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Ĥ =
Ĵ2

2I
− k cos θ̂

∑

n

δ(t− nT )

E(t) = 〈ψ(t)|(−!2
2I

∂2

∂θ2
)|ψ(t)〉?
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Rescaling

t → t/T ≡ t

Ĵ → T Ĵ/I ≡ l̂

k → Tk/I ≡ K

! → T!/I ≡ h̃

Ĥ → l̂2

2
−K cos θ̂

∑

n

δ(t− n) ≡ Ĥ, [θ̂, l̂] = ih̃

A quantum kicked rotor (QKR) is controlled by two parameters:

1. classical stochastic parameter: K

2. effective Plank’s constant: h̃
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Classical limit(h̃ → 0): transition to global stochasticity

Chirikov-Taylor mapping

ln+1 = ln +K sin θn+1

θn+1 = θn + ln

K = 0.5 K = Kc = 0.9716 K = 5
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Diffusion as a manifestation of global stochasticity

Joul’s heating ⇔ random walk in angular
momentum space

lt+1 = lt + ξt 〈ξtξt′〉 ∝ K2δtt′

〈E(t)〉 ∼ Dclt

classical diffusion coefficient

Dcl =
{

(K −Kc)3 Kc ≤ K < 4.5
K2

4

[
1− 2J2(K)− 2J2

1 (K) + 2J2
3 (K)

]
K > 4.5
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Dynamical localization at irrational values of h̃/(4π)

Saturation of rotor’s energy observed in cold-atom experiments

Casati, Chirikov, Ford, and Izrailev ’79 Raizen et. al. ’95
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Analogy to Anderson localization (Fishman, Grempel,
and Prange ’82, ’84)

φ̄α(n) =
1
2(〈nh̃|φ

+
α 〉+ 〈nh̃|φ−α 〉)

|φ+α 〉 = eiK cos θ̂/h̃|φ−α 〉
tan(ω − h̃n2/2)φ̄α(n) +

∑
r Wn−rφ̄α(r) = 0

Ŵ = − tan(K cos θ̂/2h̃)
Wn rapidly decays away at |n| > K/h̃

pseudo-randomness at irrational h̃/(4π)



pku-logo

Exponential localization of eigenfunctions

Bloch-Floquet theory:

One-step evolution operator

Û = eih̃n̂
2/2eiK cos θ̂/h̃

|ψ(t)〉 = Û t|ψ(0)〉

Quasi eigenenergy and
eigenstate

Û |φα〉 = eiωα |φα〉
Û |φα(t)〉 = eiωαt|φα(t)〉
|φα(t+ 1)〉 = |φα(t)〉
φα(n) = 〈n|φα〉 wn = |φα(n)|

Localized quasienergy eigenstates

Shepelyansky ’86; Casati et. al.
’90
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Quantum resonance at rational values of h̃/(4π)

Izrailev and Shepelyansky ’79 ’80

E(t) ∼ t2, h̃/(4π) = p/q, (p, q) = 1
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A case study: h̃ = 4π, p = q = 1

initial states: |ψ(0)〉 = |0〉
E(t) = 1

2

∑
n n

2〈n|Û t|0〉〈0|Û †t|n〉

matrix elements of Û

〈n|e ih̃
2 n̂

2|n′〉 = δnn′

⇒ ‘Disorders’ (pseudo-randomness) do not play any roles!

〈n|e
iK
h̃

cos θ̂|n′〉 = Jn−n′(K/h̃)
〈n|Û |n′〉 = Jn−n′(K/h̃), 〈n|Û t|n′〉 = Jn−n′(Kt/h̃)

E(t) = 1
2

∑
n n

2J2
n(Kt/h̃) =

(
K
2h̃

)2
t2

Challenge: analytic studies beyond low-q values
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Quantum resonance at generic q (Tian and Altland ’10)

a universal law for the diffusive-ballistic crossover for
( ∼ K/h̃ , q , ξ

E(t)/(Dqq) = F (t/q),

F (x) =

{
x+ x3/3, x < 1
x2 + 1/3, x > 1

• This result coincides with a conjecture (by Wójcik and Dorfman
’04) on the mean-square displacement of one-dimensional periodic
quantum maps.
• Relation to transport in periodic disordered systems (Taniguchi and
Altshuler ’93)
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Origin of quantum resonance: translational symmetry
in angular momentum space

• [Û , T̂q] = 0 ⇒ (T̂q:
translational operator)
‘one-dimensional crys-
tal’ of lattice constant
q
• Bloch band εj(θ)
• twisted boundary
condition: ψ(0) =
ψ(q)eiθq

E(t) ∼
∫
dθdθ′ei(εj(θ)−εj(θ

′))t−in(θ−θ′)n2 ∼
∫
dθ+(∂θ+εj)

2t2 ∝ t2
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What is quasi-periodic KR?

