GEOMETRIC FLOWS IN COMPLEX GEOMETRY
JEFFREY STREETS

ABSTRACT. These are notes for lectures delivered at the Hefei Advanced School on PDEs
in Geometry and Physics June30th-July 11th 2014.

1. PRELIMINARIES

These are notes for the Hefei Advanced School on PDEs in Geometry and Physics, June
30th-July 11th 2014. We assume familiarity with (almost) complex manifolds, vector
bundles, connections, curvature, torsion and characteristic classes. Many good sources
exist for obtaining familiarity with this material, one example is [5I]. The purpose of
these lectures is to motivate and develop the theory of geometric evolution equations in
the context of almost-Hermitian geometry, and the material is based on the following
papers, listed in chronological order:

(1) Streets, J.; Tian, G. Hermitian curvature flow, arXiv:0804.4109

(2) Streets, J.; Tian, G. A parabolic flow of pluriclosed metrics arXiv:0903.4418

(3) Streets, J.; Tian, G. Regularity results for pluriclosed flow arXiv:1008.2794

(4) Streets, J.; Tian, G. Symplectic curvature flow larXiv:1012.2104

(5) Streets, J.; Tian, G. Generalized Kahler geometry and the pluriclosed flow arXiv:1109.0503

(6) Streets, J. Generalized geometry, T-duality and renormalization group flow arXiv:1310.5121

(7) Streets, J. Pluriclosed flow on generalized Kihler manifolds with split tangent bun-

dle arXiv:1405.0727
Our discussion will be largely expository, focusing on guiding philosophy, broad themes,

conjectures, and open problems. We will discuss some proofs, but will mostly refer the
reader to the original papers for complete proofs. The six lectures will be divided as
follows:

(1) Overview of Kahler geometry/Kéhler Ricci flow
(2) Introduction to pluriclosed flow
(3) Pluriclosed flow as a gradient flow
(4) Pluriclosed flow and generalized Kéhler geometry
(5) T-duality and geometric flows
(6) Symplectic curvature flow

2. REVIEW OF KAHLER-RICCI FLOW

2.1. Uniformization Theorem. The classification of Riemann surfaces is closely related
to the classical uniformization theorem

Theorem 2.1. (Uniformization of Riemann Surfaces) Every simply connected Riemann
surface is conformally equivalent to either the open unit disc, the complex plane, or the

Riemann sphere.
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Using this, a classification of compact Riemann surfaces follows. In particular, since any
covering space of a Riemann surface is again a Riemann surface, lifting to the universal
cover and applying the theorem above yields

Theorem 2.2. Every compact, connected Riemann surface is a quotient by a free, properly
discontinuous action of a group on the unit disc, the complex plane, or the Riemann
sphere. In particular, it admits a Riemannian metric of constant (scalar) curvature.

Remark 2.3. It is possible to prove the theorem above using Ricci flow. In particular,
fix a Riemann surface (M?,g,J) with compatible metric. We can ask the (apparently)
slightly different question: does there exist a conformally related metric e**g which has
constant curvature? The Ricci flow attempts to construct such a metric using a parabolic
equation:

0
a = —2Rec.

Since the dimension n = 2, the Ricci tensor can be expressed as Rc = %Rg, and then
the flow reduces to a flow on the conformal factor alone. The work of many authors ||
leads to the statement that, after volume normalization, the solution exists for all time
and converges to a constant scalar curvature metric. This is then a new proof of the
uniformization theorem.

A fundamental question which drives much research in complex geometry is:

Can we use geometric flows to prove geometric/topological clas-
sification theorems for complex manifolds in higher dimensions?

Our inspiration and guiding philosophy for answering this question comes from the Kahler-
Ricci flow, which we now briefly recall.

2.2. Kahler-Ricci flow.

Definition 2.4. Let (M?",J) be a compact complex manifold. A Riemannian metric g
on M is Kdhler if

(1) g is compatible with J, i.e.: g(J-, J-) = g(-,-)

(2) Setting w(-,-) = g(J-,-), we have that dw = 0.
Remark 2.5. In the above definition, w € A]El and [w] € Hﬂlgl is called the Kdhler class.

Lemma 2.6. (00-Lemma) Let (M?",g,.J) be a compact Kihler manifold. Suppose ¢’ is
another metric on M such that [w'] = [w]. Then there ezists a unque f € C°(M) such
that [,, fdVy, =0 and

w=w +v/—100f.

Definition 2.7. Given (M?",J,g) a Kihler manifold, we let Rm denote the curvature
tensor of the Levi-Civita connection, which coincides with the Chern connection on 7.
Moreover, we say that

Ik
pi; =9 R
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is the Ricci form of g. It follows from easy curvature calculations that p € A%’l and
moreover dp = 0 by the Bianchi identity. Alternatively, p is the curvature of the induced
connection on the determinant line bundle A™°, and it then follows that [p] = ¢;(M, J),
the first Chern class of (M, J).

Definition 2.8. Let (M?",J,wy) be a compact Kahler manifold. We say that a one-
parameter family of Kahler metrics w; is a solution to Kahler-Ricci flow with initial con-
dition wyq if
ow
E - p(wt)v
w(0) = wo.

Remark 2.9. In general for a Kéhler metric one has the identity Re(J-,-) = p(+,-), and
therefore given a solution to Kahler-Ricci flow the associated Riemannian metrics satisfy
the Ricci flow equation:
dg
ot
Given that solutions to the Ricci flow are unique, it follows that Ricci flow preserves the
Kahler condition.

— Re.

2.3. Tian-Zhang’s sharp local existence theorem.
Definition 2.10. Let (M?", J) be a compact Kéhler manifold. Let
K = {[¢] € HY'| Jw € [gl,w > 0}.

Remark 2.11. The set K is an open cone in the finite dimensional vector space Hﬂlg’l.

Now let (M* w;, J) be a solution to Kéhler-Ricci flow. Observe that there is an asso-
ciated ODE
0
ot
Certainly, if the boundary of K is reached along this ODE, the flow must have generated
a singularity of some kind. One can ask the natural question: is this the ONLY way that
KRF encounters singularities? The answer is yes:

Theorem 2.12. (Tian-Zhang) Let (M?",wq, J) be a compact Kdihler manifold. Let
T = sup{t € R|[wo] — tc; € K}.

