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We carry out Monte Carlo simulations to discuss critical properties of a classical two-dimensional XY frustrated
helimagnet on a square lattice. We find two successive phase transitions upon the temperature decreasing: the first
one is associated with breaking of a discrete Z2 symmetry and the second one is of the Berezinskii-Kosterlitz-
Thouless (BKT) type at which the SO(2) symmetry breaks. Thus, a narrow region exists on the phase diagram
between lines of the Ising and the BKT transitions that corresponds to a chiral spin liquid.
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I. INTRODUCTION

Frustrated magnets have attracted much attention in recent
years. Exotic spin-liquid phases, which have been found in
some of them, are of special interest.1 A chiral spin-liquid
phase is an example of such an exotic state of matter in which
there are neither quasi-long-range nor long-range magnetic
orders, but a chiral order parameter ⟨Si × Sj ⟩ is nonzero.
Existence of such a phase is discussed in context of one-
dimensional frustrated quantum magnetic systems,2 and it is
found experimentally in Ref. 3.

In larger dimensions, one of the systems in which the
chiral spin-liquid phase can be found at finite temperature is a
classical planar (XY ) helimagnet with Z2 ⊗ SO(2) symmetry
in which the helical structure results from a competition
of exchange interactions between localized spins. Critical
behavior of spin systems from this class is described by two
order parameters. Aside from the conventional magnetization
with SO(2) symmetry, one has to take into account also
the chiral order parameter that is an Ising variable with Z2
symmetry. This parameter characterizes the direction of the
helix twist and distinguishes left-handed and right-handed
helical structures.

In three-dimensional (3D) helimagnets, the phase transi-
tions on the magnetic and the chiral order parameters occur
simultaneously. It was found numerically that the transition
is of the weak first order or of the “almost-second-order”4,5

type in helical antiferromagnets on a body-centered tetragonal
lattice6 and on a simple cubic lattice with an extra competing
exchange coupling along one axis.7 These systems belong
to the same (pseudo)universality class as, e.g., the model
on a stacked-triangular lattice8 and V2,2 Stiefel model.9 The
possibility of existence and stabilization of the chiral spin-
liquid phase by, e.g., Dzyaloshinsky-Moria interaction in 3D
helimagnets, is discussed recently in Ref. 10.

In two dimensions (2D), the situation is rather different.11

Two successive transitions were observed with the temperature
decreasing. The chiral order appears as a result of the first
transition that is of the Ising type. Another one is the
Berezinskii-Kosterlitz-Thouless (BKT) transition driven by
the unbinding of vortex-antivortex pairs.12 Then, the chiral
spin-liquid phase arises between these transitions with the
chiral order and without a magnetic one. Various 2D systems
from the class Z2 ⊗ SO(2) were investigated numerically (see
Ref. 13 for review): triangular antiferromagnet,14,15 J1-J2

model,16 the Coulomb gas system of half-integer charges,17

two coupled XY models,18 Ising-XY model,13,19,20 and the
generalized fully frustrated XY model.21 And surely, the most
famous of them is the fully frustrated XY model (FFXY )
introduced by Villain.22 This model is of great interest because
it describes a superconducting array of Josephson junctions
under an external transverse magnetic field.23 It was found
that the temperature of the Ising transition TI is 1%–3% larger
than that of the BKT transition for most of above-named
systems.11,13,23,24

Korshunov argued25 that a phase transition, driven by un-
binding of kink-antikink pairs on the domain walls associated
with the Z2 symmetry, can take place in models similar to 2D
FFXY one at temperatures appreciably smaller than TBKT (see
also Ref. 26). Such a transition could lead to a decoupling of
phase coherence across domain boundaries, producing in this
way two separate bulk transitions with TBKT < TI .27 It was
pointed out, however, in Ref. 25 that these two continuous
transitions can merge into a single first-order one. These con-
clusions do not depend on the particular form of interactions in
the system as soon as the ground-state degeneracy remains the
same. They are confirmed by numerical studies of the models
mentioned above.11,13–17,23,24

Nevertheless, the situation remains contradictory in 2D
helimagnets belonging to the same Z2 ⊗ SO(2) class as
the FFXY model and the antiferromagnet on the triangular
lattice. Garel and Doniach28 (see also Ref. 29) considered the
simplest helimagnet on a square lattice with an extra competing
exchange coupling along one axis that is described by the
Hamiltonian

H =
∑

x

(J1 cos(ϕx − ϕx+a) + J2 cos(ϕx − ϕx+2a)

− Jb cos(ϕx − ϕx+b)), (1)

where the sum runs over sites x = (xa,xb) of the lattice, a =
(1,0) and b = (0,1) are unit vectors of the lattice, the coupling
constants J1,2 are positive. Using arguments of Ref. 30, they
concluded28 that at low temperatures the vertices are bound
by strings, which would inhibit the BKT transition and make
the Ising transition occur first with the temperature increasing.
Kolezhuk noticed31 that those arguments are not valid for a
helimagnet, and showed that the Ising transition temperature
is larger than the BKT one at least near the Lifshitz point
J2 = J1/4. It was found by Monte Carlo simulations in the
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recent paper32 that TBKT > TI at J2 = 0.3 and J1 = Jb = 1
(i.e., very near the Lifshitz point) in accordance with Ref. 28
and in contrast to Ref. 31.

