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Extending the scale
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Extending the scale

Potential Free-energy
Free-energy ¢
energy > » surface

surface et (T,{qi})

PES can be from:

- Ab initio

- Classical force field
- Toy models

Why free energy? Nature at equilibrium minimizes free-energy, not energy
- (extended) phase equilibria (u, = g = ... )

- relative population of competing structures (nanoscale) P(A) x e #F4

- rate of processes (via Transition State Theory)




Chemical energy conversion: catalysis
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Issues:

* Reaction rate: proportional to exp (- AF / kT)
* Selectivity: eliminate or at least reduce the undesired products




Transition rates from free energy

kinetic prefactor

KIST = (A0(N))r=rr =
Ab APLALL = fjme—ﬁp(*’)dAf )

F(L) A

S

(AO(A)) rpr e~ PERD=F(Aa))

= (M(N)azae e PAF

harmonic TST

ol

N A
LATST _ 11, v; e—ﬁ(E*—EA)

M

AB N1
Hi vy

If A(r) = r; (one of the Cartesian coordinates), then: A = v,




Entropy?

S(E) = kg InQ(E) density of states ()(E) = /d@ﬁ(U(@) — E)

[ principle:
dU = dW + 0Q)

I + II principle, reversible transformations:

dU =) _ X;dr; +TdS
i '/ \

E.g.. —PdV Everything we do not know:
lack of information




Free energy, one quantity, many definitions

* Fundamental statistical mechanics < thermodynamics link

BF = —InZ 2= N3N

[ maqe-meo

Classical statistics (for nuclei):
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Free energy, one quantity, many definitions

Thermodynamics
F=FE-TS

if we can calculate E and write analytically on approximation for S for our
system, we use this expression. Example: ab initio atomistic thermodynamics.

Thermodynamic Integration

0 (BF)
0p

= (E)nvT

or similar derivatives that yield measurable quantities (in a computer
simulation): one can estimate the free energy by integrating such relations.
This is the class of the so called thermodynamic-integration methods.




Free energy, one quantity, many definitions

 Probabilistic interpretation of free energy




Statistical mechanics: free energy as a probabilistic concept

What is energy? A mapping from 3N coordinates into one scalar R*N — R

Let's introduce:
d: R33N 5 R sothat:

Po(€) = % [ e P @5(0(G) - )dq = dg 20

Formal definition of a free energy:

D : Fy(§) = —kpTn Zg(£) Po(§) = 5 = Ze FFe(d)




Statistical mechanics, quantities derived from Z

Average energy:
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Statistical mechanics, quantities derived from Z

Evaluation of pressure
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Ensemble averages on discrete machines
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If canonical and ergodic sampling is
performed




Ergodicity?

Aq(r™); »N(0), —>‘ tli:»nolo — dt’A(q,t’)

Zinitial conditions (hmtﬂ“‘x" % f(j dt’A(Q(TN)? TN (0)? pN (0)1 t!))

number of initial conditions
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The problem of free energy sampling

But:
BF =—InZ
1
_ ~BU(Q)
Z A3SN N / dQe One cannot converge such a quantity!

VN ) )
... but one cannot measure it, either

Zideal gas — A3SN N |




Theoretical free-energy evaluation: the zoo

- Analytic: ab initio atomistic thermodynamics

- Canonical sampling: thermodynamic integration

- Canonical sampling: thermodynamic perturbation

- Generalized sampling: biased sampling / biased dynamics

- Unbiased (canonical) sampling — re-weighting techniques

- Evaluation: ‘ Parallel (over densities) I or ‘ >>> Serial <<< I




Free energy: “physical’-path thermodynamic integration

(4 1[}-!:' ¥ ] L L]
How are free energies measured , ; _
experimentally?

Parallel (over densities)
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Free energy: “unphysical”’-path thermodynamic integration

Let us assume a mixed potential: U = (1 — \)Up + AU
F\(N,V,T) = C — kgT / drN e~ B((1=NVa+AU)
OF\(N,V,T) [drN(Uy — Up)e PlIL=2UoHAl)
O\ [ drNe—B((1=-2)Uo+AU1)
= (U1 — Up) »

1
F(N,V.T) = Fy(N,V,T) —I—/ dA\(Uy — Up) A
0

N

How to choose the reference?




Case study: phase diagram of pure carbon

Road map:

e Calculation of change of Helmoltz free energy from chosen

reference state to a particular (T,p) point, for each involved phase

(what about overlooked phases?), by means of thermodynamics
integration.

 Search for of all coexistence points at a given T between all pairs of
phases, via integration of equations of state P(p) and evaluation of
crossing points (alternative: common tangent construction).