Then the solution to Kdihler-Ricci flow exists smoothly on [0,T), and this solution is
mazimal.

[w] = —c1.

3. INTRODUCTION TO PLURICLOSED FLOW

The Kahler-Ricci flow is certainly an equation of central importance in Kahler geometry.
One could easily fill several courses discussing it alone. However, our purpose in this course
is to tell the story of new equations which aim to extend the applicability of the techniques
and ideas os Kahler-Ricci flow into the world of complex, non-Kéahler manifolds. To begin
let us recall the first known example of such a manifold, the Hopf surface, which plays a
central role in our discussion.
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Example 3.1. Consider C? — (0,0). Fix complex numbers a, 3, |a| > |8] > 1, and let
F = <7> ) '7(21, 22) - (OéZl, 522)

The action of I' is free and properly discontinuous, therefore we may construct the smooth
manifold
C? —(0,0)
M,z = ——12.
7ﬁ 1'\
As it turns out, M, g = S*x S*. Moreover, since I' acts by biholomorphisms, this manifold
inherits a complex structure. However, since H?(M,R) = 0, it follows that M cannot
admit a Kéahler metric. In the case |a| = ||, this manifold inherits a metric relevant to
us later, specifically consider on C? — (0, 0),
=1 _
— 00,
1

w =

where (1 = 4/ |21|2 + |22|2. This metric is certainly invariant under the action of I', and so
descends to the quotient.

3.1. Integrability conditions for Hermitian metrics, Gauduchon’s Theorem.

Remark 3.2. As we discussed earlier, every Riemann surface is in fact a Kdhler manifold,
and in fact every Hermitian metric on a Riemann surface is Kéhler. This will no longer
be the case in higher dimensions. As inevitably one has dw # 0, there are various natural
conditions which can be placed on Hermitian, non-Kéahler metrics. As it turns out, in
complex dimension n = 2, there is really only one integrability condition for non-Kahler
metrics.

Definition 3.3. Let (M?", g, J) be a Hermitian manifold with Kéhler form w. The metric
is said to be

(1) Balanced if dw™' =0 B
(2) Gauduchon, or standard if 0wt = 0. B
(3) pluriclosed, or strong Kdhler with torsion, if 00w = 0.

Remark 3.4. These do not represent all possible “integrability conditions” for Hermitian
metrics. However, observe that, trivially, when n = 2 a metric is Kahler if and only if it is
balanced and is pluriclosed if and only if it is Gauduchon. In this case these do represent
the only natural (i.e. diffeomorphism invariant) conditions one can place on a Hermitian
metric.

Question 3.5. Is there a natural geometric flow that preserves the “balanced” condition?
As we will see, the fact that the pluriclosed condition is linear makes it possible to make
an educated guess at a natural flow. In the case of the balanced condition, which is
nonlinear, it is less clear.

Theorem 3.6. (Gauduchon, [9]) Given (M?", g, J) a connected compact Hermitian man-
ifold, there exists a unique ¢ € C°(M) such that g = ¢g is a Gauduchon metric and

fM ¢dVy = 1.
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3.2. Pluriclosed Flow. We now ask a more refined version of the question from the
introduction: is it possible to prove classification results in higher dimensions for complex
(non-Kéhler) manifolds using geometric evolution equations? The rest of the course is
devoted to making progress on this difficult question. Our philosophy will be guided by
some basic principles. In particular, we hope that our flows:

e Preserve (almost) Hermitianness

e Preserve as much additional structure as possible ((almost)-Kahler, pluriclosed,
etc.)

e Have “canonical” fixed points

e Are as close to Ricci flow as possible.

Given the previous discussion, it is natural to ask if there is a geometric flow preserving
the pluriclosed condition. One way to guess the answer is by finding the “local generality”
of pluriclosed metrics. To begin we first recall the “local generality” of Kahler metrics.

Lemma 3.7. Let U C C" be an open subset homeomorphic to a ball, and suppose w € A%’l
is a Kdhler form on U. There exists f € C®(U) such that w = /—100f.

Proof. Since U has trivial cohomologies, since w is a real closed (1,1) form there exists
a € AL (M) such that da = w. Decomposing @ = a®! + 'Y we observe that da’! = 0,
and so there exists f € C*°(M, C) such that

ol = 0f.

0 we conclude that a'? = 9f. Plugging in this yields

But since a% = a®
w = do
= 0"t + Jat?
= 00f + 90f
=00 (f - )
= V/—10023f.
0

Remark 3.8. It is because of this simple fact that one expects Kéhler-Ricci flow to only
“depend on one function,” which is borne out by computations. Indeed, our original
formula for p shows that it only depends on the volume form of the metric, which is
locally given by a single function.

Lemma 3.9. Let U C C" be an open subset homeomorphic to a ball, and suppose w € A]E’l
is a pluriclosed form on U. There exists o € A such that

w = da + Oa.

Proof. Since the form dw is d-closed, so by the local 99 lemma we obtain 5 € A%! such
that

Ow = 003
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Now consider the form
vi=w—08-08
Note that
0y = 0w — 008 =0, Oy = 0w — 008 =0

Since y € Ay is d-closed, it follows again by the 99-lemma that there exists f € C*°(M, R)
such that v = /—190f. Finally, set

azﬁ—i—@gf.

We then directly compute
da+0a =08+ 00+V—100f =08+ 0B+~ = w.
OJ

Remark 3.10. With this point of view, it is natural to define a flow of pluriclosed metrics
using a second order closed (1, 1)-form and a first-order (0, 1)-form. Since we want our flow
to reduce to Kahler-Ricci flow, it is natural to let the closed form be the Chern curvature
form. For the first order (0, 1)-form, only one option really presents itself, which is J}w.

Definition 3.11. Let (M?", J) be a compact complex manifold. A one-parameter family
of Kahler forms w; is a solution to pluriclosed flow if

%w = 99w + 00w + 7_185 log det g.