To account for the discordance between results for helical
magnets and the general arguments for Z2 ⊗ SO(2) class,
we perform extensive Monte Carlo simulations of the model
(1) for different values of J2. We obtain reliable results at
J2 > 0.4J1 which show that TBKT < TI . On the other hand,
the value of TI close to the Lifshitz point is hiding among
effects of the finite-size scaling and is not accessible for
ordinary estimation methods. We obtain the Ising transition
temperature from the chiral-order-parameter distribution and
find that TBKT < TI near the Lifshitz point too. At the same
time, we find in accordance with results of Ref. 32 that the
specific heat and susceptibilities have subsidiary peaks at
low T < TBKT near the Lifshitz point. These are anomalies
which are attributed in Ref. 32 to the Ising phase transition.
However, we demonstrate that these anomalies do not signify
a continuous phase transition. Apparently, their origin is in
metastable states, which lead also to a peculiar distribution
of the chiral order parameter. We find no such features in the
specific heat and susceptibilities far from the Lifshitz point (at
J2 > 0.4J1). As a result, we obtain the phase diagram shown
in Fig. 1.

The rest of this paper is organized as follows. We discuss in
Sec. II the model (1) in more detail and introduce quantities to
be found in our calculations. Numerical results are discussed
in Sec. III. In particular, the Ising and the BKT transitions
are considered in Secs. III A and III B, respectively. The
neighborhood of the Lifshitz point and the phase diagram are
discussed in Sec. III C. Section IV contains our conclusions.

II. MODEL AND METHODS

We consider the model (1) of the classical XY magnet on a
square lattice. We set J1 = Jb = 1 for simplicity, and the value
of the extra exchange interaction J2 is a variable. The Lifshitz
point corresponds to J2 = 1/4 in this notation. The system
has a collinear antiferromagnetic ground state at J2 < 1/4. To
discuss the phase transition from the (quasi-)antiferromagnetic
phase to the paramagnetic one, we consider J2 = 0 and 0.1 (see
Fig. 1). The ground state has a helical ordering at J2 > 1/4.

FIG. 1. (Color online) Phase diagram of the model (1) that is
found in this paper.

FIG. 2. (Color online) Distribution of the value E′
b defined in

Eq. (9) for J2 = 0.5, L = 42 and three T values: T > TI , T < TBKT,
and TBKT < T < TI .

The turn angle θ0 between two neighboring spins along the a
axis is given by cos θ0 = −J1/4J2 at zero temperature.

To discuss the number and the sequence of phase transitions
from the (quasi-)helical phase to the paramagnetic one, we
consider J2 ≈ 0.309, 0.5, and 1.76 corresponding at T = 0
to angles of commensurate helices θ0 = 4π/5, 2π/3, and
6π/11, respectively. We use lattices with L2 cites, where L
is divisible by the size of the helix pitch and it lies in the
range from 20 to 120. We apply the periodic (toric) boundary
conditions as well as the cylindrical ones (i.e., with the periodic
condition along the b axis and the free one along the a
axis). We have found that both conditions lead to the same
values of transition temperatures and indexes. In contrast,
values of Binder’s cumulants and the chiral-order-parameter
distribution at J2 ≈ 0.309 depend on boundary conditions as
we discuss below in detail. Standard Metropolis algorithm33

has been used. The thermalization was maintained within
4 × 105 Monte Carlo steps in each simulation. Averages have
been calculated within 3.6 × 106 steps for ordinary points and
6 × 106 for points close to the critical ones. We have used also

FIG. 3. (Color online) Distribution of the value E′
a defined in

Eq. (10) for J2 = 0.5, T = 0.67 < TI , and different L.
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the unbinding of vortex-antivortex pairs.12 Then, the chiral
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introduced by Villain.22 This model is of great interest because
it describes a superconducting array of Josephson junctions
under an external transverse magnetic field.23 It was found
that the temperature of the Ising transition TI is 1%–3% larger
than that of the BKT transition for most of above-named
systems.11,13,23,24

Korshunov argued25 that a phase transition, driven by un-
binding of kink-antikink pairs on the domain walls associated
with the Z2 symmetry, can take place in models similar to 2D
FFXY one at temperatures appreciably smaller than TBKT (see
also Ref. 26). Such a transition could lead to a decoupling of
phase coherence across domain boundaries, producing in this
way two separate bulk transitions with TBKT < TI .27 It was
pointed out, however, in Ref. 25 that these two continuous
transitions can merge into a single first-order one. These con-
clusions do not depend on the particular form of interactions in
the system as soon as the ground-state degeneracy remains the
same. They are confirmed by numerical studies of the models
mentioned above.11,13–17,23,24

