










   Total least squares 
 

Do we really know the signal perfectly, and how do proceed if 
we don’t know it completely? 



Statistical model for Xi	


– a single climate simulation j, j=1,…mi, for 

forcing i produces 
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!!!!where 

That is, we assume that the δi,j ’s are independent,  
and that they represent repeated realizations of the  
internal variability ε of the observed system. 



Leads to a more complicated regression model	



Columns of    represent ensemble averages (mi ensemble 
members averaged to form column i) 
 
Columns of Δ are independent of each other, and of ε, with the 
same covariance structure as ε except scaled by 1/mi	


	


For simplicity, scale     by                                             
 
à  Columns of Δ have same covariance matrix as ε	


à  Need to remember to undo this later 
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Fitting the more complicated regression model	



! ! !!"#$%& ! !!
! ! !!"#$%& ! !! !!"#$%& ! !!"#$%&!!!!

Fitting involves finding the XForced and β that minimize the “size” of 
the n×(s+1) matrix of residuals [Δ, ε] 
 
The assumptions about the covariance structure determine how 
the “size” of the matrix of residuals is measured 
 
Note that because we scaled    , the estimate of XForced will be too 
large by a factor of M, which means that we will have to adjust the 
estimated XForced and β to compensate 

!!



Find XForced and β that maximize joint likelihood of ε and Δ	


 
à minimize the “size” of the n×(s+1) matrix of residuals 

!!! !!"#$%& ! !! !!"#$%&!!!!
n×s n×1 

taking into account its covariance structure. 
 
To take care of the covariance structure we “prewhiten” with ! ! !!! !!!!

!!! !!!"#$% !!! !!!"#$%!! !
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à after prewhitening, we minimize 

! !
!!!where           is the squared Frobenius norm (sum of eigenvalues of ATA)	
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à minimize 

!!! ! !!"#$%&!!!!"#$%! !
!!!à minimize 

Eckart-Young-Mirsky matrix approximation theorem (Huffel and 
Vandewalle, 1991, pp31) states that: 
 

the minimum loss (measured as the least squared Frobenius 
norm) between a matrix and its p-lower-rank approximation is the 
sum of the last p eigenvalues from the singular value 
decomposition (SVD) of the original matrix.  

 
We require an approximating matrix of only one rank lower 

Note that the matrix on the left is of rank s+1 
     right is of rank s 

!!! !!"#$%& !!! !!"#$%&!! !
!!!

à minimum loss is given by the last eigenvalue ν1+s 
in the SVD of the left hand matrix 



 
The minimum loss approximation is obtained when  

                             (the last singular vector of            ) and 

Don’t forget to rescale    and                with     
 

! ! !!!!!!

Let 

n×(s+1)         (s+1)×(s+1)              (s+1)x(s+1) 
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Aside – the problem of minimizing	



!!"#$%& ! !!!For OLS we take 

!!! ! !!"#$%&!!!"#$%&! !
! ! !!! ! !! !! !

!!
! !! !! !

!!

That is, we find an approximation for a vector, 
rather than a matrix, but measuring distance 
essentially the same way 

is entirely parallel to the generalized linear 
regression problem. 	





Statistical Inferences under TLS 
•  Residual consistency test 

–  Exact distribution not available analytically because the 
estimation problem is non-linear  

–  Approximate distribution suggested by Allen and Stott (2003) is 

–  Ribes et al (2012a) show, using Monte Carlo simulations, that 
this test operates at actual significance levels well below 
specified levels for reasonable values of k, v1, v2	



	



•  Confidence intervals for scaling factors 

–  Based on approximation  
 

–  Given a critical value C of        , find       that satisfy    
–  Nonlinearity makes intervals/regions non-symmetric, particularly 

when signal is weak relative to noise  
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5-yr means. Figure 7 shows two-signal analysis results
for four extreme temperature indices when using 5-yr-
mean PI anomalies averaged over the globe and conti-
nental regions. Overall detection results for ANT are
found to resemble those based on decadal means, in-
dicating the robustness of our results to the dimension
increase. However, there are some notable differences.
NAT detection occurs less frequently and signal sepa-
ration between ANT and NAT becomes more limited.
Also, the residual consistency test fails more frequently
than in the low-dimensional case, reflecting larger dis-
crepancies between observed and simulated variability
at shorter time scales.
The results shown in Fig. 7 are based on ANT and

