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Rescaling
t — t/T=t
J = Tjji=i
k — Tk/I=K
h — Th/I=h

H— —KcoséZ&(t—n)Eﬁ,[é,l]:iiL

n
A quantum kicked rotor (QKR) is controlled by two parameters:
1. classical stochastic parameter: K

2. effective Plank’s constant: h

4




Classical limit(h — 0): transition to global stochasticity

Chirikov-Taylor mapping

ln+]_ = ln + K sin 9n+1

9n+1
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Diffusion as a manifestation of global stochasticity

Joul’s heating < random walk in angular
momentum space

ly1 =1l +& (&) o< K26y

(E(t)) ~ Dat

classical diffusion coefficient

D, — (K — K.)? K.<K <45
T KL - 20(K) - 2J2(K) + 2J3(K)] K>d5




Dynamical localization at irrational values of h/(4r)

Saturation of rotor’s energy observed in cold-atom experiments
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Casati, Chirikov, Ford, and Izrailev '79 Raizen et. al. '95




Analogy to Anderson localization (Fishman, Grempel,

and Prange ’82, '84)

Ba(n) = S(nBIgE) + (nFlé))

67) = e <ndlHgr)

tan(w — hn?/2)da(n) + 3. Wh_rda(r) =0
W = — tan(K cosf/2h)

W, rapidly decays away at |n| > K/h

pseudo-randomness at irrational h/(47)



Exponential localization of eigenfunctions

Bloch-Floquet theory: Localized quasienergy eigenstates

One-step evolution operator

ﬁ — eiiLﬁ2/QeiKcosé/iL

¥ (1)) = U*|(0))

Quasi eigenenergy and

eigenstate

Ol6a) = €= [4a)
Oléa(t)) = e=[p (t))

o 1)) = |¢a
lﬁi((rf)—i—: 2ZL|¢O¢|§S (2}” = |pa(n)] Shepelyansky ’86; Casati et. al.
90




Quantum resonance at rational values of h/(47)

Izrailev and Shepelyansky ’79 80

E(t) ~t*, h/(4m) =p/q, (p,q) =1 J




A case study: h=d4r, p=q=1

initial states: [¢(0)) = |0)
E(t) = 5 3,7*(n|U*|0)(0]U"|n)

w
matrix elements of U

e%fﬂ |n/> _ 5nn’

(n

= ‘Disorders’ (pseudo-randomness) do not play any roles!

iK

(nle “n') = Ju_w(K/R)
(n|Un') = Jnw(K/h), (n|UIn) =

B(t) = § 3, nJ2(Kt/F) = (£) 2

Challenge: analytic studies beyond low-q values

T (KCt/R)

>

>
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Quantum resonance at generic ¢ (Tian and Altland ’10)

a univegsal law for the diffusive-ballistic crossover for
(~K/h<g gk

E(t)/(Dqq) = F(t/q),

[ z+2%/3, z<1
F(x)_{x2+1/3, z>1

e This result coincides with a conjecture (by Wdéjcik and Dorfman
’04) on the mean-square displacement of one-dimensional periodic
quantum maps.

e Relation to transport in periodic disordered systems (Taniguchi and
Altshuler ’93)




Origin of quantum resonance: translational symmetry

in a,ngular momentum Space

. R 5 o« U,T)] =0 = (T,

l : ~ - translational operator)
o ‘one-dimensional crys-

' tal” of lattice constant

q

e Bloch band €;(6)

e twisted boundary

condition:  ¥(0) =

P(q)e

E(t) ~ [ dfde’ e @)= (ONt=in0=0002 [ df. (p, €;)%? o t? )




What is quasi-periodic KR?