Proposition 3.12. Let (M*",J) be a complex manifold, and let P denote the space of
Hermatian metrics on M. Given w € P, the operator

o P — AY!
D(w) = — 0w — 00w — T_laglog det g

18 strictly elliptic.

Proof. First we require a coordinate formula for 9fw. An exercise shows that

* V -1
(aww)f ~ g% [gpiﬁ - gpﬁﬁ] :

Taking conjugates we have

VT

(aww)i = B g? [gpq,i - gz‘q,p]

It follows that

V-1 %

59" 9570 = Gyii] + Lot

V-1 qp
2

(33260)1-3 =

(00;);5 =

g {giﬁ,pﬁ - gp@iﬂ +lot
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We have already determined a formula for the remaining term,

(7

_ V=1 .
00 log det g> = ——9%g,5; + ot
ij

It follows that

V-1 qp

d(w) = B 9 [gpﬁi + Gigp; — gpﬁ,iﬂ
_ N —1 D,
= o 9 Jijpw

where the last line follows from applying the pluriclosed condition
0= (85w>i§k1 = 9145 — iga — ik T 9ijai

O

Theorem 3.13. Let (M?*",wy, J) be a compact manifold with a pluriclosed metric. There

exists € > 0 and a unique solution w; to pluriclosed flow on [0, €) with initial condition wy.
Moreover, if wg is Kdahler, then w; is a solution to Kdhler-Ricci flow.

Question 3.14. A basic question is: can we classify the fixed points of this flow? There
is a complete answer in dimension n = 2 provided by priori work of Gauduchon-Ivanov.

Theorem 3.15. Let (M*,g,J) be a solution of ®(w) = Aw. Then either (M*,J) is
Kihler-FEinstein, or it is locally isometric to R x S® with the standard product metric.
The universal cover of (M, J) is biholomorphic to C*\ {(0,0)}, and M admits a finite

sheeted cover M with fundamental group Z, specifically
(3.1) (M) 2 Z = (21, 22) — (a1, B2))
where a, 5 € C, 1 < |a] = |B].

Question 3.16. Are there “soliton solutions” on the Hopf surfaces with || # |57 More
generally, what is the long time behavior of the pluriclosed flow on these surfaces?

3.3. The formal existence time of pluriclosed flow.

3.3.1. The positive cone.
Definition 3.17. Let (M?",J) be a complex manifold. Let

il {@/’ € Aﬁﬁf’)‘&/} = 0}
99" {da + dala € A1}
This is referred to as the (1,1)-Aeppli cohomology, defined in [|. It was shown in [] that

this space is always finite dimensional on a compact manifold. Next, in analogy with the

Kéhler cone, we next define the cone of classes in H;ié which admit pluriclosed metrics.

Definition 3.18. Let (M?", J) be a complex manifold. Let
P o= {w] eHM' |3we)w> o}.

The space P is an open cone in Héié’ which is nonempty if and only if M admits

pluriclosed metrics. We refer to P as the positive cone.
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3.3.2. The formal existence time. Observe that, if w; is a solution to pluriclosed flow, then

w;] defines a path in P. Moreover, since Hy' € H ;ié’ we can interpret the first Chern

class of (M, J) as an element of Hgig. With this point of view we can solve the ODE
[wi] = [wo] — tey.

Certainly the flow cannot exist smoothly if the boundary of P is reached along this ODE.

We state this for emphasis.

Lemma 3.19. Let (M*",J) be a compact complex manifold, and suppose wy is a pluri-
closed metric on M. Let

7 = sup{t|[wo] — tc; € P}.
If T' denotes the maximal existence time of the solution to pluriclosed flow with initial

condition wy, then T < 1%,

The main guiding conjecture behind our study of pluriclosed flow is that in fact reaching
the boundary of the cone is the only way to have a singularity.

Conjecture 3.20. Weak existence conjecture: Let (M?", gy, J) be a compact complex
manifold with pluriclosed metric. Let

7" = sup{t|[wy — tc1] € Py 5}
>0

Then the solution to pluriclosed flow with initial condition gy exists on [0, 7%).
3.3.3. Characterization of 7*. In this subsection we exhibit some cases where the formal
existence time 7* can be computed explicitly. First, in [49] the authors gave a charac-

terization of P in the case of non-Kéahler surfaces, which we record here for convenience.
First, recall the Bott-Chern cohomology

11 {Kerd: Ag' — A3}
Hge = P :
100AG

Also, define the spaces
By' = d{Az} N AR,
{Kerd: Ag' — A3}

11 _
Hy = BT
Lemma 3.21. If b;(M) is odd, the space
BLl
= —=
100N

is one dimensional, and is identified with R via the L? inner product with w.

/um):o.
M

Proof. Let € By' such that
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This implies that tr,, p is L? orthogonal to the constant functions. So in particular it is in
the image of tr, d0. Fix f € C* such that tr, d0f = tr,, p. It follows that u — /=100 f
is exact, but also anti-self-dual. Thus it is harmonic and exact, and hence vanishes. [

Let o denote a positive generator of I". Since the space of pluriclosed metrics on M is
connected, this orientation of I' is well-defined.

Theorem 3.22. (Buchdahl) Let M be a compact complex surface with w a Gauduchon
metric. Let p € AV satisfy 90p =0, [, p A p, [, p >0 for all effective divisors p, and
[y pAw > 0. Then there is u € C>(M) such that p + /—10du > 0.

Theorem 3.23. ([49] Theorem 5.6) Let (M*,J) be a complex non-Kdahler surface. Sup-
pose ¢ € A is pluriclosed. Then [¢] € Py, 5 if and only if

b fM¢A70>O

° fD ¢ > 0 for every effective divisor with negative self intersection.

Proof. One can show that ¢+ A~ satisfies the hypotheses of the Buchdahl theorem above
for sufficiently large A. O

4. PLURICLOSED FLOW AS A GRADIENT FLOW
4.1. Ricci flow as a gradient flow.

Remark 4.1. We have by now suggested a conjecture for the long time existence behavior
of the pluriclosed flow, and moreover classified the fixed points of the flow on complex
surfaces. Now we can ask the question, “is it reasonable to expect the pluriclosed flow to
converge?” For heat-type equations, such convergence usually comes from the fact that
one has a gradient flow. Before beginning our discussion of pluriclosed flow as a gradient
flow, we recall Perelman’s construction showing that Ricci flow is a gradient flow.