ALL signals estimated from all available models and
thus the estimated NAT signal may be confounded with
the influence of model difference (see Table 1). We
therefore also test the robustness of our detection re-
sults to this model difference by redoing our analysis
using the four models that provided both ANT and
ALL runs [CCSM3, ECHAM5/MPI-OM, ECHO-G, and
MIROC3.2(medres); Table 1]. Figure 8 shows two-signal

detection results for global- and continental-mean ex-
treme temperature PIs obtained when using the same
four models to estimate the ANT and NAT signals.
Compared with the full model case (Fig. 7), the main
results, including ANT signal detection and separation
from NAT, are not affected much by the different model
samples, suggesting insensitivity of our findings to the
model difference.
Signal separation is further described by examining

joint 90% uncertainty ranges for the ANT and NAT
scaling factors for the GLB domain (Fig. 9). It is shown
that the 90% uncertainty contours exclude the origin
(0, 0) for all temperature extremes, meaning that ANT
and NAT are jointly detected through two-way regres-
sion. However, when looking at one-dimensional 90%
ranges of the scaling factors, for cold extremes, only
ANT is detected and also model underestimation is
larger by a factor of 3–4. In warm extremes, both ANT
and NAT are detected and model underestimation is
not as large, implying better agreement with observa-
tions in warm seasons, which may be partly related to
the seasonality of volcanic cooling impact as discussed

FIG. 9. The joint 90% uncertainty range for the ANT and NAT scaling factors when temperature extreme indices are regressed onto
ANT (x axis) andNAT signals (y axis) simultaneously: (top) global-mean cold extremes (TNn, TXn, and TNn1TXn) and (bottom)warm
extremes (TNx, TXx, and TNx1 TXx). The error bars indicate one-dimensional 5%–95% ranges of the scaling factors for each forcing.
The dashed horizontal/vertical lines represent zero and unity.
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Joint 90% confidence region for ANT 
and NAT detection in TNn and TXx 

Min et al, 2013, Fig. 9 

Details: 1951-2000 TNn and TXx from HadEX (Alexander et al, 2006), decadal 
time averaging, “global” spatial averaging, CMIP3 models (ANT – 8 models, 27 
runs; ALL – 8 models, 26 runs; control – 10 models, 158 chunks) 



  Covariance matrix estimation 
 



More on covariance matrix 
estimation 

•  A key source of uncertainty is the estimate of the covariance 
matrix 

•  Even with CMIP5, we often do not have enough information to 
estimate Σ well 

•  Several recent studies have attempted to avoid problems with 
covariance estimation by either  
–  not fully optimizing (e.g., Polson et al, 2013; TLS without 

prewhitening)  
–  Keeping dimension small (e.g., Sun et al, 2014; Najafi et al, 2014; 

Zhang et al, 2013; Min et al, 2013). 
•  Keeping dimension small 

–  Increases signal-to-noise ratio 
–  Eliminates the need for EOF truncation 
–  Forces explicit space- and time-filtering decisions prior to 

conducting the D&A analysis 
–  Involves a trade off (e.g., we might lose the ability to distinguish 

between different signals) 



More on covariance matrix 
estimation 

•  An alternative approach is to use a more sophisticated estimator 
that the sample covariance matrix 

•  Ribes (2009, 2012a, 2012b) suggest using the regularized estimator 
of Ledoit and Wolf (2004), which is given by a weighted average of 
the sample covariance matrix and the identity matrix 

•  This estimate is always well conditioned, is consistent, and has 
better accuracy when sample size is small !

•  Since this estimator is full rank, EOF truncation is not needed 
•  Its application requires careful predetermination of the level of signal 

detail we require from the observations 
•  For example, Ribes et al (2012a) consider the effect of different 

amounts of spatial filtering of surface temperature 

! ! !!! !!!!



  A further challenge 
 



A further challenge - EIV 

•  We assumed that columns of Δ have the same 
covariance structure as ε	



•  That is, we assumed that only internal variability 
makes the signals uncertain 

•  But model and forcing differences also make the 
signals uncertain 

•  Maybe need a more complex representation for Δ? 
•  See Huntingford et al (2006), Hannart et al (2014) 

! ! !!"#$%& ! !!
! ! !!"#$%& ! !! !!"#$%& ! !!"#$%&!!!!



  Conclusions 
 



 Conclusions 
•  The method continues to evolve 
•  Thinking hard about regularization is a good 

development (but perhaps not most critical) 
•  Some key questions 

– How do we make objective prefiltering choices? 
– How should we construct the “monte-carlo” 

sample of realizations that is used to estimate 
internal variability? 

– Similar question for signal estimates 
– How should we proceed as we push to answer 

questions about extremes? 



Thank you 
Photo: F. Zwiers 
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