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A note on notations in the different talks:

Quantity | This Talk

Free energy

Configuration, 0 X X
point in the space

of relevant

coordinates

Collective @, $(0Q) s, S(x) s, S(x)
variables, order
parameters
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Microstates Macrostate

Ensemble of {r;}, {p;} P,V



Microscopic view Macroscopic view

Ludwig Boltzmann Josiah Willard Gibbs
1844 — 1906 1839 — 1903



Microstates

{Fi}! {ﬁl}

~ 10%* degrees of freedom

Macrostate

V,T
2 degrees of freedom



Characterizing a microstate

B Atom i has position 7, and momentum p;

B A systemof N atoms is described by a pointin 6 N dimensional space I

2
® 1D Harmonic oscillator, 2D phase space: I’ = (r,p); E = f—m +% kr? = const.

Real Space Phase Space

OO

Source: Wikipedia

Velocity




Characterizing a microstate

B Whyis thinking in terms of the phase space useful?
B Phase space density p for a single microstate of N particles

D@y, oy s By By i £) = ﬂ?(ﬁ- — RS, — FAD)
[

Dirac § function [ dx 6(x — xy)f(x) = f(x,)

Note that [ dI" p(I') = [ dr3¥dp3N p({#},{p;) =1



Characterizing two microstates

B Whyis thinking in terms of the phase space useful?

B Mixture of two single microstates: a statistical ensemble

p(r, 1y, ...
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Characterizing an ensemble of microstates

0.4+
N
B Whyis thinking in terms of the phase space useful? / : \p
a"f I
B Mixture of an infinite number of microstates / o3 \
B Useful to think about a single / : \
particle in 1 dimension first /™ \
[ \
(x) = [dx xp(x) =0 // 01 \\
/ ' .
& x

B Observables are obtained as phase-space (ensemble) averages

(0),(t) = [N O(F)p(T; t)

® 0([) is called a phase variable .



Time evolution of p: the Liouville theorem

B Hamilton’s equations of motion:

2

e > - - _ i e
H(Tl,TZ,T3,...;pl,pz,p3,...) - %"‘ U(Tl,TZ,T3,...)
i
or; OH op; OH S D N =
=— and = — = — =
ot = o5, o o, (v - and ma =F)

B Probability conservation [ d®NI" p(I) = 1 gives rise to the

continuity equation W R
o_ - | /=07
ot J
B From this we can derive the Liouville theorem S —
ap+ap 0H 0dp aH_O
ot = or;, op; op; o i




The microcanonical ensemble: Equilibrium p©

eq

B Equilibrium is stationary: agt =0

0p°% OH  9p*% OH _0p*? | . (6H/aﬁi>
-g =0 g = S

or; apl dp; 6T or

Derivative, projected onto the
surface of constant energy 2E [k

B Derivative vanishes if phase-space

density is constant on 7
, g
N

e.g. harmonic
oscillator

P1

® All points in phase-space have equal H(ry,p;) = E = const.

weight



The microcanonical ensemble: Equilibrium p©

B Equilibriumis stationary:

dpca
ot

=0

B This means: All points in phase-space have equal weight

p*4(F E) ={

1/Q(E),
0,

H()=E
else

Phase space volume

(E) = J dsn T

H(T)=E

15



Entropy

® All points in phase space have equal weight because we do not know
anything about our system, except the total energy F

B |sit possible to quantify our amount of knowledge? g
® Ent 5
ey S[p] = —kJ d°VT pIn(p) 2

=

B Properties: 1) Maximum for equal probabilities, 2) Not affected by g
states with zero probability, 3) Conditional probabilities o

B Equilibrium phase-space density maximizes S under the constraint §
H(F) = E 8
b . ceq(F) = — . S L Y 3

B Equilibrium entropy: S€4(E) = —k fH(F)=Ed r oD In (Q(E)) o

S®UE) = k1n Q(E)




Entropy

. : : |
B Ensemble of a single harmonic oscillator E = an + Ekr2 = const.

r 61
<5,
v 2E/k

> P1

/\ S€9(E) = kln Q(E)
2
J e E QU(E) « VE

S®YE) xInE
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The microcanonical ensemble: The ideal gas

B Fortheidealgas H{r;}; {p;}) = Zi;—; 7, \.
o .\ /.
B In 1 dimension p; = +V2mE equally weighted: —9 \

o
) /.//./,\

p€(r;p E) S(pl —\/ZmE) + 8(py +V2mE)

r I : ' > D1

—\V2mE 0 +V2mE

B In 2 dimensions p? + p5 = 2mE

/ :pl




The microcanonical ensemble: The ideal gas

B Two particles: + D2
Integrate out p,

2mE
B f(p) = f dp, p°(py, p2; E)
f

P1

" f(p) x——
2mE—-p?