Definition 4.2. Let M™ be a compact manifold, and let g denote a Riemannian metric
and f € C*(M). Let

Flg.p)= [ [R+ V1] e fav,
M
Furthermore, let

Ag) = inf Flg, f).
(9):= T )

This quantity A is the first eigenvalue of the Schrodinger operator —4A + R.
Theorem 4.3. (Perelman) Ricci flow is the gradient flow of A\, suitably interpreted.

Remark 4.4. This monotonicity is exhibited by in some sense exhibiting infinite dimen-
sional families of monotone quantities. More precisely, one shows that one has monotonic-
ity of F for arbitrary test functions f evolving by the conjugate heat equation.

Lemma 4.5. Let (M™,g;) be a solution to the Ricci flow on a compact manifold. Let

0= % — Ay, be the time-evolving heat operator. The conjugate operator (0* with respect

to the spacetime L? metric is (1* = —% — A+ R.
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Lemma 4.6. Let M™ be a compact manifold, and let g;, f; be one-parameter families of
metrics and functions. Then

0

&f(g’f’ fi) = /M {<—haRC +V2f> + (M

—¢) (2Af — |Vf?+R) | e av.

We now suppose that our parameter e~/ evolves by the conjugate heat equation. This
is equivalent to

9 2
—f=—-A —R.
- JHIVIE-R
Lemma 4.7. Suppose (M", g1, f;) is a solution to
0 2
0

Then
0 Flgi i) = 2/ IRe+V2f[*e~/av > 0.
ot M

4.2. Pluriclosed flow as a gradient flow. In this section we exhibit that pluriclosed
flow is the gradient flow of the first eigenvalue of a certain Schrodinger operator associated
to the time-dependent metric. What we actually show is that, after pulling back a solution
to pluriclosed flow by the one-parameter family of diffeomorphisms generated by the vector
field dual to the Lee form, one produces a solution to the renormalization group flow of
a nonlinear sigma model arising in string theory (see [22] 108-112). This surprising fact
both exhibits a connection between pluriclosed flow and mathematical physics, and from
another point of view produces a large class of interesting examples of the renormalization
group flow.

Let us recall some notation. Fix (M?", g, J) a complex manifold with pluriclosed metric.
Let V denote the Bismut connection, which is the unique Hermitian connection with skew-
symmetric torsion. Explicitly, this connection takes the form

V=V %ng,

where
H=dw=—dw(J,J,J).
Furthermore, let
0=—Jd'w
be the Lee form of w. A detailed curvature calculation leads to:

Proposition 4.8. Given (M?",w(t), J) a solution to pluriclosed flow, one has

0 1 1

Y | _Re9 . A -

Py Rec —1—4 ;:1 g(H(X,e;),H(Y,¢;)) 2£9ug ,
0

1
51 = 5 (Aol — LoH],
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where 0% is the vector field dual to 0, taken with respect to the time varying metric.

Theorem 4.9. Let (M?",0(t), J) be a solution to pluriclosed flow. Let X (t) = %gﬁ, where
f means the vector dual taken with respect to the time-varying metric, and let ¢; denote
the one parameter family of diffeomorphisms generated by X (t). Let H denote the torsion
of the time-varying Bismut connections. Let (g(t), H(t)) = (¢*(§)(1)), ¢ (H)(t)). Then

0

—g= —Rd’ —|— 7—[
(4.1) g’t
—H = —A H.
En LB
where Hi; = g™ g™ H g H j1,.
Proof. This follows from a standard calculation using Proposition [4.8] U

As noted above, the system of equations arises naturally in physics as the renor-
malization group flow of a nonlinear sigma model. By extending Perelman’s energy func-
tional ([20]) to this coupled system, Oliynyk, Suneeta, and Woolgar showed that is
the gradient flow of a nonlinear Schrodinger operator ([19]). To discuss this let us gener-
alize the notation slightly. As in the introduction, let (M™, g) be a Riemannian manifold,
and let H denote a three-form on M. Let

Jf(g,H,f>:/M[R——\H\ VSR e av

Furthermore set

Mg, H) = inf Flg,H, f).
. 8) =l T H])

Proposition 4.10. ([19] Proposition 3.1) The gradient flow of X is
0

(4.2) gt
aH ALBH d(VfJH),

where f satisfies the conjugate heat equation

= —2Rc+= %—2V2f

(4.3) —f— —Af—R+ - |T|
Furthermore, in [7] Feldman, Ilmanen and Ni gave a generalization of Perelman’s steady

and shrinking entropies to an entropy modeled on expanding solitons. This expanding
entropy has an extension to (4.1]), as shown by the first named author. Define

2
1
WAg,H,u,a):/ [0<|Vu| +Ru——|H|2u>+ulogu
M U 12

:/ [0 (\Vf+|2+R—i\H|2) —f++n} udV
o 12

av
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where f, is defined by

eff'ﬁ’
(402

Theorem 4.11. ([24] Theorem 6.2) Let (M",g(t),T(t)) be a solution to on [ty, to]
and suppose u(t) is the solution to (4.3). Let

v = [(t —W)QAS VA + R - 5 HP) - £y +n} 0

Then

0 L, e
<E+A—R+Z|T| >U+

2

1 1 1
=2t —ty) (‘RC—ZH+V2f++% +Z—l|d*H—Vf+4H|2) u—l—é\leu.

Corollary 4.12. Let (M™,g(t), H(t)) be a solution to on [t1,ts] and suppose u(t) is
a solution to the conjugate heat equation. Then

S (g(0), H 0,0t - ) = [

M

9

1 2
RC—ZH—FV f++m

1 1
+(t—t) | H =V, - H” + o |H]2} dv.

We can derive further corollaries from these results, akin to the “ruling out of breathers”
statements discovered by Perelman ([20]). First recall two definitions.

Definition 4.13. We say that a solution to (4.1)) is a breather if there are times t; < t,
a constant o > 0 and a diffeomorphism ¢ such that ag(t1) = ¢*g(t2). The breather is
steady, shrinking or expanding if « = 1,a < 1, or a > 1, respectively.

