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α is the P velocity, and it 
depends on the two Lamé 
parameters λ, µ, or on 
incompressibility K, µ, along 
with density, ρ. 

β is the S velocity, and it 
depends on only µ, and ρ. 

For a Poisson medium which 
has equal Lamé parameters, 
α = 1.732 β. 



The general mathematical representation of motions everywhere in the 
medium satisfying the elastodynamic equations, U(x,t), is given by 
simple spatial derivative operations on two space-time functions, 
φ(x,t) and ψ(x,t), which are themselves solutions of the three-dimensional 
wave equation. 

φ(x,t) is the P wavefield 
ψ(x,t) is the S wavefield 

Physical displacements of the P wave are calculated by taking the 
gradient of φ(x,t). 

Physical displacements of the S wave are calculated by taking the 
curl of ψ(x,t). 

Because the wavefields satisfy the wave equation, P and S wave motions 
have basic behavior of waves – this makes the final solution very 
straightforward: we just need to understand properties of waves. 



x1 

Thin, elastic rod; all motion in the x1 direction. 

dx1 

σ11 + dσ11/dx1 x dx1 

dx1 

σ11 

Mass = density x volume = ρ dA dx1 

Equation of motion :    sum forces = Mass x acceleration 

ρ dx1dA x d2u1/dt2 = (σ11 + dσ11/dx1 x dx1) dA – σ11 dA 

ρ d2u1/dt2 = dσ11/dx1   Spatial gradient of stress balanced by inertial terms 

Need constitutive law, measure in lab:   σ11 = E ε11,    E= Young’s modulus 

U1(x1,t) 



σ11 = E ε11 = E du1/dx1 

ρ d2u1/dt2 = dσ11/dx1 =  E d2u1/d2x1  :  now have equation of motion 
all in terms of u1 

Let    c = (E/ρ)1/2 

d2u1/dt2 = c2 d2u1/d2x1     We finally arrive at the one-dimensional wave equation. 

The implication is that the displacements in the rod will spread along it as a 
wave, obeying the wave equation. 

Note – this one-dimensional treatment is not physically correct; for a finite 
colume rod, there is more than 1 strain term produced by σ11, and the 
full 3D solution before is needed for rigorous solution, and it would give 
eise to two waves in the rod (P and S waves), as a general solution to 
elastic waves in a solid.  But, we see the parallel development easily 
for this simple example.  The same holds for the string problem, next. 



OK, let’s quickly  
derive a simple 1D 
wave equation from a 
standard physics problem: 
motion of a string. 

Tension along/within the  
string is constant, τ




The sum of the forces in the y-direction 
equals the mass times acceleration in the 
y-direction.  We use linear density, ρ, such 
That ρdx is mass.  







NOTE: The spatial imbalance in forces gives 
accelerations.  The wave equation always has 
two spatial derivatives and two temporal 
derivatives – this controls the nature of solutions. 



The wave equation is a hyperbolic partial differential equation,  
with two space and two time derivatives of the solution weighted  
by a relative weighting factor which is the inverse square of the wave 
velocity.  

This is a classic PDE, and applied mathematicians have 
figured out all properties of the solutions for different choice of 
coordinate system (Cartesian, spherical, cylindrical). 

The most important point is that the solutions (waves) are disturbances 
with a given shape (functional form) that retains that exact shape as 
space and/or time vary. The connection between the space and time 
domains that keep the waveshape fixed is given by the wave velocity 
(distance/time). 

Essentially, whatever shape the P wave or S wave has generated by 
the source will translate through the medium as a function of time 
without distortion.  This enables analysis of seismic sources using 
wave motions recorded thousands of miles away! 



For our string; if we put an 
initial arbitrary shape on the string,  
that shape will move through 
space as a function of time, 
with a velocity controlled by 
the physical parameters of 
the medium. 

Here, f is ANY function, of an argument involving 
space (x) and time (t) with a weighting factor of 
wave velocity (v), in the form of x ± vt.  The chain 
rule for two derivatives with respect to x and two 
derivatives with respect to t ensure the wave  
equation will be satisfied. 





α is the P velocity, and it 
depends on the two Lamé 
parameters λ, µ, or on 
incompressibility K, µ, along 
with density, ρ. 