* Prolongation of coexistence line by Gibbs-Duhem integration




Case study: phase diagram of pure carbon

Considered phases: diamond, graphite, and liquid(s)
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Case study: phase diagram of pure carbon

Considered phases: diamond, graphite, and liquid(s)
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Case study: phase diagram of pure carbon

Reference phases
Solid(s): Einstein solid

GRAPHITE DIAMOND
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Case study: phase diagram of pure carbon

Considered phases: diamond, graphite, and liquid(s)
Reference phases

Liquid: Lennard Jones

17 o\ 12 o\©6 How to choose o, ¢ ?
0= =% (;) - (?) Maximum resemblance between

LJ liquid and “real”:

Fref — pL _ pid o FeY alignment radial distribution function peaks
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Case study: A-ensemble sampling and integration
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Case study: integration of P(p) equations of state
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Case study: equating Gibbs free energies
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Alternative method for finding phase coexistence via F(V)

Common tangent construction

F liquid Equal tangents
b BF]
V),
Connecting line: equal G




Notable cases (at 0 K): Silicon (1980)
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Notable cases (at 0 K): Cerium (2013)

Casadei et al. PRL (2013)
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Carbon phase diagram
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Sparing CPU time: adiabatic switch

Start again from two systems:

N 2
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Sparing CPU time: adiabatic switch

Fo(T) _ Fi(To,A) | 3 Ty
T — TO T ) NkB In T
time ?!? reversible?
il
AF (A1), A(0)) = fo dt = ‘ | Uy(r,(2),. ... ry(z)) = W(t)
Fo(T (1)) _ Fo(T(0)) N W) iNkB 1n&r) T(t) = To/A(2)

T(1) 7(0) To 2 T(0) T(0) = To/A(0)




Sparing CPU time: adiabatic switch
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Ab initio diamond melting line
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Beyond equilibrium: Jarzynski theorem

- C —f X :
I"‘/"AB — <WA'B (K[}Dﬁl . Z,q(hdrNI/r T] /ng & BH A D)WA'B (XD)

Clausius inequality:
(Was(x0))a > Al

Jarzynski equality (1997!)
Cn

—BAF Az :< —.5w_q-3{xn)> - : dxn e—B%a(x0) a—BW Az (x0)
| e Xp € e
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Jarzynski theorem: steered dynamics

Inefficient because:
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Better estimated with the cumulant:
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Summary of thermodynamic integrations

 Thermodynamic integration, from reference to state/system of interest
along “physical” or “unphysical” paths

 Construction of accurate phase diagrams

e Speeding up: adiabatic switch

e Faster, non equilibrium: Jarzynski equality




Thermodynamic perturbation

Two systems:

System O0: N, V.1, U, System 1: N, V,T, U,
VN VN
— —BU _ —pU4
ZU—AgNN!/dT g e Zl_A?,NN!/dT e
Zq deNe—ﬁ(Ul—Un)e—ﬁUn

AF =0 — BFy=—In — =

/8 /8 i /8 0 — 11 Z[] deNe—’BUD
BAF = —In{e P V1=Vo)y [ _ [n(e=FAV01),
If poor overlap: sequence of systems SAF = — Z 111(8_5 AUa,at1 Ve

Parallel (over systems)




Thermodynamic perturbation
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Thermodynamic perturbation

Zq B deNe—ﬁ(Ul—Un)e—ﬁUn

BAF:ﬁFl—/BFOZ—IH—

20 fd'rNe_ﬁUU
DAL — deNe_ﬁ(Ul_U“)e_ﬁU“cS(Ul — Uy — AU)
H(AV) = [ drNe—8Us
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Thermodynamic perturbation

P1(AU) = "2 20D, (AU)
InP1(AU) = B(AF — AU) + In Py (AU)

fo(AU) = In Py (AU) — 0.58AU
f1(AU) =InP1(AU) — 0.58AU

BAF = f1(AU) — fo(AD)

fo(AU) = Cy + aAU + bAU? + cAU®

- BAF =C, — Cy
f1(AU) = Cy + aAU + bAU? + cAU?.

‘ Parallel (over systems) I




Thermodynamic perturbation

System O: N-1 interacting particles, 1 ideal gas article
System 1: N interacting particles

| | | T | T 15 Y T T I T I
O0F i
T" j "r‘f‘wa( ' 5 | AT -
5 | — 1, _ — T,
o~ 5 s | m—— -— | ==—— f-_|
=2 2 5L — e
g ——— Widom é o ——— Widom
10 I - 5 | —. |
‘ medium-low "Wy high gy
density v density """-‘#“‘.1
i L L L L . L . L . _25 L | L | L | L
15-15 10 -5 0 5 10 -20 -10 0 10 20
AU AU

Question: How would you call 3SA Fbetween these two systems?




Thermodynamic perturbation: recycling data

Non-Boltzmann sampling,
or the pleasure of multiplying by 1 and see what happens

_ (Ae(ﬁz—ﬁl)U(T"N)>NVT2 )

(6(52—51)U(TN)>NV@




Non-Boltzmann sampling

(A)NvT, =

(Ae(ﬁz_ﬁl)U(TN)>NVT2
BRI ——"

P(E)

Great, but...

Overlap becomes very small




Umbrella sampling

System 1
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System 0
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Umbrella sampling (multiplying by 1 few more times...)