Nevertheless, the situation remains contradictory in 2D
helimagnets belonging to the same Z2 ⊗ SO(2) class as
the FFXY model and the antiferromagnet on the triangular
lattice. Garel and Doniach28 (see also Ref. 29) considered the
simplest helimagnet on a square lattice with an extra competing
exchange coupling along one axis that is described by the
Hamiltonian

H =
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(J1 cos(ϕx − ϕx+a) + J2 cos(ϕx − ϕx+2a)

− Jb cos(ϕx − ϕx+b)), (1)

where the sum runs over sites x = (xa,xb) of the lattice, a =
(1,0) and b = (0,1) are unit vectors of the lattice, the coupling
constants J1,2 are positive. Using arguments of Ref. 30, they
concluded28 that at low temperatures the vertices are bound
by strings, which would inhibit the BKT transition and make
the Ising transition occur first with the temperature increasing.
Kolezhuk noticed31 that those arguments are not valid for a
helimagnet, and showed that the Ising transition temperature
is larger than the BKT one at least near the Lifshitz point
J2 = J1/4. It was found by Monte Carlo simulations in the
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We study Heisenberg antiferromagnets with nearest- (J1) and third- (J3) neighbor exchange on the
square lattice. In the limit of spin S ! 1, there is a zero temperature (T) Lifshitz point at J3 ! 1

4 J1, with
long-range spiral spin order at T ! 0 for J3 > 1

4 J1. We present classical Monte Carlo simulations and a
theory for T > 0 crossovers near the Lifshitz point: spin rotation symmetry is restored at any T > 0, but
there is a broken lattice reflection symmetry for 0 " T < Tc # $J3 % 1

4 J1&S2. The transition at T ! Tc is
consistent with Ising universality. We also discuss the quantum phase diagram for finite S.
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Frustrated antiferromagnets have recently attracted
much interest in connection with the possibility of stabiliz-
ing unconventional low-temperature (T) phases, with novel
types of ‘‘quantum order’’ [1]. A very promising candidate
for a spin-liquid phase is the J1 % J3 model

Ĥ ! J1
X

hi;ji
Ŝi ' Ŝj ( J3

X

hhi;jii
Ŝi ' Ŝj; (1)

where Ŝi are spin-S operators on a square lattice and
J1; J3 ) 0 are the nearest- and third-neighbor antiferro-
magnetic couplings along the two coordinate axes. For
this model, early large N computations, [2] and recent
large scale density matrix renormalization group
(DMRG) calculations for S ! 1=2 [3] have suggested the
existence of a gapped spin-liquid state with exponentially
decaying spin correlations and no broken translation sym-
metry in the regime of strong frustration (J3=J1 ’ 0:5).

This Letter will describe properties of the above model
for large S and discuss consequences for general S. Our
results, obtained by classical Monte Carlo simulations and
a theory described below, are summarized in Fig. 1 for the
limit S ! 1. There is a T ! 0 state with long-range spiral
spin order for J3 > 1

4 J1. We establish that at 0< T < Tc #
$J3 % 1

4 J1&S2, above this state there is a phase with broken
discrete symmetry of lattice reflections about the x and y
axes, while spin rotation invariance is preserved. This
phase has ‘‘Ising nematic’’ order. We present strong nu-
merical evidence that the transition at Tc is indeed in the
Ising universality class. Such Ising nematic order[4] was
originally proposed in Ref. [2] for S ! 1=2 in a T ! 0
spin-liquid phase described by a Z2 gauge theory [5]. Thus
the same Ising nematic order can appear when spiral spin
order is destroyed either by thermal fluctuations (as in the
present Letter; see Fig. 1) or by quantum fluctuations (as in
Ref. [2]). Our large S results are therefore consonant with
the possibility of a spin-liquid phase at S ! 1=2 as de-
scribed in Refs. [2,3]; we will discuss the quantum finite S
phase diagram further towards the end of the Letter. We

also suggest that discrete lattice symmetries may play a
role near other quantum critical points with spiral order [6].

Broken discrete symmetries have also been discussed
[7,8] in the context of the J1 % J2 model, with first- and
second-neighbor couplings on the square lattice. However,
this model has only collinear, commensurate spin correla-
tions, and this makes both the classical and quantum theory
quite different from that considered here. As will become
clear below, the spiral order and associated Lifshitz point
play a central role in the structure of our theory and in the T
dependence of observables.