B Not extremely useful for few
degrees of freedom

> D1




The microcanonical ensemble: Coarse graining

1
B N particles: p®i({p;}; E) x T 6( pe— 2mE>
l V2mE i l

B Find the probability distribution for p,

B Average over p,,ps, ..., compute marginal probability distribution

FouE) = [ [ [ dve poocwer e

a>1

1 23N
- Weget f(pl;E) - \/an(ZE/SN) exP (_&_)

2E

kBT —

3N

o (i)
= eX —




Temperature, pressure, and chemical potential

B Entropy depends on the observer! Divide the systeminto two parts

A Energy E,, Energy Ep, B
VolumeV ,, Volume Vg,
N, particles Ng particles

QA(Ep VA, Npy) Og(Eg, Vg, Ng)

SAY(Ep, Va, Ny) S Y(Eg, Vg, Np)




Temperature, pressure, and chemical potential

B Entropy depends on the observer! Divide the systeminto two parts

A Energy E 4, AE Energy Eg, B
VolumeV ,, Volume Vg,
N, particles Ng particles

QA(Ep VA, Npy) Og(Eg, Vg, Ng)

Sx1(Ep, Vo, Np) S '(Eg, Vg, Ng)

B Generally:
QA(EA, VA) NA)QB(EBJ VBJ NB) < Q(El V; N)

Sx1(Ep, Va, Ny) + Sg '(Eg, Vg, Ng) < S®4(E,V,N)



Temperature, pressure, and chemical potential

B Entropy depends on the observer! Divide the systeminto two parts

A Energy E 4, AE Energy Eg, B
VolumeV ,, Volume Vg,
N, particles Ng particles

QA(Ep VA, Npy) Og(Eg, Vg, Ng)

S]gq(EB) VB) NB)

B Maximize S, (Ep, Va, Ny) + S5 (E — Ep,V — V5, N — Np) with respectto E, V, N

1 1

. 1 Ha _ Hg
Ty Tg T

Tp Tg

P, Pg
Ton Tg

Q.>|Q>
|
N~
I
culm
<«
I
N IR
I
=[S




Probability densities

B Important: Carefully distinguish

Phase space density

p{re} {pal ) Probability density that the system s in the particular
state given by positions r, and momenta p,
eq.
Equilibrium phase space density
Py} {pa); E) Probability density that a system with energy E is in
the state given by positions r, and momenta p,
J 1_[ dpg -
a>1 Marginal probability distribution
f(py; E) Probability density that systemis in any of the many

states where the first particle has momentum p,



Probability densities and entropies

B Important: Carefully distinguish

Nonequilibrium entropy

p({reh {pat t)
Slp] = —kgJ d°NI pIn(p)

eq.
Equilibrium entropy

peq ({Ta}; {pa}; E)

”_[dpa-

a>1 Marginal probability distribution
f(p1; E)

SCAU(E) = kgln Q(E)

SeA(E) = _kadP1 f(py; E) In f(py; E)



The canonical ensemble

B Considerjust a small part A of a large
systemA U B (i.e. Ny < Np)

B Average over the boring part B

A' NA Jl_[dradpa

a€EB

B |deal gas: Marginal probability density for A

f(P1, 2 P30 PN T) = Pap®

X exp (—ﬁH(Pp P2,D3, ---;pNA)) = kBT 2 ;) B Is the heat bath

B Possible to show that generally f({r,},{p,}; T) < exp(=BH{ry}, (p.D)

26



Canonical ensemble averages

mf(Q;T)= %exp (—ﬁH(@)) where = {#}, {5;} is a marginal prob. density

B Canonical ensemble averages: Average with weight £(Q; T)

Sy o 1 > >
(0)(T,V,N) = [ d*¥Q 0(Q)f (@) =~ J a5¥Q 0(Q) exp(-pH(Q))

with Z = [ d°NQ exp (—ﬁH(@)) the partition function

B Whyis the normalization factor Z useful? Can be used to compute many
statistical quantities.