β is the S velocity, and it 
depends on only µ, and ρ. 

For a Poisson medium which 
has equal Lamé parameters, 
α = 1.732 β. 







F(x1 – c t) :  wave traveling in the +x1 direction 
G(x1 +c t) :  wave traveling in the –x1 direciton 

Consider F(x1 – c t)  
t = t0 

F(x1 – c t0)  

xa 

x1 

F(xa – c t0)  

t = t0 + dt 

F(x1 – c t0)  

xb 

x1 

F(xb – c [t0 + dt])  

xb – xa = c dt 
c = dx/dt = velocity 

Consider F(xa –ct) 
t 

F(xa – c t)  Seismogram 



The wave equation is a hyperbolic partial differential equation,  
with two space and two time derivatives of the solution weighted  
by a relative weighting factor which is the inverse square of the wave 
velocity.  

This is a classic PDE, and applied mathematicians have 
figured out ALL properties of the solutions for different choices of 
coordinate system (e.g., Cartesian, spherical, cylindrical). 

The most important point is that the solutions (waves) are disturbances 
with a given shape (functional form) that retains that exact shape as 
space and/or time vary with a specific scale factor. The connection  
between the space and time domains that keep the waveshape fixed  
is given by the wave velocity (distance/time). 

Essentially, whatever shape the P wave or S wave has generated by 
the source will translate through the medium as a function of time 
without distortion at a velocity determined by the physical properties 
of the medium.  This enables analysis of seismic sources using 
wave motions recorded thousands of miles away! 



3-D Grid for Seismic Wave Animations 

No attenuation (decrease in amplitude with distance due to 
spreading out of the waves or absorption of energy by the material) 
dispersion (variation in velocity with frequency), or anisotropy 
(velocity depends on direction of propagation) is included. 



Compressional Wave (P-Wave) Animation  

Deformation propagates.  Particle motion consists of alternating 
compression and dilation.  Particle motion is parallel to the  
direction of propagation (longitudinal).  Material returns to its  
original shape after wave passes. 



Shear Wave (S-Wave) Animation 

Deformation propagates.  Particle motion consists of alternating 
transverse motion.  Particle motion is perpendicular to the direction of 
propagation (transverse).  Transverse particle motion shown here is 
vertical but can be in any direction.  However, Earth’s layers tend to 
cause mostly vertical (SV; in the vertical plane) or horizontal (SH) shear 
motions.  Material returns to its original shape after wave passes. 



Wave Type  
(and names) 

Particle Motion Other Characteristics 

P,  
Compressional, 
Primary, 
Longitudinal 

Alternating compressions 
(“pushes”) and dilations 
(“pulls”) which are directed 
in the same direction as the 
wave is propagating (along 
the raypath); and therefore, 
perpendicular to the 
wavefront. 

P motion travels fastest in materials, 
so the P-wave is the first-arriving 
energy on a seismogram.  Generally 
smaller and higher frequency than 
the S and Surface-waves.  P waves 
in a liquid or gas are pressure 
waves, including sound waves. 

S,  
Shear, 
Secondary, 
Transverse 

Alternating transverse 
motions (perpendicular to 
the direction of propagation, 
and the raypath); commonly 
approximately polarized 
such that particle motion is 
in vertical or horizontal 
planes. 

S-waves do not travel through 
fluids, so do not exist in Earth’s 
outer core (inferred to be primarily 
liquid iron) or in air or water or 
molten rock (magma).  S waves 
travel slower than P waves in a 
solid and, therefore, arrive after the 
P wave. 

Seismic Body Waves 



Seismic waves spread in all three directions from a source energy 
release.  

P velocity   Vp = [(K + 4/3µ)/ρ]1/2 

S velocity   Vs = [µ/ρ]1/2 

K – incompressibility 
µ – rigidity 
ρ – density 

At a given instant in time t1, the motions 
generated by a source at time t0, will have 
expanded out as spherical waves.  
There will be a P wave and an S wave, 
with the P wave having traveled further 
from the source than the S wave because 
it has higher velocity.   

For a homogeneous medium, with uniform elastic properties, the wavefronts will 
be spherical, centered on the source. 