Casati, Guarneri, and Shepelyansky ’89
K — K(t) =
K f(cos(0y + wit), - ,cos(04-1 + wy_1t))

H
6,

K(t) cosOS 6(t —n)
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Basic phenomena of d-frequency driven quasiperiodic

KR: irrational values of h /47

Garreau, Delande et. al.; ’08, ’09; Tian, Altland, and Garst '11

d-frequency driven quasiperiodic KR < d-dimensional disordered

d<2: Anderson insulator
d > 2: Anderson transition
o K/h > 1: E(t) ~t = metallic;
o K/h = O(1): Diffusion constant D, is
strongly renormalized

Dy 2w — E(t) — const. = insulating;

o At critical point:
D, ~ (—iw)d=2/d = B(t) ~ ¢?/4
e




Basic phenomena of d-frequency driven quasiperiodic

KR: rational values of h /4w

Tian, Altland, and Garst '11; Wang, Tian, and Altland '14

metal-supermetal transition

o d=2,3: E(t) ~ t? supermetallic;

od>4:if K/ h is larger than some critical
value, then a metallic phase is formed
= E(t) ~ t;

o d > 4: if K/h is smaller than some critical
value, then a supermetallic phase is formed
= E(t) ~ 3

o d > 4: at the critical point K/h = O(1) a
metal-supermetal transition occurs. |

e




Numerical evidence of supermetal at p=1,¢q=3,d =2

(Wang, Tian, and Altland ’14)
From bottom to top: K =4, 8, 64, and 512.
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Numerical evidence of metal-supermetal transition

p=1,q=3,d=4 (Wang, Tian, and Altland '14)

From bottom to top at the left side, K = 4,8, 20, 30, and 80.

10%]
. 10
S 7 45
ST
T . \;( K
10°4 -~ o
, B
7 10
] , Ke=118+01 %
107 I K.-K ?
10' 10* 107 10"

te~ (Ke—K)™®, K,=118+0.1, a=45+03




Quantum phase structures for low

TABLE I: Summary of main results.

q=12 qe=23516_.. q=4
parameter = T 7 3
(n-(t)) phase (n°(t)) phase crossover time |[{n”(t)}| phase |crossover time
d=12 2 e ~ K?
. ~ e supermetal s =
d=3 quasiperiodic insulator Intg ~ K ~ 1% |supermetal te ~ K
d=4 oscillation | (non-Anderson) ||~ ¢ (K < Ko) |supermetal|te ~ (K - K) ©

~t (K = K.)

metal

s




Quasiperiodic KR: probing high-dimensional physics in
one dimension

Gauge transformation

Q}(t) = exp (—Ait Zz Wifl;)

H(t) — ot )H(t)(I)_l(t) = H(t)

H(t) — h2 2 +Z 1wlnz
Kcos@f(cos@l, ., cos0y 1) Y om0t —m)
0,,77) = i6y

e The kicking term is time-periodic.

e The quasiperiodic KR is mapped onto a d-dimensional system.



Rational h/(47): analogy to Aharonov-Bohm physics

e g-periodicity in the real angular momentum space

= Bloch momentum ¢ as AB flux, § — 0 + ¢y

e non-periodic in the (d — 1)-dimensional virtual angular momentum
space;

e the dynamics reduced to the one in infinite d-dimensional unit cell.

Lin “1 special case of d = 2



Origin of supermetal (d = 2 as an example)

t < t¢: diffusion motion in virtual space

Resolutibn
~ 1/t (An?) ~ Dt

.4 sdbial . \ spectrum picture

# ~ Any ~ v/ Dt unperturbed
angular momentum states are

> excited;
A~ 2w f# # ~ Anj quasi eigenenergies
- uniformly distributed over the

unit circle;
/ mean spacing A(t) ~ 2w /#;
@® energy resolution 1/t > A(t),
\./ eigenenergies are not

distinguishable — diffusion




Origin of supermetal (d = 2 as an example)

t 2 t¢: localization in virtual space

Resolutibn

~

An ~ # of . \

\ individual levels resolved
- (localization!) when
A~ 27/ J At) 21/t = te ~ D ~ K?

/




Origin of supermetal — numerical evidence (Wang, Tian,

and Altland ’14)
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e The saturation of (7?(t)) and the supermetallic growth of (A2(t))
simultaneously occur.