J3

T

J1 / 4

Spiral LRO

Tc
ξspin~ S / T 1/2

ξspin~ ec'S2 / T

Neel LRO
Lifshitz point

ξspin~ ecS2 / T

FIG. 1. Phase diagram of Ĥ in the limit S ! 1. The shaded
region has a broken symmetry of lattice reflections about the x
and y axes, leading to Ising nematic order. The Ising transition is
at the temperature Tc # $J3 % 1

4 J1&S2. The spin correlation
length, !spin, is finite for all T > 0, with the T dependencies as
shown, with c=2 ! c0 ! 8"jJ3 % 1

4 J1j; the crossovers between
the different behaviors of !spin are at the dashed lines at T #
jJ3 % 1

4 J1jS2. Spin rotation symmetry is broken only at T ! 0
where !spin ! 1. There is no Lifshitz point at finite S because it
is preempted [13] by quantum effects within the dotted semi-
circle: here there is a T ! 0 spin gap !# S exp$%~cS& and spin
rotation symmetry is preserved. This semicircular region extends
over T # jJ3 % 1

4 J1jS#!. Further details on the physics within
this region appear at the end of the Letter.
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where Ŝi are spin-S operators on a square lattice and
J1; J3 ) 0 are the nearest- and third-neighbor antiferro-
magnetic couplings along the two coordinate axes. For
this model, early large N computations, [2] and recent
large scale density matrix renormalization group
(DMRG) calculations for S ! 1=2 [3] have suggested the
existence of a gapped spin-liquid state with exponentially
decaying spin correlations and no broken translation sym-
metry in the regime of strong frustration (J3=J1 ’ 0:5).

This Letter will describe properties of the above model
for large S and discuss consequences for general S. Our
results, obtained by classical Monte Carlo simulations and
a theory described below, are summarized in Fig. 1 for the
limit S ! 1. There is a T ! 0 state with long-range spiral
spin order for J3 > 1

4 J1. We establish that at 0< T < Tc #
$J3 % 1

4 J1&S2, above this state there is a phase with broken
discrete symmetry of lattice reflections about the x and y
axes, while spin rotation invariance is preserved. This
phase has ‘‘Ising nematic’’ order. We present strong nu-
merical evidence that the transition at Tc is indeed in the
Ising universality class. Such Ising nematic order[4] was
originally proposed in Ref. [2] for S ! 1=2 in a T ! 0
spin-liquid phase described by a Z2 gauge theory [5]. Thus
the same Ising nematic order can appear when spiral spin
order is destroyed either by thermal fluctuations (as in the
present Letter; see Fig. 1) or by quantum fluctuations (as in
Ref. [2]). Our large S results are therefore consonant with
the possibility of a spin-liquid phase at S ! 1=2 as de-
scribed in Refs. [2,3]; we will discuss the quantum finite S
phase diagram further towards the end of the Letter. We

also suggest that discrete lattice symmetries may play a
role near other quantum critical points with spiral order [6].

Broken discrete symmetries have also been discussed
[7,8] in the context of the J1 % J2 model, with first- and
second-neighbor couplings on the square lattice. However,
this model has only collinear, commensurate spin correla-
tions, and this makes both the classical and quantum theory
quite different from that considered here. As will become
clear below, the spiral order and associated Lifshitz point
play a central role in the structure of our theory and in the T
dependence of observables.

J3

T

J1 / 4

Spiral LRO

Tc
ξspin~ S / T 1/2

ξspin~ ec'S2 / T

Neel LRO
Lifshitz point

ξspin~ ecS2 / T

FIG. 1. Phase diagram of Ĥ in the limit S ! 1. The shaded
region has a broken symmetry of lattice reflections about the x
and y axes, leading to Ising nematic order. The Ising transition is
at the temperature Tc # $J3 % 1

4 J1&S2. The spin correlation
length, !spin, is finite for all T > 0, with the T dependencies as
shown, with c=2 ! c0 ! 8"jJ3 % 1

4 J1j; the crossovers between
the different behaviors of !spin are at the dashed lines at T #
jJ3 % 1

4 J1jS2. Spin rotation symmetry is broken only at T ! 0
where !spin ! 1. There is no Lifshitz point at finite S because it
is preempted [13] by quantum effects within the dotted semi-
circle: here there is a T ! 0 spin gap !# S exp$%~cS& and spin
rotation symmetry is preserved. This semicircular region extends
over T # jJ3 % 1

4 J1jS#!. Further details on the physics within
this region appear at the end of the Letter.
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Ising nematic order

at T=0 only

Ising nematic order parameter !" ! "M=T#$
"h"2i% hj"ji2# (Fig. 4, upper panel), and by universal T
dependence in Binder’s fourth cumulant U4 !
1% h"4i=3h"2i2 (not shown). The critical exponent #
can be estimated from the size dependence of the T corre-
sponding to the maximum of the susceptibility, which is
expected to scale as Tmax"L# ! Tc & aL%1=#, where Tc is
the thermodynamic critical temperature; Fig. 4 (upper in-
set) shows # ! 1, as expected. The exponent $ is also in
agreement with Ising universality. This can be extracted
from the scaling law j"j ! L%$=#f"x#, where f"x# is the
scaling function and x ! %L1=# with % ! jT % Tcj; this
scaling is shown in Fig. 4, upper inset, with Tc !
0:303"1# estimated from the position of the maximum of
the susceptibility and the behavior of the Binder’s cumu-
lant. Excellent data collapse is obtained for $=# ! 1=8.

