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Motivation

Interplay between: 
electron itineracy, local moment magnetism & frustrated geometry

Question: what happens when charge carriers are introduced in a 
frustrated magnet?

• Do the charge carriers induce new magnetic groundstates? 

• How is the charge transport affected by the magnetic order?



• Kondo-lattice model on a triangular lattice 

• Weak coupling: Fermi surface nesting, perturbation theory 

• Strong coupling: effective spinless Hamiltonian; Monte Carlo 
combined with diagonalization 

• spin-charge ordered phases at n=1/3 and n=2/3         

• Summary         

Outline of the talk



Kondo lattice model on triangular lattice

Degrees of Freedom:    (i) Localized Spins, (ii) Itinerant Fermions

3

cient to describe the magnetism in CuO. While our model
study is of general importance for magnetic materials and
models, the conclusions are of particular relevance to the
magnetic and ferroelectric ordering phenomena in CuO.

The rest of the paper is organized as follows. In sec-
tion II we describe possible extensions of the standard
Heisenberg model for spin-1/2 and spin-1 magnetic mo-
ments. We discuss the relevance of these models and
their relation with each other in the classical limit. Sec-
tion II ends with a description of the variational, and
Monte Carlo (MC) simulation methods used in this work.
Section III begins with a discussion of the ground state
phase diagrams of the two models using variational cal-
culations. Next, a comparison between variational calcu-
lations and MC simulations at low temperatures is pre-
sented. Finally, the finite-temperature behavior of the
bilinear-biquadratic model is discussed. The main focus
is on the presence of a non-collinear magnetic phase with
finite spin current at high temperatures. Section IV is
devoted to conclusions.

MODEL AND METHOD

We begin with a Heisenberg Hamiltonian on a square
lattice given by,
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Here, J1 denotes the nearest neighbor (nn) Heisenberg
exchange coupling and J2a, J2b are the next nearest
neighbor (nnn) couplings as shown in Fig. ??(a). The
single and double angular brackets denote the sum over
nn and nnn sites, respectively. The subscripts a and b
on the summation indices specify the two inequivalent
nnn directions. For most spin systems with square lat-
tice geometry, one is typically interested in the parameter
regime given by, |J2a| ⇠ |J2b|  |J1|. However, another
interesting limit of this model is realized when J2a and
J2b have opposite signs and are much larger in magnitude
compared to |J1|. The corresponding model for Ising
spins was recently analyzed by A. Kalz and G. Chitov,
and the existence of an unusual topological floating phase
was reported [41]. It is easy to see that in this limit, the
magnetic system gets divided into two sub-lattices which
interpenetrate each other. J2a and J2b ensure that each
sub-lattice has a well defined order at low temperatures,
but the nn Heisenberg coupling J1 is not su�cient to gen-
erate a long-range magnetic order. Therefore, in this pa-
rameter regime higher order spin-spin interaction terms
become relevant. Interestingly, the magnetic model for
CuO corresponds to a similar sub-lattice order in three
dimensions (3D) where each sub-lattice has a well defined
order but the magnetic ground state is decided by addi-
tional weaker couplings, such as the magneto-crystalline
anisotropy and the Dzyaloshinskii-Moriya (DM) interac-
tion. However, in this regime the role of higher order
spin-spin interactions should be given equal importance.
Proceeding with this viewpoint, our first extension of
the Heisenberg Hamiltonian H0 is achieved by includ-
ing a four-spin ring-exchange interaction, leading to the
Hamiltonian,

H1 = H0 +K
X

[ijmn]

[(Si · Sj)(Sm · Sn)+

(Si · Sn)(Sj · Sm)� (Si · Sm)(Sj · Sn)] . (8)

In the above, K denotes the strength of the ring-exchange
coupling involving four sites (see Fig. ??(b)). Starting
with a one-band Hubbard model at half-filling, the 2nd
order perturbation theory in hopping leads to the Heisen-
berg exchange [42]. If we go beyond the second order,
the next contribution is from the fourth order term lead-
ing to the ring-exchange coupling [43]. Therefore, H1 is
the microscopic Hamiltonian for spin-1/2 moments on a
square lattice. If the magnetic moments are spin-1, then

JK JK

t t
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In the above, K denotes the strength of the ring-exchange
coupling involving four sites (see Fig. ??(b)). Starting
with a one-band Hubbard model at half-filling, the 2nd
order perturbation theory in hopping leads to the Heisen-
berg exchange [42]. If we go beyond the second order,

Parameters: 

Two possible ways to realize such models in real materials: 

(i)  Introduce magnetic impurities in metals/semiconductors (e.g. DMS) 
(ii) Introduce charge carriers in a magnetic insulator (e.g. Manganites,     
      heavy-fermion systems, etc.) 



Classical approximation for spins

For large localized spins (S = 3/2, 2, …):  assume the spins to be classical

• What is the ground state of the localized classical spin sub-system? 
• How are the itinerant electrons affected by the spins?

  Born-Oppenheimmer: fast variables (electrons) and slow variables (spins)

3

cient to describe the magnetism in CuO. While our model
study is of general importance for magnetic materials and
models, the conclusions are of particular relevance to the
magnetic and ferroelectric ordering phenomena in CuO.

The rest of the paper is organized as follows. In sec-
tion II we describe possible extensions of the standard
Heisenberg model for spin-1/2 and spin-1 magnetic mo-
ments. We discuss the relevance of these models and
their relation with each other in the classical limit. Sec-
tion II ends with a description of the variational, and
Monte Carlo (MC) simulation methods used in this work.
Section III begins with a discussion of the ground state
phase diagrams of the two models using variational cal-
culations. Next, a comparison between variational calcu-
lations and MC simulations at low temperatures is pre-
sented. Finally, the finite-temperature behavior of the
bilinear-biquadratic model is discussed. The main focus
is on the presence of a non-collinear magnetic phase with
finite spin current at high temperatures. Section IV is
devoted to conclusions.