P wavefront 

S wavefront 



Waves traveling through a medium that varies in material properties 
get distorted because the seismic velocity is not uniform.  It is usually 
difficult to keep track of the wavefront, so we usually depict the wave 
propagation using seismic rays. 

Seismic rays are the locus of points connecting vectors perpendicular to the 
wavefront as it varies in time, connecting material that has directly interacted 
along a specific path: 

Wavefront  
   at t1 
   at t2 
   at t3 
   at t4 

 Wave source at t0 

WAVEFRONT: Spatially 
distributed surface of the 
motions with the same 
value of (x-ct) (same phase) 
at a given instant of time. 
Spherical in constant velocity 
medium, distorted in variable 
velocity medium. 

SEISMIC RAY – path followed by wave 
energy that left the source heading in 
a particular direction.  Straight lines in 
constant velocity medium, curves in 
variable velocity medium. 

Low velocity 

High velocity 



Snell’s law in a flat medium: 

sin i1 / v1  = sin i2 / v2 

 Snell’s Law for flat Layered structure gives a seismic ray 
parameter p = sin i / v.  For a specific ray, the ray parameter is 

constant along the entire ray path.  

is constant along a ray 

TRAVELLING BETWEEN MEDIA OF DIFFERENT VELOCITIES, 
WAVES BEND AND CHANGE AMPLITUDE




CRUST 

MANTLE 

V1 > V0 



USE TRAVEL 
TIME CURVES TO 
FIND VELOCITY 
STRUCTURE 
VERSUS DEPTH




SEISMIC RAY PATHS BEND AS VELOCITY INCREASES 
SMOOTHLY WITH DEPTH


Snell’s law for spherical earth 
with velocity v at radius r

Ray turns to incidence angle i so 
ray parameter p is constant 
along the ray.


i


Stein & Wysession, 2003




•  So, to study the P and S waves, we need to 
record them.  This requires measurements of 
ground mo:on at fixed posi:ons as a func:on 
of :me. 

•  Must measure full 3‐D ground mo:on (up‐
down, north‐south, east‐west) 

•  Requires good clocks, and some measure of 
mo:on rela:ve to a moving reference frame 
(not solved un:l 1870s). 



Fig. 3.16 



Pendulum seismograph consisting 
of a mass, spring, and dashpot


SEISMOMETER: MEASURE MOTION 
OF THE GROUND WITH INSTRUMENT 

ON THE GROUND 









SOLID ROCK 
MANTLE 

LIQUID IRON 
OUTER 
CORE 

SOLID IRON 
INNER CORE 



TRAVEL TIME CURVES




So, much of the complexity of observed seismograms is caused by the 
expanding P and S waves encountering the Earth’s surface, where energy 
can reflect down, as well as the core, where energy can reflect off and 
transmit across.  But additional complexity is produced by the property of 
seismic waves that is unique to elastic waves; a wave type (P or S) incident on an 
abrupt change in material properties (surface, rock layer interface, core-mantle 
boundary), can convert some of its energy into the other wave type (P energy 
can convert to S, or S energy to P).  Thus, and incident P wave can produce 
reflected P, transmitted P, reflected S and transmitted S.  How much energy 
goes into each phase is determined by solving for continuity of stress and  
displacement at the boundary – this gives reflection and transmission  
coefficients. 

Incident P 
wave 

Reflected P 
Reflected S 

Transmitted P 

Transmitted S 

Vp1, VS1 

Vp2, VS2 

Incident S 
wave 

Reflected P 

Reflected S 

Transmitted P 

Transmitted S 

Vp1, VS1 

Vp2, VS2 



Earth’s 
interior 
structure and 
seismic 
raypaths that 
are used to 
determine the 
Earth 
structure. 

http://www.iris.edu/hq/
files/programs/
education_and_outre
ach/
lessons_and_resourc
es/images/
ExplorEarthPoster.jpg  



SOLID ROCK 
MANTLE 

LIQUID IRON 
OUTER 
CORE 

SOLID IRON 
INNER CORE 



* 
Earthquake 

Wavefront 

Ray Path 

Ray Path is perpendicular 
   to wavefront 

Seismograph 

Cross Section 
Through Earth 

Stations for 
Seismograms 

* 
Earthquake 

Wavefront 

Ray Path 

Ray Path is perpendicular 
   to wavefront 

Seismograph 

Cross Section 
Through Earth 

Stations for 
Seismograms 

Time T1 

Time T2 

Remember: Seismic Rays Track Local Wavefront  



Computed 
motions in 
A 3D 
spherical 
Velocity 
structure 
show the S 
wavefront as 
It folds and 
reflects off of 
the surface 
and the core-
mantle 
boundary.   