We have repeated a similar analysis for several values of
J3=J1 and the complete phase diagram is shown in Fig. 5,
where we have plotted Tc versus J3=J1. We find that Tc
vanishes linearly for J3=J1 ! 1=4; a theory for this behav-
ior will now be presented.

Near the classical Lifshitz point, we can model quantum
and thermal fluctuations by a continuum unit vector field
n"r; %#, where r ! "x; y# is spatial coordinate, % is imagi-
nary time, and n2 ! 1 at all r, %. This field is proportional
to the Néel order parameter with Ŝj / "%1#xj&yjn"rj; %#.
Spiral order will therefore appear as sinusoidal depen-
dence of n on r. The action for n is the conventional
O(3) nonlinear sigma model, expanded to include quartic
gradient terms ( !h ! kB ! lattice spacing ! 1): Sn !
R1=T
0 d%

R

d2rLn with

Ln ! !?
2

"@%n#2 &
&
2
'"@xn#2 & "@yn#2(

& '1
2
'"@2xn#2 & "@2yn#2( & '2@2xn ) @2yn

& (1'"@xn ) @yn#2 & "@yn ) @yn#2(
& (2"@xn ) @yn#2 ) ) ) (3)

where the ellipses denote a finite number of additional (i
couplings involving four powers of n and four spatial
derivatives invariant under spin rotations and lattice sym-
metries. In the limit S ! 1, we have !? ! 1="8J1#, & !
"J1 % 4J3#S2, '1 ! "16J3 % J1#S2=12, '2 ! 0, and all
(i ! 0. Notice that & crosses zero at the Lifshitz point
and so can be regarded as the tuning parameter; & ! 0
generally locates the Lifshitz point for when &< 0 it is
energetically advantageous to have a r-dependent spiral in
n.

A convenient analysis of the properties of Sn is provided
by a direct generalization of the 1=N expansion of
Ref. [11]. The results quoted in Fig. 1 and its caption
were obtained from the N ! 1 saddle point equation,
and (apart from certain preexponential factors) all func-
tional forms are exact. The saddle point implements the
constraint n2 ! 1 and takes the form

3T
X

!n

Z d2k
4)2 !n"k;!n# ! 1; (4)

where k is a wave vector, !n is a Matsubara frequency, and
!n is the dynamic staggered spin susceptibility with

!n"k;!n# ! 'm2 & !?!2
n & &"k2x & k2y#

&'1"k4x & k4y# & 2'2k2xk2y(%1:
(5)

The parameter m is determined by solving Eq. (4).
In the classical limit, S ! 1, we need only retain the

!n ! 0 term in Eq. (4) [12]. A solution for m exists for all
T > 0, and leads to the crossovers in the spin correlation
length *spin shown in Fig. 1. The value of *spin, and the
pitch of the spiral order * !!!!!!!!%&

p
, as T ! 0 are obtained

from the spatial Fourier transform of !n"k; 0#.
To investigate the Ising nematic order, we need to study

correlations of the order parameter ""r; %# which we define
by a gradient expansion of Eq. (2)

" ! n ) @x@yn% @xn ) @yn: (6)

The Ising susceptibility, !", is then
!" ! R1=T

0 d%
R

d2rh""r; %#""0; 0#i.
In the classical limit, S ! 1, important exact properties

of !" follow from the ultraviolet finiteness of the two-
dimensional field theory with Boltzmann weight
exp'%"1=T#R d2rLn( and n independent of %. Under a
length rescaling analysis of this theory in which the 'i and
(i are fixed, we see that both T and & scale as inverse
length squared. These scaling dimensions establish that in
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We begin by recalling [9] the ground states of H at S !
1. There is conventional Néel order with magnetic wave
vector ~Q ! "!;!# for J3=J1 $ 1

4 . For J3=J1 > 1
4 , the

ground state has planar incommensurate antiferromagnetic
order at a wave vector ~Q ! "Q;Q#, with Q decreasing from
! as J3=J1 > 1

4 and approaching Q ! !=2 monotonically
for J3=J1 ! 1. The spiral order is incommensurate for 1

4 <
J3=J1 <1, except at J3=J1 ! 0:5 where Q ! 2!=3, cor-
responding to an angle of 120 % between spins (see Fig. 2).
Interestingly, for each spiral state with ~Q ! "Q;Q# there is
a distinct but equivalent configuration at ~Q? ! "&Q;Q#
(for Q ! !). This state cannot be obtained from the one
with wave vector ~Q by a global spin rotation. Instead, the
two configurations are connected by a global rotation
combined with a reflection about the x or y axes. The
global symmetry of the classical ground state is O"3# '
Z2, with an additional twofold degeneracy beyond that of
the Néel case.

