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Begin at the beginning; basic elasticity 

Develop the basic equations for P and S waves. 

CONCEPTS: 

Continuum 
Stress Tensor 
Equation of Motion 
Strain Tensor 

Supplementary Reading (Optional, for more details/rigor) 
Lay and Wallace, Modern Global Seismology, Ch. 2 
Stein and Wysession, An Introduction to Seismology, 
Earthquakes and Earth Structure, Ch. 2 



The overview talk was built on the idea that tectonic processes, like faulting, can produce 
observable signals (ground shaking from elastic waves) useful to study the tectonics. 



There is a release of 
energy beginning at 
some time, lasting for 
some interval. We can 
think of this as pulse 
of energy input into the 
medium. 

The energy release 
applies forces to the 
surrounding rock  
that cause accelerations 
(F=ma). P and S wave 
motions expand through 
the medium.  It takes 
time to reach a location. 

The P and S waves arrive 
at a location at times given 
by the distance and wave 
velocities, and the ground 
experiences accelerations. 
These can be recorded to 
give a seismogram; a 
record of ground motion 
as a function of time. 



F(xs,t) 
U(xr,t) 

A force, associated with 
some form of energy 
release at position xs, in or on 
a body will produce a motion 
at position xr, somehow. 

If the body is perfectly 
rigid, the motion will be 
an instantaneous translation,  
rotation or both. Use F=ma. 

If the body is elastic, we 
still use F=ma, but the action 
of the force spreads through 
the body causing internal 
deformations that vary in 
space and time.  Do describe 
these we need general 
representations of internal 
forces and deformations. 

We use stress and strain. 
U(xr,t) is vector ground displacement at position 
xr, defined in some coordinate system, as a  
function of time.   This is what we can record. 



An elastic medium will have only two types of waves, along with near-source 
permanent deformations if the forces at the source have permanent values.  

First arrival of P wave 

First arrival of S wave 



We imagine the medium is made 
of continuous matter (ignore 
atomic nature).  This is called a 
continuum.  Mathematical 
representations of displacement, 
velocity, acceleration, stress, etc. 
are then continuous functions over 
three-dimensional space and time.  
We can compute their space and 
time derivatives and have 
continuous functions. 

























































KEY Result:  Spatial gradients of stress terms 
are balanced by inertial terms.  This is how 
F=ma manifests in a continuum. 



OK, so stresses allow us to express internal forces throughout the deformable 
(elastic medium).  We also need to express the deformations that result.  We 
Will assume small internal deformations (rock can only elastically deform by  
about 1 part in 10,000 without breaking).  Assume INFINITESIMAL STRAIN THEORY. 



This assumes the spatial gradient in displacements is a very 
Small term, approximated by first term of a Taylor Series expansion. 

This is INFINITESIMAL STRAIN THEORY; it will be valid for 
Small deformation with no tearing or fracturing of the medium. It 
Will break down at a fault there there is a discontinuous displacement 
(derivative becomes undefined). 













OK, so now we have a general formulation of internal 
forces distributed through a medium, for which any 
choice of coordinate system gives us a specific stress 
tensor that describes the local state of stress (along with 
specific rules for how the stress tensor changes if we 
change the coordinate system).  That gives us a local 
expression for F=ma; the elastic equation of motion, 
which specifies accelerations in terms of specific spatial 
gradients of the stress tensor. Then we have a general 
formulation of how deformations are expressed as linear 
spatial derivatives of displacements of points in the 
medium (for infinitesimal strain theory).  We would like to 
relate stress and strain to change the equation of motion 
to an equation involving just spatial and temporal 
derivatives of displacement.  So, what is the relationship 
between stress and strain?  Next time! 



Stress and  strain tensors are general representations of 
internal forces and deformation within an elastic body.  
They are independent representations, but must be 
related (F=ma connects forces to accelerations, which are 
second time derivatives of displacements, and strains are 
spatial derivatives of displacements. 

It would be ‘nice’ to have a first-principle’s theory for a 
relationship between stress and strain terms, but until very 
recently we have relied on experimental observation of 
such behavior for rocks. 

When compressed, all rock 
materials exhibit an interval 
of linear relationship between 
stress and strain that is  
totally recoverable (elastic). 

stress = constant x strain 

For relatively low pressure 
(< 400 Mpa, T < 600°C), 
rocks will fracture as stress 
Increases to some limit.  



ε  Strain (δL/L) 

Constitutive Law: ε = f(σ) 

I – crack closure 

II – linear elasticity 

III - dilatancy 

IV - microcracking 

σ Stress 

V - failure (fracture) 

VI – frictional sliding 

For an experiment 
under fixed pressure 
and temperature of 
the rock. 

F 

A (area) 

σ = F/A 

L 

δL 



Constitutive Equation – Empirical relationship between stress and strain 
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Now, we can combine the 
generalized Hookes’s Law 
with the equation of motion 
and the relationships between 
strain and displacement to 
combine everything into a 
single equation involving only 
constants and displacement. 



Three equations: 
Elastodynamic Equations 
for Linear Elastic, Isotropic, 
Homogeneous Medium 



Vector calculus is very useful at 
this point. 

Helmholtz Theorem: 
ANY continuous field can be 
represented in this form with 
Potentials (other fields) satisfying  
specific criteria. 





This is a wave equation for  
the P wave – φ is the 
space-time P wavefield 

This is a wave equation for  
the S waves – ϕ is the 
space-time S wavefield 



OK, let’s take a breath.  All this algebra has given a profound result 
that we want to take stock of. 

The general mathematical representation of motions everywhere in the 
medium satisfying the elastodynamic equations, U(x,t), is given by 
simple spatial derivative operations on two space-time functions, 
φ(x,t) and ψ(x,t), which are themselves solutions of the three-dimensional 
wave equation. 

φ(x,t) is the P wavefield 
ψ(x,t) is the S wavefield 

Physical displacements of the P wave are calculated by taking the 
gradient of φ(x,t). 

Physical displacements of the S wave are calculated by taking the 
curl of ψ(x,t). 

Because the wavefields satisfy the wave equation, P and S wave motions 
have basic behavior of waves – this makes the final solution very 
straightforward: we just need to understand properties of waves. 