Figure 2.7-3:  Multiple surface waves circle the earth. 



Waves from a single 
earthquake spread 

around the world multiple 
times.  If the earthquake 

is big, like the 2004 
Sumatra earthquake, the 
motions can be detected 
for hours and even days 

on sensitive 
seismometers.


The records here are from 
Global Seismic Network 
stations operated by the 
Incorporated Research 

Institution for Seismology 
(IRIS), in partnership with 

the NSF and USGS 








DIFFERENCE in arrival times between P and S waves measured from 
a seismogram reveal the DISTANCE from the recording station to the 
earthquake hypocenter, if we have developed travel time curves fore 
the region for P and S waves. 







We can measure 
S-P differential arrival 
times at several stations. 
From previous 
calibration of that time 
difference as a function 
of distance from a source 
(indicated by the regional 
travel time curve), we 
estimate the distance 
from each station to the 
Source and the origin time. 
Intersections of circles 
having radii of 
corresponding distances 
should ‘triangulate’ the 
unique position of the 
source at the correct 
distance from 3 or more 
stations (or just P arrivals 
from many stations using 
a non-linear least squares 
Inversion). 



So we can 
routinely locate 
earthquakes: 

This requires 
distribution of 
seismometers 
with good clocks, 
computer or 
analysts to pick 
arrivals, and 
solution of 
location problem. 



Earthquakes in California 

Wherever there 
are earthquakes 
there must be  
faults 



Using seismic recording from around the world and global travel time curves,  
Earthquakes are located globally. 





SEISMIC WAVES 
ATTENUATE - 
DECREASE IN 

AMPLITUDE  - AS 
THEY PROPAGATE


Important for earth 
physics, 

understanding 
earthquake size, and 

seismic hazard


The wavefront area 
is expanding (fixed 

energy spreads over 
bigger area).


And, some energy is 
lost by non-elastic 

proceses. 



For body waves, consider a spherical wavefront moving away from a deep 
earthquake. Energy is conserved on the expanding spherical wavefront 

whose area is 4 π r 2, where r is the radius of the wavefront. 


Thus the energy per unit wave front decays as 1 / r2, and the amplitude 
decreases as 1 / r 


In reality, because body waves travel through an inhomogeneous earth, their 
amplitude also depends on the focusing and defocusing of rays by the 

velocity structure.


GEOMETRIC SPREADING: P and S BODY WAVES




http://pasadena.wr.usgs.gov/office/hough/east-vs-west.jpg 

Anelastic 
processes 
vary in the 
Lithosphere. 

Seismic wave 
amplitudes 
decay more 
rapidly with 
distance in 
the western 
US. 



Richter magnitude 
scale ~ 1933 

Richter magnitude = ML = 
log(amplitude/wave period) 
+ distance correction 

First of the “seismic magnitudes”, 

Strictly speaking, specific to a 
particular instrument type (Wood 
Anderson), in a particular region 
(southern California). 

Can compare relative ‘strength’ of 
warthquakes based on how large 
the seismic waves are, corrected 
for propagation distance. 





•  Supplement: 
The seismic instrument produces a record that is 
modified from the actual ground mo:on.  We 
have to determine the “instrument response” so 
that we know how to take the recorded 
seismogram and to relate it to actual ground 
shaking.  Example calcula:on of the instrument 
response is shown in the next few slides.  
Instrument responses are calculated by theory 
and by direct shaking with a known input. 



ω0 = (k/m)1/2 
Mass m 
Spring constant 
k 
Damping h  

RESONANCE 



ω0 = (k/m)1/2 
Mass m 
Spring constant k 
Damping h  

RESONANCE 



DIGITAL SEISMOMETER SYSTEM 