Definition 4.14. We say that a solution to (4.1)) is a gradient soliton if there is a function
f and a constant A so that
1
0= RC—ZH+V2f—)\g
0= ALBT — d(VfJT)
The soliton is steady, shrinking or expanding if A = 0, A > 0, or A < 0, respectively.

Corollary 4.15. Any solution to on a compact manifold which is a steady breather
1 a steady gradient soliton. Any solution to on a compact manifold which is an
expanding breather is an Einstein metric with H = 0.

Proof. The first statement follows immediately from Proposition 4.10, For the second,
we note that Theorem [4.11] clearly implies that an expanding breather is an expanding
soliton, and moreover H = 0. Thus ¢(¢) is an expanding Ricci soliton, which are known
to be negative constant Einstein metrics, a result originally due to Hamilton ([12]). O
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5. PLURICLOSED FLOW AND GENERALIZED KAHLER GEOMETRY

5.1. Introduction to generalized Kahler geometry.

Definition 5.1. A generalized Kdihler manifold is a Riemannian manifold (M?",g) to-
gether with two complex structures J,, J_, each compatible with g, further satisfying

(5.1) diw, = —diw_ = H,
dH = 0.

This concept first arose in the work of Gates, Hull, and Rocek [§], in their study of

N = (2,2) supersymmetric sigma models. Later these structures were put into the rich

context of Hitchin’s generalized geometric structures [42] in the thesis of Gualtieri [39]

(see also [40]).

Theorem 5.2. Pluriclosed flow preserves generalized Kdhler geometry, suitably inter-
preted.

Proof. Consider the Hermitian manifold (M?", g, J,). By (5.1), this is a pluriclosed struc-

ture, i.e.

By ([48] Theorem 1.2), there exists a solution to pluriclosed flow with initial condition w
on [0,7") for some maximal 7" < co. Call this one-parameter family of Kéhler forms w, (),
and define w_ () analogously as the solution to pluriclosed flow on the complex manifold
(M, J_) with initial condition w_. Next consider the time-dependent vector fields

(5.3) X = (= Jady wa)

and let ¢4 (t) denote the one-parameter family of diffecomorphisms of M generated by
X%, with ¢5 = Id. Theorem 1.2 in [49] implies that (¢4 (£)*g4(2), 4 (t)*(dSw(2)))
is a solution to with initial condition (g,dGw;). Likewise, we have a solution
(p_()*g_(t), o_(t)*(d°w_(1))) to with initial condition (g,d°w_). However, if we
let (§(t), H(t)) denote this latter solution, we observe that

9 ~ 1. - 1 -
5% = — 2Reiy + S Hypg ;™ = —2Reyj + 5 (‘Hipq) (_H 'pq)

o () () 2

i.e. (§(t),—H(t)) is a solution to 1} with initial condition (g, —d° w_). By l) we see
that (¢4 ()"g+ (), o+ ()" (dfwy (1)) and (6 ()9 (1), ¢ (1)"(d2w(1))) are two solutions
of (4.1) with the same initial condition. Using the uniqueness of solutions of (4.1]) ([47]

Proposition 3.3), we conclude that these two solutions coincide, and call the resulting
one-parameter family (g(t), H(t)).
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Next we want to identify the two complex structures with which g remains compatible.
We observe by that for arbitrary vector fields X, Y,

g (o) Je X, 0L (t)*JY) = g (o2 (t). "+ o 02 (1) X, 0w (t); " - Ji - 92(1).Y)
= [0+(t) " g] (Ji- dx(t).X, Jx - 04(1).Y)
= gs (Jo - 04(1). X, Ty - 91 (8).Y)
= g+ (¢+(1). X, 0+(1).Y)
= [p+(t)"9+] (X,Y)
=g(X,Y).

(5.5)

Therefore g(t) is compatible with ¢ (¢)*J(t). Denote these two time dependent complex
structures by Ji. It follows that wi = ¢+ (t)*ws. Next we note by naturality of d that

EG(X,Y,2) = — [d] (X, LY, L.7)

= —[doL(t)ws] (1)t - Jx - P2 (t). X, -+ )

= [0(t)" (—dws)] (¢ (), - Jx - ¢ ()X, -+ +)
(5.6) = —dws (Ji-dL(t).X, )

= diws (¢+(t)X, )

= ¢+(t)" (diws) (X,Y, 2)

— L H(X,Y, 7).
It follows that
(5.7) oy = —d°w- =H, dH=0,
showing that the triple (g(¢), J, (t), J_(t)) is generalized Kahler for all time. O

Remark 5.3. This theorem points out an important point regarding (4.1)). Based on
physical intuition, one hopes that the system preserves generalized Kahler geometry.
Theorem says that this is true, only if we allow the complex structures to flow as well.
We discovered this via the use of pluriclosed flow, but it is also interesting to express this
purely using , by augmenting it with a flow of complex structures.

Proposition 5.4. Let (M?",g(t), J) be a solution to the pluriclosed flow. Let ¢, be the
one parameter family of diffeomorphisms generated by (—Jd%ivu)lj with ¢g = 1d, and let
g(t) = o1 (g(t)), J(t) = &7 (J). Then

0

o= (&)= [].g7" Rely

(5.8) — JPD*JD, . — J'D*JPD,Ji + JPD*J'D, Ji + J.D*JPD, J
— S Dy JID*JL + JED,J{D* J! — JD* LD, J;.
With this proposition in hand we can add an equation to the B-field flow system to yield
a new system of equations which preserves the generalized Kahler condition. Specifically,
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given a Riemannian manifold (M™, g) and J € End(T'M), let
R(J)i = [J.g7' Rel;
(5.9) Q(DJ), = — J'D*J!D,J: — J.D*J'D,J: + J'D*J'D,J} + J.D*J* D, J}
— JDyJID*JL + JED,J{D* J! — J'D* JLD, ;.

Now consider the system of equations for an a priori unrelated Riemannian metric g,
three-form H, and tangent bundle endomorphisms J:

0 1
Egij = — QRCU +§Hiququ
0
5.10 —H = A;H
(5.10) = A,
0

o = AT+ R(J2) + QD).