MODEL AND METHOD

We begin with a Heisenberg Hamiltonian on a square
lattice given by,

H = �t(t0)
X

(ij)�

(c†i�cj� +H.c.) + U
X

i

ni"ni# (1)

H = �t
X

hiji��0

(f��0c†i�cj�0 +H.c.) + U
X

i

nipnia (2)

f��0 = R†(✓i,�i)R(✓j ,�j) (3)

nipnia ⇡ niphniai+ niahnipi � hnipihniai

(✓i,�i)

✓i = ⇥
�i = Q · ri

HDM =
X

ij

D · (Si ⇥ Sj) (4)

H =
X

ij

JP
ij Si · Sj +

X

ij

D · (Si ⇥ Sj) (5)

H = �t
X

hiji�

(c†i�cj� +H.c.) + JK
X

i

Si · �i (6)

H = �
X

hiji

(tij d†idj +H.c.) + JAF

X

hiji

Si · Sj (7)

t, JK , n

Z =

Z
D{S} Tr e��H ⌘

Z
D{S} e��H

eff

({S})

Here, J1 denotes the nearest neighbor (nn) Heisenberg
exchange coupling and J2a, J2b are the next nearest
neighbor (nnn) couplings as shown in Fig. ??(a). The
single and double angular brackets denote the sum over
nn and nnn sites, respectively. The subscripts a and b
on the summation indices specify the two inequivalent
nnn directions. For most spin systems with square lat-
tice geometry, one is typically interested in the parameter
regime given by, |J2a| ⇠ |J2b|  |J1|. However, another
interesting limit of this model is realized when J2a and
J2b have opposite signs and are much larger in magnitude
compared to |J1|. The corresponding model for Ising
spins was recently analyzed by A. Kalz and G. Chitov,
and the existence of an unusual topological floating phase
was reported [41]. It is easy to see that in this limit, the
magnetic system gets divided into two sub-lattices which
interpenetrate each other. J2a and J2b ensure that each
sub-lattice has a well defined order at low temperatures,
but the nn Heisenberg coupling J1 is not su�cient to gen-
erate a long-range magnetic order. Therefore, in this pa-
rameter regime higher order spin-spin interaction terms
become relevant. Interestingly, the magnetic model for
CuO corresponds to a similar sub-lattice order in three
dimensions (3D) where each sub-lattice has a well defined
order but the magnetic ground state is decided by addi-
tional weaker couplings, such as the magneto-crystalline
anisotropy and the Dzyaloshinskii-Moriya (DM) interac-
tion. However, in this regime the role of higher order
spin-spin interactions should be given equal importance.
Proceeding with this viewpoint, our first extension of
the Heisenberg Hamiltonian H0 is achieved by includ-
ing a four-spin ring-exchange interaction, leading to the
Hamiltonian,

H1 = H0 +K
X

[ijmn]

[(Si · Sj)(Sm · Sn)+

(Si · Sn)(Sj · Sm)� (Si · Sm)(Sj · Sn)] . (8)

In the above, K denotes the strength of the ring-exchange
coupling involving four sites (see Fig. ??(b)). Starting

3

cient to describe the magnetism in CuO. While our model
study is of general importance for magnetic materials and
models, the conclusions are of particular relevance to the
magnetic and ferroelectric ordering phenomena in CuO.

The rest of the paper is organized as follows. In sec-
tion II we describe possible extensions of the standard
Heisenberg model for spin-1/2 and spin-1 magnetic mo-
ments. We discuss the relevance of these models and
their relation with each other in the classical limit. Sec-
tion II ends with a description of the variational, and
Monte Carlo (MC) simulation methods used in this work.
Section III begins with a discussion of the ground state
phase diagrams of the two models using variational cal-
culations. Next, a comparison between variational calcu-
lations and MC simulations at low temperatures is pre-
sented. Finally, the finite-temperature behavior of the
bilinear-biquadratic model is discussed. The main focus
is on the presence of a non-collinear magnetic phase with
finite spin current at high temperatures. Section IV is
devoted to conclusions.

MODEL AND METHOD

We begin with a Heisenberg Hamiltonian on a square
lattice given by,

H = �t(t0)
X

(ij)�

(c†i�cj� +H.c.) + U
X

i

ni"ni# (1)

H = �t
X

hiji��0

(f��0c†i�cj�0 +H.c.) + U
X

i

nipnia (2)

f��0 = R†(✓i,�i)R(✓j ,�j) (3)

nipnia ⇡ niphniai+ niahnipi � hnipihniai

(✓i,�i)

✓i = ⇥
�i = Q · ri

HDM =
X

ij

D · (Si ⇥ Sj) (4)

H =
X

ij

JP
ij Si · Sj +

X

ij

D · (Si ⇥ Sj) (5)

H = �t
X

hiji�

(c†i�cj� +H.c.) + JK
X

i

Si · �i (6)

H = �
X

hiji

(tijd
†
idj +H.c.) + JAF

X

hiji

Si · Sj (7)

Here, J1 denotes the nearest neighbor (nn) Heisenberg
exchange coupling and J2a, J2b are the next nearest
neighbor (nnn) couplings as shown in Fig. ??(a). The
single and double angular brackets denote the sum over
nn and nnn sites, respectively. The subscripts a and b
on the summation indices specify the two inequivalent
nnn directions. For most spin systems with square lat-
tice geometry, one is typically interested in the parameter
regime given by, |J2a| ⇠ |J2b|  |J1|. However, another
interesting limit of this model is realized when J2a and
J2b have opposite signs and are much larger in magnitude
compared to |J1|. The corresponding model for Ising
spins was recently analyzed by A. Kalz and G. Chitov,
and the existence of an unusual topological floating phase
was reported [41]. It is easy to see that in this limit, the
magnetic system gets divided into two sub-lattices which
interpenetrate each other. J2a and J2b ensure that each
sub-lattice has a well defined order at low temperatures,
but the nn Heisenberg coupling J1 is not su�cient to gen-
erate a long-range magnetic order. Therefore, in this pa-
rameter regime higher order spin-spin interaction terms
become relevant. Interestingly, the magnetic model for
CuO corresponds to a similar sub-lattice order in three
dimensions (3D) where each sub-lattice has a well defined
order but the magnetic ground state is decided by addi-
tional weaker couplings, such as the magneto-crystalline
anisotropy and the Dzyaloshinskii-Moriya (DM) interac-
tion. However, in this regime the role of higher order
spin-spin interactions should be given equal importance.
Proceeding with this viewpoint, our first extension of
the Heisenberg Hamiltonian H0 is achieved by includ-
ing a four-spin ring-exchange interaction, leading to the
Hamiltonian,

H1 = H0 +K
X

[ijmn]

[(Si · Sj)(Sm · Sn)+

(Si · Sn)(Sj · Sm)� (Si · Sm)(Sj · Sn)] . (8)

In the above, K denotes the strength of the ring-exchange
coupling involving four sites (see Fig. ??(b)). Starting
with a one-band Hubbard model at half-filling, the 2nd
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Full quantum problem: size of the Hilbert space grows exponentially; 
as hard as a multi-orbital Hubbard problem
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Weak Kondo coupling

• Perturbation expansion in 

A variety of magnetically ordered states, or glassy states can arise depending on:
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cient to describe the magnetism in CuO. While our model
study is of general importance for magnetic materials and
models, the conclusions are of particular relevance to the
magnetic and ferroelectric ordering phenomena in CuO.