27



Canonical ensemble: The free energy

® Canonical probability density f(Q; T)

B Canonical entropy S[f] = —ky [ d°V0 f(Q)In ()

B Maximize S[f], constraints E = (H), = | d°" @ H(Q)f(Q) and [ dNQ £(Q) = 1
FIf1=—/dNQ (@) In f(Q) + B(S d®@ H(Q)f(Q) — E) + (S d°M@ f(@) — 1)
— 1 -
£(@) = exp(-BH(Q))  with Z = exp(1 - )

® |dentical to minimizing | A = mfin((H)f ~TS[f]) |subjectto [ dQ f(Q) =1

Thisisthe freeenergy A=E — TS = —kgTInZ

28



Example: |deal gas

B Hamiltonian:
-7
H(GL ) = ) -
i

B Partition function:
L 3N

. 1 h
id _ - . . .
Z'% = N (/1) with A = — the de Broglie wavelength

B Freeenergy:

AY(T,V,N) = NkT(InpA3 — 1)

® Important because for many Hamiltonians H({r}},{p;}) = T({p;}) + U{7}):

1

2= 1ENN

[ &*"p exp(=BT{p:N) [ d*Nrexp(-pU7i]) = Z'z°o



Example: Heat capacity of solids

Einstein solid: Independent 3D quantum harmonic oscillators

Quantum harmonic oscillator: E,, = € (n + %)

Partition function: Z = z3N with z =

€ 1
Energy (E) = 3N~ coth (E ,86)

Heat capacity

Cy = —

a<E>
oT

= 3N k( ) /sinh? (ZRT)

« oexp(—BE,) = 1/2 sinh G ,86)




Microcanonical and canonical ensembles

.Q(E) — deNr Z(T) — fd6NQ exp<_H(Q)
H(r)=E
S®UE) =kInQ(E,V,N) A(T) = —kTInZ(T,V,N)
ea(f.ry— L |1, H(F)=E , 1 _H@Q
plE) = Q(E) {O, else Q1) = Z(T) e ot

1
m_[ 1_[ dr,dp, -

a€bath



The canonical ensemble:
Alternative derivation

B Probability for small part AofAuB
to be in state with energy E 5

f(Ep) < Qg(E — Ep)
_ <SB (E — EA))
= exp

k

10Sg
X exp —EG—EEA

t if E5 < E

1 Ep
f(Ep) = - €XP (_k_TB)

32



The grand canonical ensemble

B Allow variation in the number of particles N
f(Ea Ng) x Qp(E — Ep, N — Ny)

(SB(E—EA,N—NA))
= exp I

3 10Sy . 105y
P\ TR OE A konN A

'L if E, <K Eand Ny K N

1 Ep— Ny
f(Ea,Np) = Z exp( KTs )

B Grand canonical partition function Z(T,V, ) = ¥, [ d®VNQ exp (— _H(Q,BT_”N)

33



Ergodicity

B Ergodicity: “The trajectory of almost every
point in phase space passes arbitrarily close
to every other point on the surface of
constant energy.”

B This implies: Time averages equal microcanonical ensemble averages

Real Space Phase Space

0=(0) .

where 0 = lim lfor dt O (f(t))

T—>T

® Difficult (impossible?)to show for
most system, it’s usually assumed. L

Welocity

' see e.g. Sethna p. 66



Computing free energies

® Oldest: Monte-Carlo sampling of [ d®¥T £(T) ...

B i.e. Metropolis algorithm

THE JOURNAL OF CHEMICAL PHYSICS VOLUME 21, NUMBER 6 JUNE, 1953

Equation of State Calculations by Fast Computing Machines

Nicuoras MeTroPOLIS, ARIANNA W. RosENBLUTH, MaRsuALL N. RosENBLUTH, AND AucustAa H. TELLER,
Los Alamos Scientific Laboratory, Los Alamos, New Mexico

AND

EpwaArp TELLER,* Department of Physics, Universily of Chicago, Chicago, Illinois
(Received March 6, 1933)

A general method, suitable for fast computing machines, for investigating such properties as equations of
state for substances consisting of interacting individual molecules is described. The method consists of a
modified Monte Carlo integration over configuration space. Results for the two-dimensional rigid-sphere
system have been obtained on the Los Alamos MANTAC and are presented here. These results are compared .
to the free volume equation of state and to a four-term virial coefficient expansion. 35