Remark 5.5. Adapting Theorem it is clear then that with the appropriate identifi-
cations, the system ({5.10]) preserves generalized Kéhler structure.

6. T-DUALITY AND PLURICLOSED FLOW

In this section we present an interesting symmetry of the B-field RG flow encountered
above. We recall the basic setup here. Let (M",g) be a Riemannian manifold and let
Hy € A3(T*M), dHy = 0. Given this setup and b € A*(M) we set H = Hy + db. The
B-field renormalization group flow is the system of equations

0 1
agij = — QRCU +§Hiququ’
(6.1) ,
—b= —d'H.
ot g

For the sequel we require a gauge-fixed version of this flow. In particular, given the above
setup and a one-parameter family of functions f;, consider

1
=79 = — 2Rey +5 HipgH™ + (Lvyg)is,
ot 2

0 . ,

&b: —dgH—I—’vaAH.
6.1. Topological T-duality. In this section we recall some background on the topo-
logical aspect of T-duality. Our discussion here follows closely the work of Cavalcanti-

Gualtieri [35].

(6.2)

Definition 6.1. Let M, M be principal 7% bundles over a common base manifold B,
and let H € O3, (M) and H € Q3, (M) be invariant closed forms, and finally let 6 and ¢
denote connection 1-forms on M and M. Consider M x g M the fiber product of M and
M, with projection maps p: M xg M — M,p: M xg M — M. We say that (M, H,0)
and (M, H,0) are topologically T-dual if

(6.3) p*H —p"H = d(p 0 A p*0).
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Remark 6.2. While as written this definition requires specific choices of H and H, the
definition only depends on the cohomology classes [H| and [H]. Specifically, if (M, H, 0)
and (M, H,0) are T-dual, and we set H' = H + db, with b € 02, (M), there exists a
new connection ¢ on M and also F/,gl on M such that for the quadruple (H’,¢’ ,ﬁ,,g’)
the relation holds. In particular, as a corollary of Lemma we may choose any
Sl-invariant metric ¢ whose induced connection 1-form is # and then take the T-dual data
o (g,b) provides the requisite data.

Theorem 6.3. ([30] Theorem 3.1) If (M, H) and (M, H) are T-dual with p* H —p*H =
dF, then

(6.4) 7 (Qpe(M), dy) — (Qpe(M), d77),  7(p) = /Tk e Ap

is an isomorphism of differential complezes, where the integration is along the fibers of

M xg M — M.

Remark 6.4. The map 7 is a map on the Clifford module of T*-invariant forms. To
show that it is an isomorphism of Clifford modules we require an isomorphism ¢ : (T'M &
M)/T* — (TM & T*M)/T*, which we define next.

Definition 6.5. Given (X +¢) € (TM @ T*M)/T*, choose the unique lift X of X to
T (M x M) such that

PEY)—F(X,Y)=0, forallY et

Due to this condition the form p*§ — - F (X' ,+) is basic for the bundle determined by p, and
can therefore be pushed forward to M. We define a map

O(X +6) =p.(X) +p¢— F(X,),
Lemma 6.6. The map ¢ defined above depends only on [H] and [H].

Proof. Following the discussion in Remark if H = H + dB then
p*H —p*H = d(F +p*B) =: dF’

Moreover, the action of p*B on t§, ® tkﬁ is trivial. Hence when lifting vectors to the
configuration space as in Definition [6.5] using either F' or F” yields the same result, and
so the lemma follows. O

6.2. Geometric T-duality. In this section we present the notion of T-duality for gen-
eralized metrics. We take as background data topologically T-dual S'-bundles (M, H,0)
and (M, H,0). The metric data then consists of an S'-invariant metric g on M and an
Slinvariant two-form b on M. In [32], [33] Buscher discovered a way to transform this
data, as well as an auxiliary dilaton, to the manifold M in such a way that fixed points of
(6.1) on M are transformed into ﬁxed points of (6.2 . with a particular choice of f, on M,.
The content of Theorem is to show that this behavior persists for general solutions

of .
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Definition 6.7. Let (M, H,0) and (M, H,0) be T-dual. Given I a generalized metric on
(TM & T*M)/T*, the dual metric is

(6.5) T =gl

Remark 6.8. The simplicity of this definition illustrates the value of adopting the view-
point of Courant algebroids. Indeed, using the map ¢ it is possible to easily define T-
duality transformations for other natural objects such as generalized complex structures.
By working out the induced map on (g, b) one recovers the famous “Buscher rules,” [32],
[33], which we now record.

Given (M, H,0) and (M, H,6) T-dual bundles with connections @ and 6, recall that an
Sl-invariant generalized metric ' is determined by an S! invariant pair (g,b) of metric
and two-form potential on M, which can be expressed as

g=90®©0+ g ©0+ go

(6.6) b= by A0+ by

where g; and b; are basic forms of degree i.

Lemma 6.9. (Buscher Rules) Suppose (M, H,0) and (M, H,0) are topologically T-
dual. Given T an S'-invariant generalized metric on TM & T*M and T = ¢I'¢p~" the dual
metric on TM @ T*M, if the pair (g,b) associated to T' is given by 6.6), then the pair
(9,b) determined by T takes the form

| by © by —
—hoh— Ll gy L2 N0

(67) 90 90 N go
N LAy

9o 9o

For the calculations to come later, it will be fruitful to give yet another version of the T-
duality relationship explicitly in terms of the canonical decomposition of an S!-invariant

pair (g,b) on a principal bundle which we now record.

Ql
I

(=l
I

Lemma 6.10. A S'-invariant metric on a principal bundle with canonical vector field
eg 1s uniquely determined by a base metric, a family of fiber metrics, and a connection.
More precisely, g may be uniquely expressed

g=90 @0+ h
where
¢ = g(eg, €9)
g 9leo,)
g(eg, €q)

h('7 ) = g(ﬂ-eW 7.[.9.),
and here ©° is the horizontal projection determined by 0, i.e.

