order to focus on the primordial shapes. Finally, regarding the
wavelet pipeline, the lower weight correlation and suboptimal
error bars produce an expected larger scatter when compared to
the other estimators. Nonetheless, the level of agreement is still
of order 1�, which is quite acceptable for consistency checks of
the optimal results. Again, this MC expectation agrees with what
we see in our results on the real data.

7. Results

For our analysis of Planck data we considered foreground-
cleaned maps obtained with the four component separation
methods SMICA, NILC, SEVEM, and C-R. For each map, fNL
amplitudes for the local, equilateral, and orthogonal primordial
shapes have been measured using three (four for SMICA) bispec-
trum estimators described in Sect. 3. The results can be found
in Sect. 7.1. These estimators, as explained earlier, basically use
an expansion of the theoretical bispectrum templates in di↵erent
domains, and truncate the expansion when a high level of corre-
lation with the primordial templates is achieved. These accurate
decompositions, which are highly correlated with each other, are
then matched to the data in order to extract fNL. The di↵erent
expansions are all di↵erent implementations of the maximum-
likelihood estimator given in Eq. (32). So the final estimates are
all expected to be optimal, and measure fNL from nearly identi-
cal fitting templates. As discussed and tested in detail on simu-
lations in Sect. 6, central fNL values from di↵erent methods are
expected to be consistent with each other within about 0.3� fNL .
It is then clear that comparing outputs from both di↵erent esti-
mators and di↵erent component separation methods, as we do,
allows for stringent internal consistency checks and improved
robustness of the final fNL results.

In addition, the binned and modal techniques produce shape-
independent full bispectrum reconstructions in their own di↵er-
ent domains. These reconstructions, discussed in Sect. 7.2, com-
plement the standard fNL measurements in an important way,
since they allow detection of possible NG features in the three-
point function of the data that do not correlate significantly with
the standard primordial shapes. This advantage is shared by the
skew-C` method, also applied to the data. A detection of such
features would either produce a warning that some residual spu-
rious NG e↵ects are still present in the data or provide an in-
teresting hint of “non-standard” primordial NG that is not cap-
tured by the local, equilateral and orthogonal shapes. Additional
constraints for a broad range of specific models are provided
in Sect. 7.3 (see also Sect. 2.3). In Sect. 7.4 we present the
constraints on local NG obtained with Minkowski Functionals.
Finally, in Sect. 7.5 we present our CMB trispectrum results.

7.1. Constraints on local, equilateral and orthogonal fNL

Our goal here is to investigate the standard separable local, equi-
lateral and orthogonal templates used e.g., in previous WMAP
analyses (see e.g., Bennett et al. 2012). When using the modal,
binned, or wavelet estimator, these theoretical templates are ex-
panded approximately (albeit very accurately) using the relevant
basis functions or bins. On the other hand, the KSW estimator by
construction works with the exact templates and, for this reason,
it is chosen as the baseline to provide the final fNL results for

Table 8. Results for the fNL parameters of the primordial local,
equilateral, and orthogonal shapes, determined by the KSW es-
timator from the SMICA foreground-cleaned map. Both indepen-
dent single-shape results and results marginalized over the point
source bispectrum and with the ISW-lensing bias subtracted are
reported; error bars are 68% CL .

Independent ISW-lensing subtracted

KSW KSW

SMICA

Local . . . . . . . . . 9.8 ± 5.8 2.7 ± 5.8

Equilateral . . . . . �37 ± 75 �42 ± 75

Orthogonal . . . . . �46 ± 39 �25 ± 39

the standard shapes (local, equilateral, orthogonal), see Table 8.
However, both the binned and modal estimators achieve opti-
mal performance and an extremely high correlation for the stan-
dard templates (⇠ 99%), so they are statistically equivalent to
KSW, as demonstrated in the previous section. This means that
we can achieve a remarkable level of cross-validation for our
Planck NG results. We will be able to present consistent con-
straints for the local, equilateral and orthogonal models for all
four Planck foreground-cleaned maps, using three independent
optimal estimators (refer to Table 9). Regarding component sep-
aration methods, we adopt the SMICA map as the default for the
final KSW results given its preferred status among foreground-
separation techniques in Planck Collaboration XII (2013). The
other component separation maps will be used for important
cross-validation of our results and to evaluate potential sensi-
tivity to foreground residuals.

All the results presented in this Section were obtained using
the union mask U73, which leaves 73% of the sky unmasked.
The mask is the union of the confidence masks of the four di↵er-
ent component separation methods, where each confidence mask
defines the region where the corresponding CMB cleaning is
trusted (see Planck Collaboration XII 2013). As will be shown in
Sect. 8.2, results are robust to changes that make the mask larger,
but choosing a significantly smaller mask would leave some NG
foreground contamination. For the linear term CMB and noise
calibration, and error bar determination, we used sets of realistic
FFP6 maps that include all steps of data processing, and have
realistic noise and beam properties (Planck Collaboration ES
2013). The simulations were also lensed using the Lenspix al-
gorithm and filtered through the component separation pipelines.

In Table 8 we show results for the combination of the KSW
estimator and the SMICA map, at a resolution of `max = 2500.
We present both “independent” single-shape results and “ISW-
lensing subtracted” ones. The former are obtained by directly
fitting primordial templates to the data. For the latter, two ad-
ditional operations have been performed. In the first place, as
the name indicates, they have been corrected by subtracting
the bias due to the correlation of the primordial bispectra to
the late-time ISW-lensing contribution (Mangilli & Verde 2009;
Junk & Komatsu 2012; Hanson et al. 2009b, see Sect. 5.2). In
addition, a joint fit of the primordial shape with the (Poissonian)
point source bispectrum amplitude extracted from the data
has been performed on the results marked “ISW-lensing sub-
tracted”.10 Since the ISW-lensing bispectrum is peaked on

10 More precisely, in the subtracted ISW-lensing results the equilateral
and orthogonal primordial shapes are also fitted jointly, although this
has a nearly negligible impact on the final result because the two shapes
are by construction nearly perfectly uncorrelated.
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Conclusion

Zhiqi Huang

We did a very long calculation 
and found nothing!

Chinese wisdom...



Conclusion

• Relation valid for adiabatic (single clock) perturbations. Already takes into account NG from 
single-field models. It is a consistency relation on the observable (CMB temperature) in the 
squeezed limit.

• In the squeezed limit (one mode longer than horizon at recombination), it is possible to 
compute the CMB bispectrum exactly. 

• Full calculation, on all scales, of bispectrum from nonlinear effects at recombination with 
CosmoLib2nd.

• Perfect agreement with consistency relation and previous literature. Small contamination to 
local primordial non-Gaussianity:                     . Sizable effect,                       , but not enough 
for detection. Larger lmax and polarization?

f loc

NL

= 0.82 S/N = 0.47

• In any case, full exploitation of Planck data requires detailed knowledge of all nonlinear effects:

with Creminelli, Pitrou, ’11

with Z. Huang, ’12

• Second order effects are finally under control!

Let’s include them in the next analysis!