The Jarzynski equation

B Perform work W on system, ask
how free energy changes AA

(W)= AA

B But

(exp(—=pW)) = exp(—PAA)

B Workis easy to measure, computations are usually
not adiabatic

Park, Khalili-Araghi, Tajkhorshid, Schulten,
J. Chem. Phys. 119,3559 (2003)

Jarzynski, Phys. Rev. Lett. 78,2690 (1997)
36



Internal constraints: Free energy landscapes

B Remember: Integrating out the bath variables
1
mj 1_[ dradpa )

B “Bath” can be anything

e.g. integrate out water,
keep ions

N Mions:A(ﬁl,ﬁz,...,ﬁM;T)

37



Constraints and order parameters: Free energy landscapes

® Formally: R{,R,, ..., Ry, are constraints, usually called order parameters ®; or
phase variable or collective variable

B Minimize A[f] = (H), — TS[f] with [ dQ f(Q) = 1 and &, = ¢,(Q), ...

B A(®y, Py, T) = —kpT In [ dVQ exp (—pH(Q)) 6(@1 — 61()) (@, — 6,(0))
B Constraints can be complex, |
e.g. center of mass of polymer beads |

B Actual computation of

A(DP, Dy, ...; T) is complex \\ | 4

Fritz, Harmandaris, Kremer, van der Vegt, \‘ P,
Macromolecules 42,7579 (2009)

38



Free energy landscapes

T

B Example: Na-Cl in water

Constrainion-ion distance,
B Assume pair potential: measure constraint force

A({ﬁi}; T) = ZI,] Vp(“—é] — ﬁ]|; T) Hess, Holm, van der Vegt,
PRL 96, 147801 (2006)

NaiO 2.2N1I —_—
2+ { | i Na-Cl 0.8M
] Naa oam
CI-Cl 2.2M
Cl-Cl0.8M -----
0 r . . . —
- Fit to ion-ion pair
> distribution
functions
-4
0

Lyubartsev, Laaksonen, PRE 52, 3730 (1995)




Free electronic version at:
http://pages.physics.cornell.edu/~sethna/StatMech/

FIWILEY

OXFORD MASTER SERIES IN STATISTICAL,
COMPUTATIONAL, AND THEQORETICAL PHYSICS

SECOND EDITION
Statistical Mechanics of
Nonequilibrium Liquids

Denis J. Evans and Gary Morriss

Staristical Mechanics:

STATlSTchL Entropy, Order Parameters, . . . . .
MEcHANIcs and Complexity . . . . .
KERSON HUANG SECOMND EDITION

Hans CurisTian OTTINGER

Free electronic download of 1stedition:
http://rsc.anu.edu.au/~evans/evansmorrissbook.php

http://epress.anu.edu.au/?p=47571




Slide 12:

- Local current] = p¥
- Total current ]y out of volume V with surface A: Jy, = fAdAf- 7l where 71 is surface normal

- Gauss theorem:J, = fvd3rV-f

d R
- But:%z—]v=—v~pv
5, 0 or 0 op dp O0H 9p OH 0%H 0%H
- ButV.-pv=—-p— —_— ) — = . —
PV =5 PorTap Poc a7 a5 o5 or  Paorap  Papar

- Liouvilletheoremfollows
Slide 13:

- ThelLiouville operator:
L — = - —
- Timeevolution:

0 i
[— = —1
at P
with formal solution

p(t) = exp(—iL(t —to))p (to)
- Timeevolutionofapointfinspace-space:
Jd » . =
al" =iLl
reduces to Hamilton’s equation of motion

Slide 15:
- Property 1): Maximize S[p] = —kJ d®NT pIn p with constraint [ d®N p = 1

o (g —af & p)
op

=—1-=Inp)—a
p=exp(=1—a)

- Property 2) trivial

- Property 3): see Sethnap. 89

Slide 18:

- Equilibrium phase space density: p€4 (p;, p2; E) < §(pf + p7 — 2mE)
- Ifx;are therootsof g(x), then
S(x —x;)

(g00) = Y2 %0
(96) = 2, TG
- 9(py) =p? +pf— 2mE = 0ifp, = +/2mE — p?