Ot,gNDNKQ



Supermetal in high dimensions

10 e
3¢
/gi o Inte ~ D?
w710 g?§’§ 2650.110°K" e Anderson localiza-
;ﬁ ~er tion in 2D virtual
-9 space = d = 3 super-
4 §§§ L
0y (b) metal
2.0 2.8 K4/105 3.6 4.4

Anderson transition in (d — 1)-dimensional virtual space =
metal-supermetal transition in d dimension




Energy growth for h/(47) = p/q

unperturbed basis

real space ® virtual space = |N) = |n,n1, -+ ,ng—1)

One-step evolution operator of QQKR

_ eiT/;LeiV/;L

U
T = %ﬁzﬁz + Y, winy, V = K cosOf(cosby,--- ,cosf4_1)
s ] = i

= 5 2w |(N]0*[0)*n>

E(t) =1 [d2e-iwt [dN fo d¢ 94, 04_|,, _, Ku(N,0)




Supersymmetric field theory for h/(47) = p/q

Ky(N,N') = (NG, (@) INNN|G5_ (w-)IN))uy
G;i (we) = W, wi =wp +w/2

Functional integral formalism

Ko =-/DlQ 1e=SRHQ(N))+p1,-61(Q(0)) —p1,+51

Supermatrix o-model action

S[Z] = —3strln(l — ZZ) + Lstrin(1 — e“UiZU{;Z)
\
1 d—1 )
Q] = 16 /sttr [ D;(8,,Q)% 4+ Do((0n + i[0,])Q)? + 2iwQoi
=1



Mathematical structure of supermatrix ¢ = {Qxat}

[+

g-periodicity in the real space: Q(n) = Q(n + q)

©

A = +/—(analyticity of advanced/retarded Green function),
a = b/ f(commuting/anti-commuting variables =
‘supersymmetry’), t = 1, 2(time-reversal symmetry)

@ 7 satisfies: Zb,b = Zgb, Zf,f = —Z}f and |Zb,ngb| <1




Application: linear-quadratic energy growth crossover

l < g < & dominated by zero-mode field configuration

S[Q] = & str(Dy[d, Q1% — 2iwQo? z)
polar coordinate representation @ = RQoR ™!, [R, 04 ]

Qo = cos © isin® AR O — 911 0 Br
0= —sin® —cos©® L 0 0O ’

911 = 91T, 922 = i911T aF iegd? Q replaced by Q()
0<f<mandby2>0
A =cosf and A\ o = cosh6; o

Effective action
S =% (Dgl(A)> (A7 = A2) + (4 + 6-)2(A3 — 1)] + 2iw(X — A A2))

Domlnant contrlbu‘mom come from g = 1!
5= TPaQ" (52 )\2)1+ iZ2 (A= A1)
Ko(Ag) = § [[7dM [ dA3HERe™s

| A\




D(w) = D, [1 — q2i)2 (1 — e¥«)| (Taniguchi and Altshuler '93) J
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E(t) = -1 [ p(w) )
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Application: supermetallic energy growth at d = 2

S[Q) = % [ dnu str(—Do(9n, Q)* + Do[, Q] — 2iwQoRR), v = q/27 J

Transfer matrix method (Efetov and Larkin ’83)

= qDO f1 f 1 (;11)\111;)\2 (A = 1) frgi—0 + (1 =A%) fio, 0] ¥
HO\IJ_O, \If()\l_)\—l)—l
21 DoHo frp1—0 — 2M1 55 s f1e1-0 + ?ﬁ—ip(flm—m — for—0) =¥
21 DoHo fpr—0 + 2X )\fcp1—>0 I (A(ll )2 (for=0 = fipi—0) =¥

o= Her - %W(Af )

& 22 )\2_1 .
Her = _QW;DO (Al_)‘)z[%ﬁ%—’—%(kl A)? ai]—zm/w()\l—)\)

-

E(t) ~ (%)2 , fort > ¢*>Dy

o



Conclusion

o Quantum kicked rotors exhibit rich phase
structures which are extremely sensitive the
values of effective Planck’s constant.

o A systematic first-principles (field-theoretic)
approach has developed to study these
quantum phases and their transition.
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