The rest of the paper is organized as follows. In sec-
tion II we describe possible extensions of the standard
Heisenberg model for spin-1/2 and spin-1 magnetic mo-
ments. We discuss the relevance of these models and
their relation with each other in the classical limit. Sec-
tion II ends with a description of the variational, and
Monte Carlo (MC) simulation methods used in this work.
Section III begins with a discussion of the ground state
phase diagrams of the two models using variational cal-
culations. Next, a comparison between variational calcu-
lations and MC simulations at low temperatures is pre-
sented. Finally, the finite-temperature behavior of the
bilinear-biquadratic model is discussed. The main focus
is on the presence of a non-collinear magnetic phase with
finite spin current at high temperatures. Section IV is
devoted to conclusions.
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Here, J1 denotes the nearest neighbor (nn) Heisenberg
exchange coupling and J2a, J2b are the next nearest
neighbor (nnn) couplings as shown in Fig. ??(a). The
single and double angular brackets denote the sum over
nn and nnn sites, respectively. The subscripts a and b
on the summation indices specify the two inequivalent
nnn directions. For most spin systems with square lat-
tice geometry, one is typically interested in the parameter
regime given by, |J2a| ⇠ |J2b|  |J1|. However, another
interesting limit of this model is realized when J2a and
J2b have opposite signs and are much larger in magnitude
compared to |J1|. The corresponding model for Ising
spins was recently analyzed by A. Kalz and G. Chitov,
and the existence of an unusual topological floating phase
was reported [41]. It is easy to see that in this limit, the
magnetic system gets divided into two sub-lattices which
interpenetrate each other. J2a and J2b ensure that each
sub-lattice has a well defined order at low temperatures,
but the nn Heisenberg coupling J1 is not su�cient to gen-
erate a long-range magnetic order. Therefore, in this pa-
rameter regime higher order spin-spin interaction terms
become relevant. Interestingly, the magnetic model for
CuO corresponds to a similar sub-lattice order in three
dimensions (3D) where each sub-lattice has a well defined
order but the magnetic ground state is decided by addi-
tional weaker couplings, such as the magneto-crystalline
anisotropy and the Dzyaloshinskii-Moriya (DM) interac-
tion. However, in this regime the role of higher order
spin-spin interactions should be given equal importance.
Proceeding with this viewpoint, our first extension of
the Heisenberg Hamiltonian H0 is achieved by includ-
ing a four-spin ring-exchange interaction, leading to the
Hamiltonian,

H1 = H0 +K
X

[ijmn]

[(Si · Sj)(Sm · Sn)+

(Si · Sn)(Sj · Sm)� (Si · Sm)(Sj · Sn)] . (8)
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In the above, K denotes the strength of the ring-exchange
coupling involving four sites (see Fig. ??(b)). Starting
with a one-band Hubbard model at half-filling, the 2nd
order perturbation theory in hopping leads to the Heisen-
berg exchange [42]. If we go beyond the second order,
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ing to the ring-exchange coupling [43]. Therefore, H1 is
the microscopic Hamiltonian for spin-1/2 moments on a
square lattice. If the magnetic moments are spin-1, then

What happens in the limit                     ? 

3

cient to describe the magnetism in CuO. While our model
study is of general importance for magnetic materials and
models, the conclusions are of particular relevance to the
magnetic and ferroelectric ordering phenomena in CuO.

The rest of the paper is organized as follows. In sec-
tion II we describe possible extensions of the standard
Heisenberg model for spin-1/2 and spin-1 magnetic mo-
ments. We discuss the relevance of these models and
their relation with each other in the classical limit. Sec-
tion II ends with a description of the variational, and
Monte Carlo (MC) simulation methods used in this work.
Section III begins with a discussion of the ground state
phase diagrams of the two models using variational cal-
culations. Next, a comparison between variational calcu-
lations and MC simulations at low temperatures is pre-
sented. Finally, the finite-temperature behavior of the
bilinear-biquadratic model is discussed. The main focus
is on the presence of a non-collinear magnetic phase with
finite spin current at high temperatures. Section IV is
devoted to conclusions.

MODEL AND METHOD

We begin with a Heisenberg Hamiltonian on a square
lattice given by,

H = �t(t0)
X

(ij)�

(c†i�cj� +H.c.) + U
X

i

ni"ni# (1)

H = �t
X

hiji��0

(f��0c†i�cj�0 +H.c.) + U
X

i

nipnia (2)

f��0 = R†(✓i,�i)R(✓j ,�j) (3)

nipnia ⇡ niphniai+ niahnipi � hnipihniai

(✓i,�i)

✓i = ⇥
�i = Q · ri

HDM =
X

ij

D · (Si ⇥ Sj) (4)

H =
X

ij

JP
ij Si · Sj +

X

ij

D · (Si ⇥ Sj) (5)

H = �t
X

hiji�

(c†i�cj� +H.c.) + JK
X

i

Si · �i (6)

H = �
X

hiji

(tij d†idj +H.c.) + JAF

X

hiji

Si · Sj (7)

t, JK , n

JK >> t

Z =

Z
D{S} Tr e��H ⌘

Z
D{S} e��H

eff

({S})

Here, J1 denotes the nearest neighbor (nn) Heisenberg
exchange coupling and J2a, J2b are the next nearest
neighbor (nnn) couplings as shown in Fig. ??(a). The
single and double angular brackets denote the sum over
nn and nnn sites, respectively. The subscripts a and b
on the summation indices specify the two inequivalent
nnn directions. For most spin systems with square lat-
tice geometry, one is typically interested in the parameter
regime given by, |J2a| ⇠ |J2b|  |J1|. However, another
interesting limit of this model is realized when J2a and
J2b have opposite signs and are much larger in magnitude
compared to |J1|. The corresponding model for Ising
spins was recently analyzed by A. Kalz and G. Chitov,
and the existence of an unusual topological floating phase
was reported [41]. It is easy to see that in this limit, the
magnetic system gets divided into two sub-lattices which
interpenetrate each other. J2a and J2b ensure that each
sub-lattice has a well defined order at low temperatures,
but the nn Heisenberg coupling J1 is not su�cient to gen-
erate a long-range magnetic order. Therefore, in this pa-
rameter regime higher order spin-spin interaction terms
become relevant. Interestingly, the magnetic model for
CuO corresponds to a similar sub-lattice order in three
dimensions (3D) where each sub-lattice has a well defined
order but the magnetic ground state is decided by addi-
tional weaker couplings, such as the magneto-crystalline
anisotropy and the Dzyaloshinskii-Moriya (DM) interac-
tion. However, in this regime the role of higher order
spin-spin interactions should be given equal importance.
Proceeding with this viewpoint, our first extension of
the Heisenberg Hamiltonian H0 is achieved by includ-
ing a four-spin ring-exchange interaction, leading to the
Hamiltonian,

H1 = H0 +K
X

[ijmn]

[(Si · Sj)(Sm · Sn)+

(Si · Sn)(Sj · Sm)� (Si · Sm)(Sj · Sn)] . (8)

t

t

(θi,φi) (θj ,φj)

tij

Global quantization axes Local quantization axes

3

cient to describe the magnetism in CuO. While our model
study is of general importance for magnetic materials and
models, the conclusions are of particular relevance to the
magnetic and ferroelectric ordering phenomena in CuO.