(X)) = X — 0(X)ey.
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Lemma 6.11. Let M denote the total space of an S' principal bundle. Given 6 a con-
nection on M, an S' invariant two-form b admits a unique decomposition

b=0An+pu
where 1 and p are basic forms.
Proof. Let n = ey ~b. Obviously n(ep) = 0 and so 7 is basic. We may then declare
u=b—0An
Observe that
eg—p=¢eg-b—eg= (0 An)=n—n=0,
so that p is basic as well. O

Proposition 6.12. Let (M, H,0) and (M, H,0) be topologically T-dual, and suppose (g, b)
is dual to (g,b). Let 04, @y, hy denote the connection 1-form, fiber metric, and base metric
determined by g via Lemma[6.10 Furthermore, let ng and p, denote the basic 1-form and
2-form associated to b and 0, via Lemma[6.11. Then if 05, etc. denote the corresponding
data associated to g, one has

1
qﬁ,:_
g Cbg
9§:§+779
hgzhg
Ng = 0y —0

Hg = ftg — Tlg N\ g
Proof. First we compute

0, =0+,
go

Then we obtain
Ng =¢€g-b= —10.
Then we may express
ftg = b — 04 N1y

:mA0—<w+§)A@wg+@
0

— b+ LAy
9o

Furthermore we obtain

gy:g—blzg‘i‘ng
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Then, according to the Buscher rules,
% = 6_94 b
_Nn
9o
=0,—0.

Then we obtain

= NG b+ DR G m,) A (0, — 0)
90 0
g1 g1
=@ —b)ANZ=+by— 0N (=
(0 —b1) o e (go)
(251
— g_%/\bl
= g — Mg N\ Tg.

0

Lemma 6.13. Let (M, H,0) and (M, H,0) be topologically T-dual, and suppose (g,b) is
dual to (g,b). Then holds for the quadruple (Hy, 0, Hg, 0g).

Proof. We directly compute (suppressing the presence of p* and p*) using Proposition

[6.12] that
H,— Hz;=H+db—H —db
:H_F+d(gg/\ng+ﬂg>_d(aﬁ/\%+ﬁb§)
=d(0A0+0,An,— 05 A\ng+ny Ang)
= d(6, A By).
U

Lemma 6.14. Given (g,b) and (g,b) T-dual data, if we declare 6, and 0, to be the
background connections, which is valid by Lemma then the pair (g,0) and (g,0) is
T-dual with respect to this background.

Proof. This follows immediately from Proposition [6.12] 0J

Lemma 6.15. If 6 denotes a choice of connection, given H an S*-invariant three-form,
H admits a unique decomposition

H=0ANY +Z
where Y and Z are basic forms.

Proof. Following the proof of Lemma welet Y =ey~H and Z = H—60AY and this
is the required decomposition. 0

Next we relate the three-form decomposition of Lemma for T-dual structures.
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Lemma 6.16. Let (M, g,b) and (M,g,b) be T-dual data. Then

Z=12Z, Y=-F; Y=-Fk.
Proof. Let ey denote the vector field defining the action of S ! coming from the bundle M
induced on the fiber product M x g M. Likewise define 5. We compute
™Y = 7" (e H)
=ep-mH
= ¢y~ (T"H + d(6, N 05))
= ég= (Fy Nbg — 0, N\ F3)
-7,
The calculation of 7Y is identical. Finally we have
T Z=1"(H—-0NY)
=7H+d (0, A0g) + 0, A Fy.
=7"H+ F, N0y

6.3. Statement of Theorem and examples.

Theorem 6.17. Suppose (M", H,0) and (M, H,0) are topologically T-dual circle bundles
(cf. Definition . Given (g,b) an S'-invariant pair of metric and two-form, and f; a
one-parameter family of S*-invariant functions, let (g, bs) be the unique solution to
with this initial condition. Let (g,,b,) denote the one-parameter family of T-dual pairs
to (gi,b,). Then (g,,b;) is the unique solution to with initial condition (g,b) with
fi = [, +1og ¢y, where ¢, = g,(eqg,eg) is the function determining the length of the circle
fiber on M at each time t.

Example 6.18. We begin with a simple example to illustrate how T-duality affects
solutions to (6.1). Let M = S% and consider the Hopf fibration S* — S% — S2, and let ¢
denote the connection one form on S? satisfying df = wg2, where wg2 denotes the standard
area form on S2, and furthermore let H = 0. Next let M = S? x S', and consider the
trivial fibration S* — S* x S? — S2. Let @ denote the pullback of the canonical line
element on S* to M, and let H = —0 A wg2. Certainly dH = 0. Moreover, with the
notation of observe that

p'H—Dp"H=7"(ws2AO) =dp"0 NG =d (p*0 AD"0) .
Thus (M, H,0) and (M, H, ) are topologically T-dual. Let gg> denote the round metric
on S? and consider an S'-invariant metric of the form

g=A0®0+ Byg:.
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Observe that by applying Proposition we obtain that (g,0) is T-dual to (g,b) with

1- _
G= 020+ By,

(6.8) 7 9s
b= 0.

The solution to (6.1) with initial condition (g,0) on M is given by the Ricci flow, which
takes the form
i B=-242
- Tp CTTTE

Expressing the T-dual data as § = A0 ® 6 + Bgg: and using we obtain the evolution
equation for g as

- 1 - A
A= — B=-2+—
B?’ + B’
which, one directly checks is the solution to (6.1). Observe that M shrinks to a round
point under the flow, whereas on M the S? shrinks to a point while the S* fiber blows up.

Example 6.19. More generally, we may let M = S?"*1 and consider the Hopf fibration
St — §2ntl s CP”, and let 6 denote the connection one form on S?"! satisfying df =
wrs, where wrg is the Kahler form of the Fubini-Study metric on CP”, and furthermore let
H = 0. Next let M = CP" x S', and consider the trivial fibration S* — S'x CP* — CP".
Let 6 denote the pullback of the canonical line element on S* to M, and let H = —0 Awps.
As in the previous example one easily checks that (M, H, ) and (M, H, ) are topologically
T-dual.

