














Total least squares



Statistical model for X,

— a single climate simulation j, j=1,...m, for
forcing i produces

~

Xi,j — Xi + 8i,j

Simulated 110 Deterministic
ear change = forced -+ Internal
y J = variability
vector response
= X, =X;+§;
L. l L. 1
where 255 = — )
EE
m;

That is, we assume that the 9, ;’s are independent,
and that they represent repeated realizations of the
internal variability € of the observed system.



Leads to a more complicated regression model

Y = YForced

<
X — XForced + A

yForced — XForcedB

Columns of X represent ensemble averages (m; ensemble
members averaged to form column i)

Columns of A are independent of each other, and of €, with the
same covariance structure as € except scaled by 1/m,

For simplicity, scale X by M = diag(y/m; , ...,/my)

- Columns of A have same covariance matrix as €
- Need to remember to undo this later



Fitting the more complicated regression model

Y = Yyforced 4 ¢

~

X = XForced + A

yForced — XForcedB

Fitting involves finding the Xfo<ed and B that minimize the “size” of
the nx(s+1) matrix of residuals [A, €]

The assumptions about the covariance structure determine how
the “size” of the matrix of residuals is measured

Note that because we scaled X, the estimate of Xfor<¢d will be too
large by a factor of M, which means that we will have to adjust the
estimated X*ee«d and f§ to compensate



Y = YForced | ¢

~~~

X = XForced + A

yForced — XForcedB

Find XFereed gnd f that maximize joint likelihood of € and A

- minimize the “size” of the nx(s+1) matrix of residuals

Y _ VForced Y Forced
nxs nx1
taking into account its covariance structure.

To take care of the covariance structure we “prewhiten” with P — 2_1/2

—> after prewhitening, we minimize

H [X . )’ZForced’ Y — X\Forced’g] HZ

f

where ||A||,2c is the squared Frobenius norm (sum of eigenvalues of ATA)



> minimize |[[X — XForced 'y — X‘Forced’g-

SN NS N

> minimize || [X, Y] — [XF orced XF Orcedﬁ_

Note that the matrix on the left is of rank s+1
rightis of rank s

Eckart-Young-Mirsky matrix approximation theorem (Huffel and
Vandewalle, 1991, pp31) states that:

the minimum loss (measured as the least squared Frobenius
norm) between a matrix and its p-lower-rank approximation is the
sum of the last p eigenvalues from the singular value
decomposition (SVD) of the original matrix.

We require an approximating matrix of only one rank lower

- minimum loss is given by the last eigenvalue v,
in the SVD of the left hand matrix



Let [X, Y] = Udiag(vy, ..., Vg, V1) VE

nx(s+1) (s+1)%(s+1) (s+1)x(s+1)

The minimum loss approximation is obtained when

AN

B = V4,1 (the last singular vector of [X, Y]) and

[XForced yForced] — ydiag(vy, ..., Vs, 0)V?

Don't forget to rescale 8 and XForced with M1



Aside — the problem of minimizing

H [X} Y] _ [XForced, XForcedB\] H]Zc

IS entirely parallel to the generalized linear
regression problem.

For OLS we take Xforced =X

[[X, Y] — [&Foreed, gForeedp] | = ||[%, ¥] — [X,XB]|

- v - %3]

That is, we find an approximation for a vector,
rather than a matrix, but measuring distance
essentially the same way



Statistical Inferences under TLS

« Residual consistency test
— Exact distribution not available analytically because the
estimation problem is non-linear

— Approximate distribution suggested by Allen and Stott (2003) is
g8 8~k — s)Fy—sp, = Xi_s whenv, > k

— Ribes et al (2012a) show, using Monte Carlo simulations, that
this test operates at actual significance levels well below
specified levels for reasonable values of &, v,, v,

« Confidence intervals for scaling factors
— Based on approximation I,Dg = £§22 183' — EtZZ 1.<:~SFS’1,2

— Given a critical value C of F;,, , find B’'s that satisfy Y =sC

— Nonlinearity makes intervals/regions non-symmetric, particularly
when signal is weak relative to noise



Joint 90% confidence region for ANT
and NAT detection in TNn and TXXx

TNn TXx

~ o ~ . Min et al, 2013, Fig. 9

5 0 2 4 6 -2 0 2 4 6
ANT ANT

Details: 1951-2000 TNn and TXx from HadEX (Alexander et al, 2006), decadal
time averaging, “global” spatial averaging, CMIP3 models (ANT — 8 models, 27
runs; ALL — 8 models, 26 runs; control — 10 models, 158 chunks)



Covariance matrix estimation
— e




More on covariance matrix
estimation

A key source of uncertainty is the estimate of the covariance
matrix

Even with CMIP5, we often do not have enough information to
estimate X well

Several recent studies have attempted to avoid problems with
covariance estimation by either

— not fully optimizing (e.g., Polson et al, 2013; TLS without
prewhitening)

— Keeping dimension small (e.g., Sun et al, 2014; Najafi et al, 2014;
Zhang et al, 2013; Min et al, 2013).

Keeping dimension small

— Increases signal-to-noise ratio

— Eliminates the need for EOF truncation

— Forces explicit space- and time-filtering decisions prior to
conducting the D&A analysis

— Involves a trade off (e.g., we might lose the ability to distinguish
between different signals)



More on covariance matrix
estimation

An alternative approach is to use a more sophisticated estimator
that the sample covariance matrix

Ribes (2009, 2012a, 2012b) suggest using the regularized estimator
of Ledoit and Wolf (2004 ), which is given by a weighted average of
the sample covariance matrix and the identity matrix

> = AC + pl

This estimate is always well conditioned, is consistent, and has
better accuracy when sample size is small

Since this estimator is full rank, EOF truncation is not needed

Its application requires careful predetermination of the level of signal
detail we require from the observations

For example, Ribes et al (2012a) consider the effect of different
amounts of spatial filtering of surface temperature
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A further challenge - EIV

Y = YFforced 4 ¢

X = XForced + A

Forced — wForced
Y =X B

We assumed that columns of A have the same
covariance structure as ¢

That is, we assumed that only internal variability
makes the signals uncertain

But model and forcing differences also make the
signals uncertain

Maybe need a more complex representation for A?
See Huntingford et al (2006), Hannart et al (2014)



Conclusions




Conclusions

* The method continues to evolve

* Thinking hard about regularization is a good
development (but perhaps not most critical)

« Some key questions

— How do we make obijective prefiltering choices?

— How should we construct the “monte-carlo”

sample of realizations that is used to estimate
internal variability?

— Similar question for signal estimates

— How should we proceed as we push to answer
guestions about extremes?



Thank you
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