The rest of the paper is organized as follows. In sec-
tion II we describe possible extensions of the standard
Heisenberg model for spin-1/2 and spin-1 magnetic mo-
ments. We discuss the relevance of these models and
their relation with each other in the classical limit. Sec-
tion II ends with a description of the variational, and
Monte Carlo (MC) simulation methods used in this work.
Section III begins with a discussion of the ground state
phase diagrams of the two models using variational cal-
culations. Next, a comparison between variational calcu-
lations and MC simulations at low temperatures is pre-
sented. Finally, the finite-temperature behavior of the
bilinear-biquadratic model is discussed. The main focus
is on the presence of a non-collinear magnetic phase with
finite spin current at high temperatures. Section IV is
devoted to conclusions.

MODEL AND METHOD

We begin with a Heisenberg Hamiltonian on a square
lattice given by,

H = �t(t0)
X

(ij)�

(c†i�cj� +H.c.) + U
X

i

ni"ni# (1)

H = �t
X

hiji��0

(f��0c†i�cj�0 +H.c.) + U
X

i

nipnia (2)

f��0 = R†(✓i,�i)R(✓j ,�j) (3)

nipnia ⇡ niphniai+ niahnipi � hnipihniai

(✓i,�i)

✓i = ⇥
�i = Q · ri

HDM =
X

ij

D · (Si ⇥ Sj) (4)

H =
X

ij

JP
ij Si · Sj +

X

ij

D · (Si ⇥ Sj) (5)

H = �t
X

hiji�

(c†i�cj� +H.c.) + JK
X

i

Si · �i (6)

H = �
X

hiji

(tij d†idj +H.c.) + JAF

X

hiji

Si · Sj (7)

t, JK , n, tij

(✓i,�i)

(✓j ,�j)

Z =

Z
D{S} Tr e��H ⌘

Z
D{S} e��H

eff

({S})

tij/t = cos(✓i/2) cos(✓j/2)+sin(✓i/2) sin(✓j/2) e
�i(�

i

��
j

)

Here, J1 denotes the nearest neighbor (nn) Heisenberg
exchange coupling and J2a, J2b are the next nearest
neighbor (nnn) couplings as shown in Fig. ??(a). The
single and double angular brackets denote the sum over
nn and nnn sites, respectively. The subscripts a and b
on the summation indices specify the two inequivalent
nnn directions. For most spin systems with square lat-
tice geometry, one is typically interested in the parameter
regime given by, |J2a| ⇠ |J2b|  |J1|. However, another
interesting limit of this model is realized when J2a and
J2b have opposite signs and are much larger in magnitude
compared to |J1|. The corresponding model for Ising
spins was recently analyzed by A. Kalz and G. Chitov,
and the existence of an unusual topological floating phase
was reported [41]. It is easy to see that in this limit, the
magnetic system gets divided into two sub-lattices which
interpenetrate each other. J2a and J2b ensure that each
sub-lattice has a well defined order at low temperatures,
but the nn Heisenberg coupling J1 is not su�cient to gen-
erate a long-range magnetic order. Therefore, in this pa-
rameter regime higher order spin-spin interaction terms
become relevant. Interestingly, the magnetic model for
CuO corresponds to a similar sub-lattice order in three
dimensions (3D) where each sub-lattice has a well defined
order but the magnetic ground state is decided by addi-
tional weaker couplings, such as the magneto-crystalline
anisotropy and the Dzyaloshinskii-Moriya (DM) interac-
tion. However, in this regime the role of higher order
spin-spin interactions should be given equal importance.
Proceeding with this viewpoint, our first extension of

3

cient to describe the magnetism in CuO. While our model
study is of general importance for magnetic materials and
models, the conclusions are of particular relevance to the
magnetic and ferroelectric ordering phenomena in CuO.

The rest of the paper is organized as follows. In sec-
tion II we describe possible extensions of the standard
Heisenberg model for spin-1/2 and spin-1 magnetic mo-
ments. We discuss the relevance of these models and
their relation with each other in the classical limit. Sec-
tion II ends with a description of the variational, and
Monte Carlo (MC) simulation methods used in this work.
Section III begins with a discussion of the ground state
phase diagrams of the two models using variational cal-
culations. Next, a comparison between variational calcu-
lations and MC simulations at low temperatures is pre-
sented. Finally, the finite-temperature behavior of the
bilinear-biquadratic model is discussed. The main focus
is on the presence of a non-collinear magnetic phase with
finite spin current at high temperatures. Section IV is
devoted to conclusions.

MODEL AND METHOD

We begin with a Heisenberg Hamiltonian on a square
lattice given by,

H = �t(t0)
X

(ij)�

(c†i�cj� +H.c.) + U
X

i

ni"ni# (1)

H = �t
X

hiji��0

(f��0c†i�cj�0 +H.c.) + U
X

i

nipnia (2)

f��0 = R†(✓i,�i)R(✓j ,�j) (3)

nipnia ⇡ niphniai+ niahnipi � hnipihniai

(✓i,�i)

✓i = ⇥
�i = Q · ri

HDM =
X

ij

D · (Si ⇥ Sj) (4)

H =
X

ij

JP
ij Si · Sj +

X

ij

D · (Si ⇥ Sj) (5)

H = �t
X

hiji�

(c†i�cj� +H.c.) + JK
X

i

Si · �i (6)

H = �
X

hiji

(tij d†idj +H.c.) + JAF

X

hiji

Si · Sj (7)

t, JK , n, tij

(✓i,�i)

JK ! 1

Z =

Z
D{S} Tr e��H ⌘

Z
D{S} e��H

eff

({S})

tij/t = cos(✓i/2) cos(✓j/2)+sin(✓i/2) sin(✓j/2) e
�i(�

i

��
j

)

Here, J1 denotes the nearest neighbor (nn) Heisenberg
exchange coupling and J2a, J2b are the next nearest
neighbor (nnn) couplings as shown in Fig. ??(a). The
single and double angular brackets denote the sum over
nn and nnn sites, respectively. The subscripts a and b
on the summation indices specify the two inequivalent
nnn directions. For most spin systems with square lat-
tice geometry, one is typically interested in the parameter
regime given by, |J2a| ⇠ |J2b|  |J1|. However, another
interesting limit of this model is realized when J2a and
J2b have opposite signs and are much larger in magnitude
compared to |J1|. The corresponding model for Ising
spins was recently analyzed by A. Kalz and G. Chitov,
and the existence of an unusual topological floating phase
was reported [41]. It is easy to see that in this limit, the
magnetic system gets divided into two sub-lattices which
interpenetrate each other. J2a and J2b ensure that each
sub-lattice has a well defined order at low temperatures,
but the nn Heisenberg coupling J1 is not su�cient to gen-
erate a long-range magnetic order. Therefore, in this pa-
rameter regime higher order spin-spin interaction terms
become relevant. Interestingly, the magnetic model for
CuO corresponds to a similar sub-lattice order in three
dimensions (3D) where each sub-lattice has a well defined
order but the magnetic ground state is decided by addi-
tional weaker couplings, such as the magneto-crystalline
anisotropy and the Dzyaloshinskii-Moriya (DM) interac-
tion. However, in this regime the role of higher order
spin-spin interactions should be given equal importance.
Proceeding with this viewpoint, our first extension of

Finite JK corrections, antiferromagnetic coupling with

3

cient to describe the magnetism in CuO. While our model
study is of general importance for magnetic materials and
models, the conclusions are of particular relevance to the
magnetic and ferroelectric ordering phenomena in CuO.