- Hence
fp1) = [ dp; p*a(p1,py; E)



o [ dp, 6(pf + pj — 2mE)
 (p2 £ /2mE 7}
12p,|

=fdP2
1

V2mE — pl2

Slide 19:
- In N dimensions: Equilibrium phase-space density

p¢(py,pi; E) = pod(z p? — 2mE)
i

- Integration with rotational symmetry: [ dMp = M 7/2/T(M/2 + 1) [ dp p™~* (Note thatT
hereisthe I'-functionand nota phase-space coordinate).
- Normalization:

Ja®Vppea=

- Prefactor:

3N 7p3N/2 r3N/2 3N=2
dp p3N-1 §(p2 — =

_ T(N/2)

= 3N-2
n3N/2(2mE)” 2

Po

- Marginal distribution:
fp1; E) = [ dp, ... dpay p°I(py, ..., bn; E) = po dp p3N=28(pf + p? — 2mE)

(3N—1)n% 3N_25(piv2m5—p1)

- Hence

3N-1
_ T 2 omE — Z)M
=PTGN- D2 CE
3N-1 3N-3
1 oz r(31V/2)<1 v ) 2
VZmET(BN-1)/2) W 2mE

1 3N-3
_( 1 )E r'(3N/2) <1 p12> 2
“Q2mmE/) T(BN -1)/2)\" 2mE

- NowIetE=§NkT,ﬂ=£then
2 2 kT

E 3

1 )% F(E/kT) ( p? )ch—T‘E

flpi E) = (

I'(x—a)
I'(x)xa

2rmE) T(E/KT —1/2)\" 2mE
n
=1 and exp(x) = lim,_,» (1 +§) we find

- Usinglim,_ e

1 P1
(18~ exp( )
A A 2mmkgT P 2mkgT.
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- ldealgas
QaQs =V, 4V (3N, — 1,4/2mE,)u(3N5 — 1,\/2mEp)

N
_ V' 4VE 2 \[(2mE,)3Na~T(2mE 5)3Ne 1

(3NA2_ 1)! (3NBZ_ 1) |

Slide 26:

- e.g.observable: E = (H ). Trick:
dInZ

op
10z

zaﬁ

=—mf deNQ Bexp(—ﬁH(a))

—_ [ asng H(Q) exp(—pH(0))

E=-—

TN Z
= (H)y

Slide 27:

- WhyisA = E —TS?RememberE = (H)s

Use f(a) = %exp (—,BH(@)) that minimizes the respective variational expression
- Then:

S = —klf deNQ exp (—ﬁH(a)) [ln exp (—ﬁH(a)) —1In Z]

<>f
Inz
Tkl

- AndhenceTS=E+kTInZorA=E —-TS =—kTInZ

Slide 28:

- Partitionfunction (Snuckina 1/h3N there. This comes from quantum statistical mechanics and
makes Z dimensionless):

1 -
6N
Z = AN Q exp (-~ ﬂH(Q)S)N
VN p2
- Wv(f pexp (‘ﬁ %))
3\ N
1V [2mn
AVENE
3N
1 2mmnkT

=vilE [



1 /I\3N

- M(Z)

- Here, A = h/2mmnkT is the De Broglie wavelength.
Slide 29:

1—X'N+1

1-x

- Remember:XN_ x™ =Sy, xSy =Sy + 2Nt - 1,5y = L Seo = iiflxl <1

- PartitionfunctionforE, = € (n + %)

Z=) exp(—pEy)
n=0

fexp(—pe) " exp (— e

Nk

n=0

- e (-2%)
1

exp (36) —exp (~55¢)
=1/2 sinh (% ,86)
Slide 32:

- Particle numbernotfixedingrand canonical ensemble
- Average number of particles:
d
(N)=kT—InZ
ou
- Fluctuation of particle numbers:

92
ANZ =(N2)—(N)? = (kT)Zau_Zan

Slide 35:
- W= [dsF(®)
Slide 37:

- Freeenergy:
A(@y;T) = —kpTIn [ dNQexp (—pH(D)) 6(@; — ¢, (D))
- Dervative of deltafunction:

Jdx 8" (0)g(x) = —[ dx 6(x) g'(x)
- Forceon constraint 1:
04

i = 5 =~ o @ Qexp (—pH(0)) 8" (o1 - : (@)



1 0H 90 " .
——(g6Np L 2 _ _
7/ 40 S5 5 e (-pH(0)) 6 (#1 - 9:(0))
JdH 00
R
0Q 0¢,
- Forthe latteraverage we invoke ergodicity
- Pairdistribution function:

92(R) =5 [ dQ 8(17, = 751 ~ B) exp (~H (D))

=