Now let gy denote any metric on S?"*! with positive curvature operator. Consider
the solution to (6.1)) with initial condition (go,0). One observes that by the maximum
principle the condition Hy = 0 is preserved by (6.1]), and so the solution (g, b;) = (g, 0),
where ¢; is the unique solution to Ricci flow with initial condition gg. By the theorem
of Bohm-Wilking [29], we have that g; exists on some finite time interval [0,7"), and
converges to a round point as t — T. It follows from Proposition that the dual
solution (g,, b;) also exists on a finite time interval, asymptotically converging to a solution
which homothetically shrinks the CPP? base and expands the S! fiber, analogously to the
previous example.

7. SYMPLECTIC CURVATURE FLOW

Much effort is made in recent years fleshing out the analogies/similarities/differences
between symplectic geometry and Kahler geometry. Of course Kahler geometry is cer-
tainly more rigid, but nonetheless similar ideas play a role in both fields. In this section we
outline a method for extending Kéhler-Ricci flow into the world of symplectic geometry.
As Kahler-Ricci flow of course demands a complex structure, our symplectic curvature
flow will require an almost complex structure, which we now define.

Definition 7.1. Let M?" be a smooth manifold. An almost complex structure on M is
an endomorphism of the tangent bundle J covering the identity map satisfying

J?=—1d.

The pair (M?", J) is called an almost complex manifold.
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Remark 7.2. The restriction to an even dimensional manifold is of course necessary for
the existence of an endomorphism which squares to — Id.

Definition 7.3. Given (M?",J) an almost complex manifold, the Nijenhuis tensor of J
is

N(X,Y)=[JX,JY] - [X,Y] - J[JX,Y] - J[X,JY].

Remark 7.4. Different authors may define the Nijenhuis tensor to be a different multiple
of our definition. Observe that the Nijenhuis tensor is a first order differential operator
acting on an almost complex structure J.

Definition 7.5. Let (M?",J) be an almost complex manifold. The almost complex
structure J is integrable if N = 0. In this case we say that (M?",J) is a complex manifold.

Remark 7.6. It follows from the Newlander-Nirenberg Theorem that the vanishing of the
Nijenhuis tensor is equivalent to the existence of a complex coordinate atlas, i.e. complex
coordinate charts covering the manifold with biholomorphic transition maps.

Definition 7.7. Given M?" a smooth manifold, a symplectic form on M is w € A*(M)
such that dw = 0 and w is nondegenerate, i.e. for all p € M, W™ # 0.

Definition 7.8. Let (M?",w) be a symplectic manifold. An almost complex structure .J
is compatible with w if

w(J,J) =w, w(J,-) >0

Proposition 7.9. (Gromov) Every symplectic structure admits a compatible almost com-
plex structure.

Definition 7.10. A triple (M?",w,J) of a symplectic form with a compatible almost
complex structure is an almost Kdhler structure. Observe that we also have a Riemannian
metric defined by ¢(X,Y) = w(JX,Y).

Lemma 7.11. Let (M?",w,J) be an almost Kdhler structure. There is a unique linear
connection V on T'M satisfying

Vw =0, VJ =0, T =0,
where TY is the (1,1)-component of the torsion. We will call this the Chern connection.

Remark 7.12. By general principles the Chern connection can be used to generate a
representative of the first Chern class, namely

1,

This is a closed form by the Bianchi identity, represents ¢; (M, J), and agrees with the usual
Ricci form in Kahler geometry if J is integrable. This suggests the evolution equation

0
7.1 —w=—P.
(7.1) T
However, in general, P ¢ Aﬁgl, and therefore this equation will not preserve the compati-
bility of w with J. However, a simple solution suggests itself, which is to allow J to flow

so as to preserve compatibility.

0
(7.2) o g
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However, after some delicate calculations, one can see that the coupled system of ([7.147.2))
is not even (weakly) parabolic. However, we have not made full use of the J evolution
equation. In particular, one can add an arbitrary J-skew symmetric, g-symmetric piece
to the evolution equation while still preserving compatibility. Again, after delicate calcu-
lations, what is suggested is to use

(R)] := JFRc], — Rek J/

Definition 7.13. Let (M?",wy, Jo) be an almost Kéhler manifold. We say that a one-
parameter family (wy, J;) is a solution to symplectic curvature flow with initial condition
(wo, Jo) if it satisfies

0

—w= —P
(7.3) %’5
aJ _ g71P(2,0)+(0,2) +R

Theorem 7.14. ([50] Theorem 1.6) Let (M*",wy, Jy) be a compact almost Kdhler man-
ifold. There exists € > 0 and a unique one-parameter family of almost Kahler structures
(w(t), J(t)) solving fort € [0,¢€). If Jo is integrable, J(t) = J(0) for all t and w(t)

s a solution to Kdhler Ricci flow.

Remark 7.15. Since the complex structure is not fixed background data, the evolution
equation (|7.3]) admits an action by the diffeomorphism group, and is therefore only weakly
parabolic. The so-called “DeTurck method” succeeds in this case to show short-time
existence.

Theorem 7.16. Let (M*" wy, Jy) be an almost Kdihler manifold. There is a unique
solution to on a mazximal time interval [0, 7). Furthermore, if T < oo then
limsup |[Rm|o = o0.
t—T
Given this starting point, many natural questions of analytic or geometric nature
present themselves. Certainly one would want to extend as much of the Perelman theory
of Ricci flow to this setting as possible. One fundamental question is:

Question 7.17. Is ([7.3)) the gradient flow of a natural functional?

Ideally, one would like to use to answer questions arising in symplectic topology.
There are many questions asked concerning the topological structure of the space of
symplectic forms in a fixed cohomology class. Certainly geometric evolution equations are
a natural tool for approaching such questions. Here is a representative folklore conjecture:

Conjecture 7.18. Let M be a closed hyperkdhler surface (i.e. a four-torus or a K3
surface) and let a € H*(M;R) be a cohomology class such that a®> > 0. Then the space
S, of symplectic forms in the class a is connected.

A natural approach to this conjecture would be to show that in the situation described
in the conjecture, an arbitrary symplectic form with compatible J flows under (7.3)) to a
“standard” structure. A similar strategy was suggesting using a more specialized flow in

[6].
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