One of the main claims in Fig. 1 is that the broken Z2
symmetry survives for a finite range of T > 0, while con-
tinuous O(3) symmetry is immediately restored at any
nonzero T. We established this by extensive Monte Carlo
simulation using a combination of Metropolis and over-
relaxed algorithm for periodic clusters of size up to M !
120' 120, and for several values of J3=J1 between 0.25
and 4. Indeed, the presence of a finite T phase transition is
clearly indicated by a sharp peak of the specific heat which
is illustrated in Fig. 3 [10]. This sharp feature is to be
contrasted to the broad maximum displayed by the same
quantity for J3=J1 < 1

4 , i.e., when the classical ground state
displays ordinary Néel order. In particular, the maximum
of the specific heat is consistent with a logarithmic depen-
dence on system size (see the inset of Fig. 3) corresponding
to a critical exponent " ! 0, in agreement with Ising
universality.

This critical behavior can be directly related to the
broken lattice reflection symmetry by studying an appro-
priate Ising nematic order parameter. From the symmetries
of Fig. 2, we deduce that the order parameter is # !
1=M"Pa#a# with

#a ! "Ŝ1 ( Ŝ3 & Ŝ2 ( Ŝ4#a; (2)

where a labels each plaquette of the square lattice and
"1; 2; 3; 4# are its corners. The variables #a are zero for a
Néel antiferromagnet, while they assume opposite signs on
the two degenerate ground states in the spiral phase.
Consequently, a phase with Ising nematic order is signaled
by a h#ai ! 0.

Our numerical results contain strong evidence for a
continuous Ising phase transition between a low T phase
with h#i ! 0, and a homogeneous high T phase with
h#i ! 0. The divergence in the specific heat (Fig. 3) is
accompanied by a divergence in the susceptibility of the

4 3

21
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1 2

4 3

(Q,−Q)

FIG. 2. The two different minimum energy configurations with
magnetic wave vectors ~Q ! "Q;Q# and ~Q? ! "Q;&Q# with
Q ! 2!=3, corresponding to J3=J1 ! 0:5.
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We begin by recalling [9] the ground states of H at S !
1. There is conventional Néel order with magnetic wave
vector ~Q ! "!;!# for J3=J1 $ 1

4 . For J3=J1 > 1
4 , the

ground state has planar incommensurate antiferromagnetic
order at a wave vector ~Q ! "Q;Q#, with Q decreasing from
! as J3=J1 > 1

4 and approaching Q ! !=2 monotonically
for J3=J1 ! 1. The spiral order is incommensurate for 1

4 <
J3=J1 <1, except at J3=J1 ! 0:5 where Q ! 2!=3, cor-
responding to an angle of 120 % between spins (see Fig. 2).
Interestingly, for each spiral state with ~Q ! "Q;Q# there is
a distinct but equivalent configuration at ~Q? ! "&Q;Q#
(for Q ! !). This state cannot be obtained from the one
with wave vector ~Q by a global spin rotation. Instead, the
two configurations are connected by a global rotation
combined with a reflection about the x or y axes. The
global symmetry of the classical ground state is O"3# '
Z2, with an additional twofold degeneracy beyond that of
the Néel case.

One of the main claims in Fig. 1 is that the broken Z2
symmetry survives for a finite range of T > 0, while con-
tinuous O(3) symmetry is immediately restored at any
nonzero T. We established this by extensive Monte Carlo
simulation using a combination of Metropolis and over-
relaxed algorithm for periodic clusters of size up to M !
120' 120, and for several values of J3=J1 between 0.25
and 4. Indeed, the presence of a finite T phase transition is
clearly indicated by a sharp peak of the specific heat which
is illustrated in Fig. 3 [10]. This sharp feature is to be
contrasted to the broad maximum displayed by the same
quantity for J3=J1 < 1

4 , i.e., when the classical ground state
displays ordinary Néel order. In particular, the maximum
of the specific heat is consistent with a logarithmic depen-
dence on system size (see the inset of Fig. 3) corresponding
to a critical exponent " ! 0, in agreement with Ising
universality.

This critical behavior can be directly related to the
broken lattice reflection symmetry by studying an appro-
priate Ising nematic order parameter. From the symmetries
of Fig. 2, we deduce that the order parameter is # !
1=M"Pa#a# with

#a ! "Ŝ1 ( Ŝ3 & Ŝ2 ( Ŝ4#a; (2)

where a labels each plaquette of the square lattice and
"1; 2; 3; 4# are its corners. The variables #a are zero for a
Néel antiferromagnet, while they assume opposite signs on
the two degenerate ground states in the spiral phase.
Consequently, a phase with Ising nematic order is signaled
by a h#ai ! 0.