UL 65“’(‘1) f drNB_ﬁ(U"‘w(q!))é(q"(er) - q)

- @IdrNe—ﬁ(UJrW(q’))eﬁ‘LU(q’)

Bw(q)
¢
= Pu+w(q) Parallel. | |
(e YU +w (over biasing potentials)




Umbrella sampling

eBw(q)

P(@) = gy, Puu(@

BF(q) = —InP(q) = — InPyyw(q) — Bw(q) + C

i w(q)
Best choice w(q) —F(q) W
Not practical, F' (q) is what we Phias(9)

want to calculate!

|




Time dependent hamiltonian: Metadynamics

Alessandro Laio & Michele Parrinello, PNAS (2002)
* A method to “drive” chemical reactions using collective variables

e Add a small, repulsive potential at the present value of the reaction
coordinate

* Free energy surface can be reconstructed after the simulation




Time dependent hamiltonian: Metadynamics

Algorithm

* Choose a set of collective variables, e. g. distances, coordination
number, simulation cell parameters, . . .

— 8 — &4 ({R‘f}subset)

* Constraint these collective variables at a given point in s

— L=T—-V4+3. X\

St ({Rf}subset) i SE

e Perform “metadynamics” in space of collective coordinates. . .
(choice is crucial!)




Time dependent hamiltonian: Metadynamics

* History dependent potential:
— either in steps: “coarse grained dynamics”

' 4I 2
Wl = m 5 ot (_ (s (x)z;z () )

V= g, 27, - -
i <

— continuously: “smooth metadynamics”

. 12 = 5l
V (¢, s)—/s | W ( exp{ [Z(igl 5(:8-[55(5)})}&’




Metadynamics: reconstruction of free-energy profile

The free energy surface can be reconstructed afterwards!

F(s) = —kgTInP((s)), P((s)) =5 [,exp[~E (s) /(kgT)] 5 (s — ') d’

Slowly all the local minima are filled and im V' (¢,s) + F'(s) = constant




Metadynamics: pros and cons

Advantages:

e Can cope with high dimensionality

e Predictive, wide exploration of free energy q
surface (with lower resolution)

Disadvantages: :
e Careful choice of the collective variables

e Inaccurate if a “slow” variable is forgotten l

(but this can be checked a posteriori) [

e Choice of good (optimal) parameters F \/\/
(masses, coupling constants, . . . ) not "
straightforward q
* What happens if a single reaction coordinate is not enough? Gl s

The low-energy path might not be captured




Parallel tempering: the concept

Iy Energy distribution

Energy

< T

1
/Tz

ﬁ ﬁ LT

‘Energy (arb. units)

some ‘
coordinates

Exchange rule, ensuring canonical sampling at all temperatures:

Pea:cha,nge = min (Lexp(_(ﬁi — Bj)(U% — Uj)))




Parallel tempering: the implementation

— @\ | o™
= = = o0 ' ' | T '
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To be tuned for efficient sampling:
number of temperatures, list of temperatures, attempted swap frequency




Parallel tempering: free energy?

T"Weighted Histogram Analysis Method:
Pi(q) = e"*ei(q) Po(q)

_ __ a—Bi=00)U(q)s—P: Vilg
C@(Q)_e ( Ul )e ( ),incase: H; = Hy + Vi(q)
[terative, self consistent solution of:
S
Pola) = sl o0

- Y NiefiFici(q)

BiFi = —In (f dq Cz'(Q)PO(Q)>

IMPORTANT: “g“is a “post-production® (collective) variable




After parallel tempering: refinement of free energy

Umbrella Sampling (Weighted Histogram Analysis)

2
H; = Ho + Vi(q) = Ho + = (q — qo.)?

. 2
_ Zi:l n; (Q)
Zf:l Nieﬁipﬁ'ci(Q)

BiFi = —In (/ dq Cé(Q)PO(Q))

—BiVi(q)

Po(q)

ci(q) = e
More etticient: Replica Exchange Umbrella Sampling

Pexchange — min (13 exp(_(Vnew — Vold)/kBT))
k k K % 5

Votda = i((h — Qo,-z')g S = ?j(% =5 C?O,j)2 Vaigiw = — (@5 — QO_..?Z)Q i ?j(Qi — W)

2 2




Au % coexistence of several isomers
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Au,, relative population (T-WHAM)
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Au,, relative population, coordination based descriptor
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Final remarks

- We should be “afraid” of long inherently serial (force&energy) evaluations
- We should NOT be afraid of (shamefully) parallelizable, schemes, as
computationally demanding as they can be

- Unbiased sampling (importance of not wasting anything)
- Reduction to relevant dimensions a posteriori

- Open system (grand-canonical ensemble) within MD framework?




Free-energy methods: accessibility via FHI-aims

Parallel tempering:
home tailored script-based implementation

Metadynamics, Umbrella Sampling, Steered Dynamics
external plug-in PLUMED
http://merlino.mi.infn.it/ ~plumed/PLUMED/Home. html

Replica-Exchange Umbrella Sampling

home tailored script + external plug-in PLUMED _

Weighted Histogram Analysis Method
http://membrane.urmc.rochester.edu/Software/WHAM/WHAM.html