The rest of the paper is organized as follows. In sec-
tion II we describe possible extensions of the standard
Heisenberg model for spin-1/2 and spin-1 magnetic mo-
ments. We discuss the relevance of these models and
their relation with each other in the classical limit. Sec-
tion II ends with a description of the variational, and
Monte Carlo (MC) simulation methods used in this work.
Section III begins with a discussion of the ground state
phase diagrams of the two models using variational cal-
culations. Next, a comparison between variational calcu-
lations and MC simulations at low temperatures is pre-
sented. Finally, the finite-temperature behavior of the
bilinear-biquadratic model is discussed. The main focus
is on the presence of a non-collinear magnetic phase with
finite spin current at high temperatures. Section IV is
devoted to conclusions.

MODEL AND METHOD

We begin with a Heisenberg Hamiltonian on a square
lattice given by,

H = �t(t0)
X

(ij)�

(c†i�cj� +H.c.) + U
X

i

ni"ni# (1)

H = �t
X

hiji��0

(f��0c†i�cj�0 +H.c.) + U
X

i

nipnia (2)

f��0 = R†(✓i,�i)R(✓j ,�j) (3)

nipnia ⇡ niphniai+ niahnipi � hnipihniai

(✓i,�i)

✓i = ⇥
�i = Q · ri

HDM =
X

ij

D · (Si ⇥ Sj) (4)

H =
X

ij

JP
ij Si · Sj +

X

ij

D · (Si ⇥ Sj) (5)

H = �t
X

hiji�

(c†i�cj� +H.c.) + JK
X

i

Si · �i (6)

H = �
X

hiji

(tij d†idj +H.c.) + JAF

X

hiji

Si · Sj (7)

t, JK , n, tij

(✓i,�i)

JK ! 1

Z =

Z
D{S} Tr e��H ⌘

Z
D{S} e��H

eff

({S})

tij/t = cos(✓i/2) cos(✓j/2)+sin(✓i/2) sin(✓j/2) e
�i(�

i

��
j

)

JAF ⇠ t2/JK

Here, J1 denotes the nearest neighbor (nn) Heisenberg
exchange coupling and J2a, J2b are the next nearest
neighbor (nnn) couplings as shown in Fig. ??(a). The
single and double angular brackets denote the sum over
nn and nnn sites, respectively. The subscripts a and b
on the summation indices specify the two inequivalent
nnn directions. For most spin systems with square lat-
tice geometry, one is typically interested in the parameter
regime given by, |J2a| ⇠ |J2b|  |J1|. However, another
interesting limit of this model is realized when J2a and
J2b have opposite signs and are much larger in magnitude
compared to |J1|. The corresponding model for Ising
spins was recently analyzed by A. Kalz and G. Chitov,
and the existence of an unusual topological floating phase
was reported [41]. It is easy to see that in this limit, the
magnetic system gets divided into two sub-lattices which
interpenetrate each other. J2a and J2b ensure that each
sub-lattice has a well defined order at low temperatures,
but the nn Heisenberg coupling J1 is not su�cient to gen-
erate a long-range magnetic order. Therefore, in this pa-
rameter regime higher order spin-spin interaction terms
become relevant. Interestingly, the magnetic model for
CuO corresponds to a similar sub-lattice order in three
dimensions (3D) where each sub-lattice has a well defined
order but the magnetic ground state is decided by addi-
tional weaker couplings, such as the magneto-crystalline

Spinless fermions with modified hoppings



What are the magnetic ground states of this model?

How to find the ground states for intermediate JAF ? 
Need to integrate out the electrons and arrive at effective spin-only model

Effective spinless fermion model 

3

cient to describe the magnetism in CuO. While our model
study is of general importance for magnetic materials and
models, the conclusions are of particular relevance to the
magnetic and ferroelectric ordering phenomena in CuO.

The rest of the paper is organized as follows. In sec-
tion II we describe possible extensions of the standard
Heisenberg model for spin-1/2 and spin-1 magnetic mo-
ments. We discuss the relevance of these models and
their relation with each other in the classical limit. Sec-
tion II ends with a description of the variational, and
Monte Carlo (MC) simulation methods used in this work.
Section III begins with a discussion of the ground state
phase diagrams of the two models using variational cal-
culations. Next, a comparison between variational calcu-
lations and MC simulations at low temperatures is pre-
sented. Finally, the finite-temperature behavior of the
bilinear-biquadratic model is discussed. The main focus
is on the presence of a non-collinear magnetic phase with
finite spin current at high temperatures. Section IV is
devoted to conclusions.

MODEL AND METHOD

We begin with a Heisenberg Hamiltonian on a square
lattice given by,

H = �t(t0)
X

(ij)�

(c†i�cj� +H.c.) + U
X

i

ni"ni# (1)

H = �t
X

hiji��0

(f��0c†i�cj�0 +H.c.) + U
X

i

nipnia (2)

f��0 = R†(✓i,�i)R(✓j ,�j) (3)

nipnia ⇡ niphniai+ niahnipi � hnipihniai

(✓i,�i)

✓i = ⇥
�i = Q · ri

HDM =
X

ij

D · (Si ⇥ Sj) (4)

H =
X

ij

JP
ij Si · Sj +

X

ij

D · (Si ⇥ Sj) (5)

H = �t
X

hiji�

(c†i�cj� +H.c.) + JK
X

i

Si · �i (6)

H = �
X

hiji

(tij d†idj +H.c.) + JAF

X

hiji

Si · Sj (7)

Here, J1 denotes the nearest neighbor (nn) Heisenberg
exchange coupling and J2a, J2b are the next nearest
neighbor (nnn) couplings as shown in Fig. ??(a). The
single and double angular brackets denote the sum over
nn and nnn sites, respectively. The subscripts a and b
on the summation indices specify the two inequivalent
nnn directions. For most spin systems with square lat-
tice geometry, one is typically interested in the parameter
regime given by, |J2a| ⇠ |J2b|  |J1|. However, another
interesting limit of this model is realized when J2a and
J2b have opposite signs and are much larger in magnitude
compared to |J1|. The corresponding model for Ising
spins was recently analyzed by A. Kalz and G. Chitov,
and the existence of an unusual topological floating phase
was reported [41]. It is easy to see that in this limit, the
magnetic system gets divided into two sub-lattices which
interpenetrate each other. J2a and J2b ensure that each
sub-lattice has a well defined order at low temperatures,
but the nn Heisenberg coupling J1 is not su�cient to gen-
erate a long-range magnetic order. Therefore, in this pa-
rameter regime higher order spin-spin interaction terms
become relevant. Interestingly, the magnetic model for
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JAF 

?JAF = 0   
         
Ferromagnetic GS 

Large JAF  
                
120o state

3

cient to describe the magnetism in CuO. While our model
study is of general importance for magnetic materials and
models, the conclusions are of particular relevance to the
magnetic and ferroelectric ordering phenomena in CuO.