Casati, Guarneri, and Shepelyansky ’89

K → K(t) =
Kf(cos(θ1 + ω1t), · · · , cos(θd−1 + ωd−1t))

Ĥ = l̂2

2 −K(t) cos θ̂
∑

n δ(t− n)

[θ̂, l̂] = ih̃
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Basic phenomena of d-frequency driven quasiperiodic
KR: irrational values of h̃/4π

Garreau, Delande et. al.; ’08, ’09; Tian, Altland, and Garst ’11

d-frequency driven quasiperiodic KR ⇔ d-dimensional disordered

quantum systems

d ≤ 2: Anderson insulator
d > 2: Anderson transition

K/h̃ - 1: E(t) ∼ t ⇒ metallic;

K/h̃ = O(1): Diffusion constant Dω is
strongly renormalized

Dω
ω→0−−→ iω → E(t) → const. ⇒ insulating;

At critical point:
Dω ∼ (−iω)(d−2)/d ⇒ E(t) ∼ t2/d
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Basic phenomena of d-frequency driven quasiperiodic
KR: rational values of h̃/4π

Tian, Altland, and Garst ’11; Wang, Tian, and Altland ’14

metal-supermetal transition

d = 2, 3: E(t) ∼ t2 supermetallic;

d ≥ 4: if K/h̃ is larger than some critical
value, then a metallic phase is formed
⇒ E(t) ∼ t;

d ≥ 4: if K/h̃ is smaller than some critical
value, then a supermetallic phase is formed
⇒ E(t) ∼ t2;

d ≥ 4: at the critical point K/h̃ = O(1) a
metal-supermetal transition occurs.
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Numerical evidence of supermetal at p = 1, q = 3, d = 2
(Wang, Tian, and Altland ’14)

From bottom to top: K = 4, 8, 64, and 512.
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Numerical evidence of metal-supermetal transition
p = 1, q = 3, d = 4 (Wang, Tian, and Altland ’14)

From bottom to top at the left side, K = 4, 8, 20, 30, and 80.

tξ ∼ (Kc −K)−α, Kc = 11.8± 0.1, α = 4.5± 0.3
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Quantum phase structures for low q
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Quasiperiodic KR: probing high-dimensional physics in
one dimension

Gauge transformation

Φ̂(t) ≡ exp (−it
∑

i ωin̂i)
Ĥ(t) → Φ̂(t)Ĥ(t)Φ̂−1(t) ≡ Ĥ(t)

Ĥ(t) ≡ h̃2n̂2

2 +
∑d−1

i=1 ωin̂i +

K cos θ̂f(cos θ̂1, · · · , cos θ̂d−1)
∑

m δ(t−m)
[θ̂i, n̂j] = iδij
• The kicking term is time-periodic.

• The quasiperiodic KR is mapped onto a d-dimensional system.
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Rational h̃/(4π): analogy to Aharonov-Bohm physics

• q-periodicity in the real angular momentum space
⇒ Bloch momentum φ as AB flux, θ̂ → θ̂ + φ±;
• non-periodic in the (d− 1)-dimensional virtual angular momentum
space;
• the dynamics reduced to the one in infinite d-dimensional unit cell.

special case of d = 2
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Origin of supermetal (d = 2 as an example)

t < tξ: diffusion motion in virtual space

diffusion picture

〈∆n2
1〉 ∼ Dt

spectrum picture

# ∼ ∆n1 ∼
√
Dt unperturbed

angular momentum states are
excited;
# ∼ ∆n1 quasi eigenenergies
uniformly distributed over the
unit circle;
mean spacing ∆(t) ∼ 2π/#;
energy resolution 1/t - ∆(t),
eigenenergies are not
distinguishable → diffusion
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Origin of supermetal (d = 2 as an example)

t ! tξ: localization in virtual space

individual levels resolved
(localization!) when
∆(t) ! 1/t → tξ ∼ D ∼ K2



pku-logo

Origin of supermetal – numerical evidence (Wang, Tian,
and Altland ’14)

• The saturation of 〈n̂2
1(t)〉 and the supermetallic growth of 〈n̂2(t)〉

simultaneously occur.

• tξ ∼ D ∼ K2
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Supermetal in high dimensions

• ln tξ ∼ D2

• Anderson localiza-
tion in 2D virtual
space ⇒ d = 3 super-
metal

d ≥ 4

Anderson transition in (d− 1)-dimensional virtual space ⇒
metal-supermetal transition in d dimension
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Energy growth for h̃/(4π) = p/q

unperturbed basis

real space ⊗ virtual space ⇒ |N〉 ≡ |n, n1, · · · , nd−1〉

One-step evolution operator of QQKR

Û = eiT̂ /h̃eiV̂ /h̃

T̂ = 1
2 h̃

2n̂2 +
∑

i ωin̂i, V̂ = K cos θ̂f(cos θ̂1, · · · , cos θ̂d−1)

[n̂i, θ̂j ] = iδij

Main characteristic of transport

E(t) = 1
2

∑
N |〈N |Û t|0〉|2n2

Density correlation function

E(t) = 1
2

∫
dω
2π e

−iωt
∫
dN

∫ 2π
q

0 dφ ∂φ+∂φ−

∣∣
φ±=φ

Kω(N, 0)
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Supersymmetric field theory for h̃/(4π) = p/q