Our numerical results contain strong evidence for a
continuous Ising phase transition between a low T phase
with h#i ! 0, and a homogeneous high T phase with
h#i ! 0. The divergence in the specific heat (Fig. 3) is
accompanied by a divergence in the susceptibility of the
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FIG. 2. The two different minimum energy configurations with
magnetic wave vectors ~Q ! "Q;Q# and ~Q? ! "Q;&Q# with
Q ! 2!=3, corresponding to J3=J1 ! 0:5.
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Ising order: spin chirality



Ising nematic in collinear spin system

� = ~N1 · ~N2 = ±1



Outline
• Frustrated magnetism (brief intro) 

- emergence of composite orders from competing 
interactions  

• Nematic vs SDW in LiCuVO4  

✓ spin nematic: “magnon superconductor” 

✓ collinear SDW: “magnon charge density wave” 

• Volborthite kagome antiferromagnet 

- experimental status - magnetization plateau 

- Nematic, SDW and more 

- Field theory of the Lifshitz point 

•  Conclusions



LiCuVO4 : magnon superconductor?

estimates: 
J1 = - 1.6 meV 
J2 = 3.9 meV 
J5 = -0.4 meV

J. Phys. Soc. Jpn. Letter

Fig. 1. (Color online) Crystal structure of LiCuVO4. Cu-O chains separated by VO4 tetrahedra and

Li+ ions are along the b direction. ∠ Cu-O-Cu ∼ 90◦ indicates the ferromagnetic interaction.

constants and η is Luttinger parameter.9) Recent numerical studies exhibit magnetization vs

J1/J2 phase diagram and the quadrupole phase in fact persists down to rather low magnetic

field.9–11) In addition the phase consists of two states, SDW2 in lower field where ⟨sz0s
z
l ⟩

is dominant and nematic in higher field where ⟨s+0 s
+
1 s

−

l s
−

l+1⟩ is dominant. In both states

transverse two spin correlation is short ranged and decays exponentially.

In most quasi-1D magnet weak interchain interaction induces magnetic LRO at low tem-

perature but it inherits quantum nature. In case of VC phase, spiral order in which the

magnitude of the magnetic moment is strongly suppressed due to quantum fluctuation would

be induced. In case of SDW2, LRO of the longitudinal spin correlation would appear with

propagating wave vector k2 = 2kF .12) The former is a good analogue for classical spin system

but the latter is a totally novel state induced by frustration and quantum fluctuation.

LiCuVO4
13) is one of the model compound for the frustrated ferromagnetic chain. As

shown in Fig. 1 the CuO plaquette forms 1D S = 1/2 chain in the crystallographic b direction.

Considering the bond angle of Cu-O-Cu ∼ 90◦, nearest neighbor interaction is presumed to be

ferromagnetic14, 15) and next nearest neighbor (NNN) interaction be antiferromagnetic(AF).

The magnetic susceptibility showed typical behavior of 1D frustrated magnet, i.e., broad max-

imum due to AF short-range fluctuation at Tmax = 28K16) was observed. At T ≤ TN = 2.3 K

incommensurate magnetic order with propagation vector ksp = (0 0.532 0) was identified.17)

Neutron diffraction elucidates the spiral structure in the ab plane at zero field17) and also at

small field H ≤ 3.5 T.18) The magnetic moment is strongly suppressed as small as 0.25µB
19)

∼ 0.31µB.17) Inelastic neutron scattering showed enhanced spin dispersion in the b∗ direc-

tion and small one in others.20) Exchange parameters have been estimated from independent

experiments including the magnetic dispersion,20) the continuum excitation,21) and magneti-

2/9

(subject of active debates)



High-field analysis: condensate of 
bound magnon pairs

hS+i = 0 hS+S+i 6= 0

Ferromagnetic J1 < 0 produces attraction in real space

Chubukov 1991 
Kecke et al 2007 

Kuzian and Drechsler 2007 
Hikihara et al 2008 

Sudan et al 2009 
Zhitomirsky and Tsunetsugu 2010



Magnon binding
E-EFM = ε1 + h

E-EFM = ε2 + 2h

E

h

Sz=-1

Sz=-2
ε2 < 2 ε1 :  “molecular” 

bound state

Formation of molecular fluid 
For d>1 at T=0 this is a molecular BEC 

= true spin nematic

1-magnon

2-magnon 
bound state



Hidden order
No dipolar order hS+

i i = 0

hS+
i S�

j i ⇠ e�|i�j|/⇠ Sz=1 gap

Nematic order hS+
i S+

i+ai 6= 0

Magnetic quadrupole moment
Symmetry breaking U(1) → Z2

can think of a fluctuating fan 
state 

nematic 
director



LiCuVO4: NMR lineshape - collinear SDW along B

Buttgen et al 2012
Hagiwara, Svistov et al, 2011



LiCuVO4

No spin-flip 
scattering above 

~ 9 Tesla: 
longitudinal 
SDW state

SF = spin flip, ΔS = 1"
NSF = no spin flip, ΔS = 0 



Geometry (motivated by LiCuVO4)
o

J1< 0 (ferro) 
J2 >0, J’ > 0 (afm) 
in magnetic field

• No true condensation [ U(1) breaking] in d=1.!
!

• Inter-chain interaction is crucial for establishing!
symmetry breaking in d=2.!