The rest of the paper is organized as follows. In sec-
tion II we describe possible extensions of the standard
Heisenberg model for spin-1/2 and spin-1 magnetic mo-
ments. We discuss the relevance of these models and
their relation with each other in the classical limit. Sec-
tion II ends with a description of the variational, and
Monte Carlo (MC) simulation methods used in this work.
Section III begins with a discussion of the ground state
phase diagrams of the two models using variational cal-
culations. Next, a comparison between variational calcu-
lations and MC simulations at low temperatures is pre-
sented. Finally, the finite-temperature behavior of the
bilinear-biquadratic model is discussed. The main focus
is on the presence of a non-collinear magnetic phase with
finite spin current at high temperatures. Section IV is
devoted to conclusions.
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Here, J1 denotes the nearest neighbor (nn) Heisenberg
exchange coupling and J2a, J2b are the next nearest
neighbor (nnn) couplings as shown in Fig. ??(a). The
single and double angular brackets denote the sum over
nn and nnn sites, respectively. The subscripts a and b
on the summation indices specify the two inequivalent
nnn directions. For most spin systems with square lat-
tice geometry, one is typically interested in the parameter
regime given by, |J2a| ⇠ |J2b|  |J1|. However, another
interesting limit of this model is realized when J2a and
J2b have opposite signs and are much larger in magnitude
compared to |J1|. The corresponding model for Ising
spins was recently analyzed by A. Kalz and G. Chitov,
and the existence of an unusual topological floating phase
was reported [41]. It is easy to see that in this limit, the
magnetic system gets divided into two sub-lattices which



•   Classical Monte Carlo for spins (Metropolis algorithm) 

•   Energy of a classical spin configuration involves fermion contribution  

      (Diagonalization of the fermionic Hamiltonian at each Monte Carlo step) 

•  The algorithm is numerically exact, scales as N4 with the number of sites N 

•  We simulate clusters upto N=144 on triangular lattice

Classical Monte Carlo + Diagonalization

The method has been extensively used for studying models of manganites 
Dagotto et al., Phys. Rep. 344, 1 (2001)



S. Kumar & J. v.d. Brink, PRL '10

Noncoplanar state at n=1/2

• The 4-sublattice non-coplanar phase at n=1/4 also exists at strong coupling 

• Finite scale spin chirality  

JAF

3

cient to describe the magnetism in CuO. While our model
study is of general importance for magnetic materials and
models, the conclusions are of particular relevance to the
magnetic and ferroelectric ordering phenomena in CuO.

The rest of the paper is organized as follows. In sec-
tion II we describe possible extensions of the standard
Heisenberg model for spin-1/2 and spin-1 magnetic mo-
ments. We discuss the relevance of these models and
their relation with each other in the classical limit. Sec-
tion II ends with a description of the variational, and
Monte Carlo (MC) simulation methods used in this work.
Section III begins with a discussion of the ground state
phase diagrams of the two models using variational cal-
culations. Next, a comparison between variational calcu-
lations and MC simulations at low temperatures is pre-
sented. Finally, the finite-temperature behavior of the
bilinear-biquadratic model is discussed. The main focus
is on the presence of a non-collinear magnetic phase with
finite spin current at high temperatures. Section IV is
devoted to conclusions.
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Here, J1 denotes the nearest neighbor (nn) Heisenberg
exchange coupling and J2a, J2b are the next nearest
neighbor (nnn) couplings as shown in Fig. ??(a). The
single and double angular brackets denote the sum over
nn and nnn sites, respectively. The subscripts a and b
on the summation indices specify the two inequivalent
nnn directions. For most spin systems with square lat-
tice geometry, one is typically interested in the parameter
regime given by, |J2a| ⇠ |J2b|  |J1|. However, another
interesting limit of this model is realized when J2a and
J2b have opposite signs and are much larger in magnitude
compared to |J1|. The corresponding model for Ising
spins was recently analyzed by A. Kalz and G. Chitov,
and the existence of an unusual topological floating phase
was reported [41]. It is easy to see that in this limit, the
magnetic system gets divided into two sub-lattices which
interpenetrate each other. J2a and J2b ensure that each
sub-lattice has a well defined order at low temperatures,Present study: The phases at n=1/3 and n=2/3
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that the classical approximation is a good starting point,
unless the localized moments are spin- 12 [37, 38]. The
parameters of the model are, the hopping amplitude t0,
the AF coupling J

AF

and the electronic filling fraction
n. We set t0 = 1 as the reference energy scale.

The model is investigated using the state of the art
Monte Carlo (MC) method which combines the classical
MC for spins with numerical diagonalization for fermions
[39]. The solution of a fermionic problem is carried out
numerically at each MC update step in order to obtain
the electronic contribution to the total energy of a given
classical spin configuration. We have used 62 and 122

clusters with periodic boundary conditions and typically
104 MC steps for equilibration and averaging. While the
MC on larger lattices is not feasible due to computa-
tional costs, the energies of candidate states have been
compared on 12002 sites [40].