Kω(N,N ′) = 〈〈N |Ĝ+
φ+

(ω+)|N ′〉〈N ′|Ĝ−
φ−

(ω−)|N〉〉ω0

Ĝ±
φ±

(ω±) =
1

1−(eiω± Ûφ± )±1 , ω± = ω0 ± ω/2

Functional integral formalism

Kω(N, 0) = −
∫
D[Q]e−S[Q](Q(N))+b1,−b1(Q(0))−b1,+b1

Supermatrix σ-model action

S[Z] = − 1
2 str ln(1− ZZ̃) + 1

2 str ln(1 − eiωÛ †
φ̂
ZÛφ̂Z̃)

⇓

S[Q] = − 1

16

∫
dNstr

[
d−1∑

i=1

Di(∂niQ)2 +D0((∂n + i[φ̂, ])Q)2 + 2iωQσAR
3

]
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Mathematical structure of supermatrix Q = {Qλαt}

q-periodicity in the real space: Q(n) = Q(n+ q)

λ = +/−(analyticity of advanced/retarded Green function),
α = b/f(commuting/anti-commuting variables ⇒
‘supersymmetry’), t = 1, 2(time-reversal symmetry)

Q =

(
1 Z
Z̃ 1

)
σAR
3

(
1 Z
Z̃ 1

)−1

Z satisfies: Z̃b,b = Z†
b,b, Z̃f,f = −Z†

f,f and |Zb,bZ
†
b,b| < 1
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Application: linear-quadratic energy growth crossover

l < q < ξ: dominated by zero-mode field configuration

S[Q] = π
8∆str(Dq [φ̂, Q]2 − 2iωQσ3

AR)
polar coordinate representation Q = RQ0R−1, [R,σAR

3 ]

Q0 =

(
cos Θ̂ i sin Θ̂
− sin Θ̂ − cos Θ̂

)AR

, Θ̂ =

(
θ̂11 0
0 θ̂22

)BF

,

θ̂11 = θ1T, θ̂22 = iθ11T + iθ2σT
1 Q replaced by Q0

0 < θ < π and θ1,2 > 0
λ ≡ cos θ and λ1,2 ≡ cosh θ1,2

Effective action

S = π
∆

(
Dq[(∆φ)2(λ21 − λ2) + (φ+ + φ−)2(λ22 − 1)] + 2iω(λ− λ1λ2)

)

Dominant contributions come from λ2 = 1 !

S = πDq(∆φ)2

2∆ (λ21 − λ2) + iπω
∆ (λ− λ1)

Kω(∆φ) =
q
4

∫∞
1 dλ1

∫ 1
−1 dλ

λ1+λ
λ1−λe

−S
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D(ω) = Dq

[
1− 2

q2ω2 (1− eiqω)
]
(Taniguchi and Altshuler ’93)

h̃ = p/q, redline for p = 1 and q = 100 while blueline for p = 2 and 201
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E(t) = − 1
2

∫
dω
2π

e−iωt

ω2 D(ω)

h̃ = p/q, redline for p = 1 and q = 100 while blueline for p = 2 and 201



pku-logo

Application: supermetallic energy growth at d = 2

S[Q] = πν
8

∫
dn1 str(−D0(∂n1Q)2 +D0[φ̂, Q]2 − 2iωQσ3

AR), ν = q/2π

Transfer matrix method (Efetov and Larkin ’83)

Kω(∆φ) =
qD0

4

∫∞
1

∫ 1
−1

dλ1dλ
(λ1−λ)2 [(λ

2
1 − 1)f1ϕ1→0 + (1− λ2)fϕ1→0]Ψ

Ĥ0Ψ = 0, Ψ(λ1 = λ = 1) = 1

2πνD0Ĥ0f1ϕ1→0 − 2λ1
∂

∂λ1
f1ϕ1→0 +

2(1−λ2)
(λ1−λ)2 (f1ϕ1→0 − fϕ1→0) = Ψ

2πνD0Ĥ0fϕ1→0 + 2λ ∂
∂λfϕ1→0 +

2(λ2
1−1)

(λ1−λ)2 (fϕ1→0 − f1ϕ1→0) = Ψ

Ĥ0 = ĤEL + πνD0(∆φ)2

2 (λ21 − λ2)

ĤEL = − 1
2πνD0

(λ1−λ)2[ ∂
∂λ

1−λ2

(λ1−λ)2
∂
∂λ + ∂

∂λ1

λ2
1−1

(λ1−λ)2
∂

∂λ1
]− iπνω(λ1−λ)

E(t) ∼
(

t
q

)2
, for t ! q2D0
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Conclusion

Quantum kicked rotors exhibit rich phase
structures which are extremely sensitive the
values of effective Planck’s constant.

A systematic first-principles (field-theoretic)
approach has developed to study these
quantum phases and their transition.
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