The important physical quantity that contains infor-
mation about the nature of magnetic ordering is the spin
structure factor (S(q)), which is defined as,
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In the above h...i
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denotes the thermal or MC average,
N is the number of lattice sites, and r

i

, r
j

are the position
vectors of sites i, j. We begin by discussing the spin
structure factor results obtained from simulations on 12⇥
12 lattice. Fig 1 (a) and (b) display the results at low
temperature, T = 0.002t0, for filling fractions n = 2/3
and n = 1/3 respectively. The magnitude of S(q) is
indicated by the radius of the empty circles, and the q
values are restricted to the 1st Brillioun zone. In the
low-J

AF

limit, the S(q) peaks at the � point indicating
a ferromagnetic ground state, which is expected in the
DE model. For n = 1/3, the peak at the � point remains
robust in the range 0  J

AF

< 0.08. For J
AF

= 0.10,
we find two peaks in the S(q) (see Fig 1 (b)), one at the
M -point and other on the �-K axis. For J

AF

= 0.16,
S(q) indicates the presence of another unusual magnetic
phase with peaks at multiple q points. We confirm by
looking at the spin configurations in real space that both
these phases are collinear. The S(q) at J

AF

= 0.23 is
qualitatively di↵erent, indicating the appearance of yet
another magnetic order. We will discuss the nature of
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FIG. 1. (Color online) (a)-(b) Low-temperature spin structure
factor for di↵erent values of J

AF

at n = 2/3 and n = 1/3. (c)
Charge structure factor for three representative values of J

AF

at n = 2/3 and n = 1/3. The circle size at a given q represents
the magnitude of the structure factor at that q.

these phases in detail later. At this point, we emphasize
these magnetic phases have not been reported in any of
the previous studies on Kondo lattice model on triangular
lattice. Also, the plots at di↵erent values of J

AF

are only
representative of di↵erent phases. The stability range of
these phases will become clear when we discuss the phase
diagrams.
For n = 2/3, the presence of another unusual magnetic

order in the coupling range 0.04 < J
AF

< 0.20 is inferred
from the S(q). This phase is characterized by two peaks
in the S(q) at the K and M points (see Fig 1 (a) plotted
for J

AF

= 0.16). It is also clear from the structure factor
plots that all the new phases discussed above break the
three-fold rotational symmetry of the triangular lattice.
In order to further probe the nature of electronic states in
these new magnetic phases, we compute charge structure
factor defined as,
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the average charge density n. The C(q) plots in Fig 1
(c) show that all the magnetic phases discussed above
exhibit charge ordering. For the phases at n = 1/3, the
magnitude of charge disproportionation is small, and the
ordering pattern is stripe-like. However, for the NC mag-
netic phase at n = 2/3, the charge ordering is strong in
magnitude, and has a pattern similar to the one observed
in various triangular lattice systems with active spin de-
gree of freedom, such as, 2H-AgNiO2, 3R-AgNiO2 and
Na
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CoO2 [27–33]. Typically a CO state arises either due
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structure factor results obtained from simulations on 12⇥
12 lattice. Fig 1 (a) and (b) display the results at low
temperature, T = 0.002t0, for filling fractions n = 2/3
and n = 1/3 respectively. The magnitude of S(q) is
indicated by the radius of the empty circles, and the q
values are restricted to the 1st Brillioun zone. In the
low-J
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limit, the S(q) peaks at the � point indicating
a ferromagnetic ground state, which is expected in the
DE model. For n = 1/3, the peak at the � point remains
robust in the range 0  J
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we find two peaks in the S(q) (see Fig 1 (b)), one at the
M -point and other on the �-K axis. For J
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phase with peaks at multiple q points. We confirm by
looking at the spin configurations in real space that both
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these phases in detail later. At this point, we emphasize
these magnetic phases have not been reported in any of
the previous studies on Kondo lattice model on triangular
lattice. Also, the plots at di↵erent values of J

AF

are only
representative of di↵erent phases. The stability range of
these phases will become clear when we discuss the phase
diagrams.
For n = 2/3, the presence of another unusual magnetic

order in the coupling range 0.04 < J
AF

< 0.20 is inferred
from the S(q). This phase is characterized by two peaks
in the S(q) at the K and M points (see Fig 1 (a) plotted
for J

AF

= 0.16). It is also clear from the structure factor
plots that all the new phases discussed above break the
three-fold rotational symmetry of the triangular lattice.
In order to further probe the nature of electronic states in
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(c) show that all the magnetic phases discussed above
exhibit charge ordering. For the phases at n = 1/3, the
magnitude of charge disproportionation is small, and the
ordering pattern is stripe-like. However, for the NC mag-
netic phase at n = 2/3, the charge ordering is strong in
magnitude, and has a pattern similar to the one observed
in various triangular lattice systems with active spin de-
gree of freedom, such as, 2H-AgNiO2, 3R-AgNiO2 and
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CoO2 [27–33]. Typically a CO state arises either due
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•  All the new magnetic phases support gapped electronic spectra 

•  Opening of gap is responsible for lower energy of these phases 

•  Band-like effect controlled by magnetic ordering

All these phases were missed in variational calculations: 
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cient to describe the magnetism in CuO. While our model
study is of general importance for magnetic materials and
models, the conclusions are of particular relevance to the
magnetic and ferroelectric ordering phenomena in CuO.

The rest of the paper is organized as follows. In sec-
tion II we describe possible extensions of the standard
Heisenberg model for spin-1/2 and spin-1 magnetic mo-
ments. We discuss the relevance of these models and
their relation with each other in the classical limit. Sec-
tion II ends with a description of the variational, and
Monte Carlo (MC) simulation methods used in this work.
Section III begins with a discussion of the ground state
phase diagrams of the two models using variational cal-
culations. Next, a comparison between variational calcu-
lations and MC simulations at low temperatures is pre-
sented. Finally, the finite-temperature behavior of the
bilinear-biquadratic model is discussed. The main focus
is on the presence of a non-collinear magnetic phase with
finite spin current at high temperatures. Section IV is
devoted to conclusions.
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Here, J1 denotes the nearest neighbor (nn) Heisenberg
exchange coupling and J2a, J2b are the next nearest
neighbor (nnn) couplings as shown in Fig. ??(a). The
single and double angular brackets denote the sum over
nn and nnn sites, respectively. The subscripts a and b
on the summation indices specify the two inequivalent
nnn directions. For most spin systems with square lat-
tice geometry, one is typically interested in the parameter
regime given by, |J2a| ⇠ |J2b|  |J1|. However, another
interesting limit of this model is realized when J2a and
J2b have opposite signs and are much larger in magnitude
compared to |J1|. The corresponding model for Ising
spins was recently analyzed by A. Kalz and G. Chitov,
and the existence of an unusual topological floating phase
was reported [41]. It is easy to see that in this limit, the
magnetic system gets divided into two sub-lattices which
interpenetrate each other. J2a and J2b ensure that each
sub-lattice has a well defined order at low temperatures,
but the nn Heisenberg coupling J1 is not su�cient to gen-
erate a long-range magnetic order. Therefore, in this pa-
rameter regime higher order spin-spin interaction terms
become relevant. Interestingly, the magnetic model for

Adding nn Coulomb repulsion between electrons

Within Hartree-Fock, the effect of V on C(q)

• Two of the phases C-AF and DS2 are unstable beyond a critical V 

• The charge ordering in DS1 and NC-CO is further enhanced



Summary and open questions

• Four new spin-charge ordered ground states in strong-coupling 

Kondo lattice model on triangular lattice.  

• All four phases are insulating. Magnetically induced band-like 

insulators (?). 

• n=2/3: six magnetically inequivalent sites. Resemblance with 

experiments on Na2/3CoO2.

•  A general description in terms of effective classical spin models 

•  Role of quantum nature of the localized spins?  

•  Search for such unusual phases in multi-orbital Hubbard models

arXiv:1412.2319
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Traveling Cluster Approximation (TCA)

•  Fermion spectrum on a smaller cluster centered around the update site
•  Computation time scales as NNc3, system sizes N~103 sites can be studied
•  Access to electronic properties requires diagonalizing the full Hamiltonian

•  Only energy differences are needed for Monte-Carlo updates 
•  Is it necessary to diagonalize the full Hamiltonian for estimating energy difference?

S. Kumar and P. Majumdar, EPJB '06



Metallic Spin-Ice Systems
•    Unconventional magnetism and transport in Pr2Ir2O7:  
•    5d conduction electrons from Ir and 4f localized moments from Pr

The minimum in resistivity: scattering of electrons from spin-ice like magnetic states

Nakatsuji et al.  PRL '06 Sakata et al.   PRB '11



Another class of metallic magnets

•Many materials have partially filled low-energy levels, which give rise to   
local magnetic moments (RMnO3, R2M2O7, other rare earth magnets) 

• In addition, there is also a band of conduction electrons that is partially filled 

•Magnetic metals where different bands are responsible for magnetism and 
electrical conduction

Two possible ways to realize these metallic magnets: 

(i)  Introduce magnetic impurities in metals 
(ii) Introduce charge carriers in a magnetic insulator

Energy
EF



Magnetic moments in the presence of itinerant fermions
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Kondo-lattice model

For JH << t: Second order perturbation 
theory leads to the RKKY Hamiltonian
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 Magnetic interactions are mediated by conduction electrons 

 How do the magnetic moments influence conduction?



Kondo-lattice: DOS for various magnetic phases

• DOS in the Kondo-lattice are similar to those in Hubbard model



Phase diagrams for the Kondo-lattice model

All the phases present in the mean-field phase diagram of the Kondo-lattice 
model are also present in the Hubbard model



Spin-spiral Multiferroics

• A large number of multiferroic materials have been discovered, where a spin-spiral 
magnetic state is responsible for the ferroelectric state (Type-II multiferroics): 

TbMnO3      MnI2     NiBr2     AgFeO2      CuO     and many more

Inverse DM, or spin-current mechanism: (Katsura et al. PRL 05, Mostovoy PRL 06)

•  Electrical polarization is related to spin current

Two Questions: 

•  Why do spiral states lead to ferroelectric behavior?

•  What microscopic interactions stabilize spin-spiral states?

Collinear Magnetism: 
No FE distortions

Non-collinear Magnetism: 
FE distortions

3

cient to describe the magnetism in CuO. While our model
study is of general importance for magnetic materials and
models, the conclusions are of particular relevance to the
magnetic and ferroelectric ordering phenomena in CuO.

The rest of the paper is organized as follows. In sec-
tion II we describe possible extensions of the standard
Heisenberg model for spin-1/2 and spin-1 magnetic mo-
ments. We discuss the relevance of these models and
their relation with each other in the classical limit. Sec-
tion II ends with a description of the variational, and
Monte Carlo (MC) simulation methods used in this work.
Section III begins with a discussion of the ground state
phase diagrams of the two models using variational cal-
culations. Next, a comparison between variational calcu-
lations and MC simulations at low temperatures is pre-
sented. Finally, the finite-temperature behavior of the
bilinear-biquadratic model is discussed. The main focus
is on the presence of a non-collinear magnetic phase with
finite spin current at high temperatures. Section IV is
devoted to conclusions.

MODEL AND METHOD

We begin with a Heisenberg Hamiltonian on a square
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Here, J1 denotes the nearest neighbor (nn) Heisenberg
exchange coupling and J2a, J2b are the next nearest
neighbor (nnn) couplings as shown in Fig. ??(a). The

single and double angular brackets denote the sum over
nn and nnn sites, respectively. The subscripts a and b
on the summation indices specify the two inequivalent
nnn directions. For most spin systems with square lat-
tice geometry, one is typically interested in the parameter
regime given by, |J2a| ⇠ |J2b|  |J1|. However, another
interesting limit of this model is realized when J2a and
J2b have opposite signs and are much larger in magnitude
compared to |J1|. The corresponding model for Ising
spins was recently analyzed by A. Kalz and G. Chitov,
and the existence of an unusual topological floating phase
was reported [41]. It is easy to see that in this limit, the
magnetic system gets divided into two sub-lattices which
interpenetrate each other. J2a and J2b ensure that each
sub-lattice has a well defined order at low temperatures,
but the nn Heisenberg coupling J1 is not su�cient to gen-
erate a long-range magnetic order. Therefore, in this pa-
rameter regime higher order spin-spin interaction terms
become relevant. Interestingly, the magnetic model for
CuO corresponds to a similar sub-lattice order in three
dimensions (3D) where each sub-lattice has a well defined
order but the magnetic ground state is decided by addi-
tional weaker couplings, such as the magneto-crystalline
anisotropy and the Dzyaloshinskii-Moriya (DM) interac-
tion. However, in this regime the role of higher order
spin-spin interactions should be given equal importance.
Proceeding with this viewpoint, our first extension of
the Heisenberg Hamiltonian H0 is achieved by includ-
ing a four-spin ring-exchange interaction, leading to the
Hamiltonian,
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In the above, K denotes the strength of the ring-exchange
coupling involving four sites (see Fig. ??(b)). Starting
with a one-band Hubbard model at half-filling, the 2nd
order perturbation theory in hopping leads to the Heisen-
berg exchange [42]. If we go beyond the second order,
the next contribution is from the fourth order term lead-
ing to the ring-exchange coupling [43]. Therefore, H1 is
the microscopic Hamiltonian for spin-1/2 moments on a
square lattice. If the magnetic moments are spin-1, then
the next order term is a biquadratic one involving two
sites. We define our 2nd Hamiltonian, H2, by including
a biquadratic term to H0. The Hamiltonian is given by,

H2 = H0 +K 0
X
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Here, K 0 is the coupling strength of the biquadratic in-
teraction, which we have taken to be present only on the
nn bond along the x-direction (see Fig. ??(c)).



Microscopic models for non-coplanar states
What microscopic interactions stabilize spin-spiral and non-coplanar magnetic states?

At the level of effective spin models:
•  Non-collinear phases: frustrating interactions (geometrical or longer-range exchange) 
    Dzyaloshinskii-Moriya (DM) interactions

•  Non-coplanar phases: anisotropy terms and longer-range dipolar interactions

Starting with elementary models for electrons in solids:

• Spiral-states are known to exist in the Kondo-lattice model and the Hubbard model?
• Do Kondo-lattice model and Hubbard model also support non-coplanar states?

Geometrical Frustrations

?
J1

J2

Long-range interactions
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