!
• Need to study weakly coupled “superconducting” chains

Sato et al 2013 
Starykh and Balents 2014



Inter-chain interaction 

H?
inter

=
X

y

Z
dx J 0hS+

y (x)S�
y+1

(x+ 1)i
nematic ground state

! 0

Superconducting analogy: single-particle (magnon) tunneling between magnon 
superconductors is strongly suppressed at low energy (below the single-particle gap) 

Hnem ⇠ (J 02/J1)
X

y

Z
dx [T+

y (x)T�
y+1(x) + h.c.]

Superconducting analogy: fluctuations generate two-magnon (Josephson coupling) 
tunneling between chains. They are generically weak, ~ J1(J’/J1)2 << J’ , but responsible 

for a true two-dimensional nematic order

At the same time, density-density inter-chain interaction does not experience any 
suppression. It drives the system toward a two-dimensional collinear SDW order.

Away from the saturation, SDW is more relevant [and stronger, via J’ >> (J’)2/J1 ] 
than the nematic interaction: coupled 1d nematic chains order in a 2d SDW state.

Hinter�chain =
X

y

Z
dx ~Sy · ~Sy+1 ⇠

X

y

Z
dx S+

y S�
y+1 + Sz

yS
z
y+1

Hz
inter�chain = Hsdw ⇠ J 0

X

y

Sz
yS

z
y+1 ⇠ J 0

X

y

Z
dx cos[

p
2⇡

�
('+

y � '+
y+1)]

Sz

y

= M � 2npair = M � Ã1e
i

p
2⇡
� '

+
y (x)eiksdwx

T

+
y (x) ⇠ S

�
y (x)S�

y (x+ 1)



Simple scaling

Hnem ⇠ (J 02/J1)
X

y

Z
dx [T+

y (x)T�
y+1(x) + h.c.]

• describes kinetic energy of magnon pairs, linear in magnon pair density

Hz
inter�chain = Hsdw ⇠ J 0

X

y

Sz
yS

z
y+1 ⇠ J 0

X

y

Z
dx cos[

p
2⇡

�
('+

y � '+
y+1)]

• describes potential energy of interaction between magnon pairs on!
neighboring chains, quadratic in magnon pair density

• Competition

• Hence:!
- Spin Nematic near saturation, for npair < n*pair!
- SDW for npair > n*pair

npair

npair

(J 0)2

J1
npair ⇠ J 0n2

pair, hence npair,c ⇠ J 0/J1        n⇤
pair ⇠ J 0/J1



T=0 schematic phase diagram of weakly coupled 
nematic spin chains

0

M

1/
2 

- O
(J

’/
J)

SD
W

Spin Nematic

Fully Polarized

BE
C 

ph
ys

ic
s

1/2

cf: Sato, Hikihara, Momoi 2013

Cautionary remark: !
maybe impurity effect



Excitations (via spin-spin correlation functions)

• 2d SDW 

• preserves U(1) [with respect to magnetic field] -> 
hence NO transverse spin waves 

• breaks translational symmetry -> longitudinal 
phason mode at ksdw = π(1-2Μ) and k=0

hSz(r)i = M +Re
⇣
�eiksdw·r

⌘

phason

OS, Balents PRB 2014

(solitons (kinks) of massive sine-Gordon model!
which describes 2d ordered state)



Excitations (via spin-spin correlation functions)
!

• 2d Spin Nematic 

• breaks U(1) but ΔS=1 excitations are gapped 
(magnon superconductor) 

• gapless density fluctuations at k=0

hS+(r)i = 0

OS, Balents PRB 2014

(+ sector: solitons of !
massive sine-Gordon !
model which describes !
2d ordered state.)!
Energy scale 

(- sector: solitons of !
massive sine-Gordon !
model describing!
1d zig-zag chain.)!
Energy scale 

(J 0)2/J1

J1

hS+(r)S+(r0)i ⇠  6= 0



Intermediate Summary

• Interesting magnetically ordered states: SDW and Spin 
Nematic 

- Gapped  ΔS=1 excitations (no usual spin waves!) 

- Linearly-dispersing phason mode with ΔS=0 in 2d 
SDW 

- SDW naturally sensitive to structural disorder 

- Linearly-dispersing magnon density waves in 2d 
Spin Nematic 

- analogy with superconductor/charge density wave 
competition



Outline
• Frustrated magnetism (brief intro) 

- emergence of composite orders from competing 
interactions  

• Nematic vs SDW in LiCuVO4  

✓ spin nematic: “magnon superconductor” 

✓ collinear SDW: “magnon charge density wave” 

• Volborthite kagome antiferromagnet 

- experimental status - magnetization plateau 

- Nematic, SDW and more 

- Field theory of the Lifshitz point 

•  Conclusions
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Geometrical frustration in antiferromagnets has proven an 
attractive subject in condensed matter physics during the 
last few decades. When spins reside on the vertices of lat-

tices consisting of triangles and interact antiferromagnetically, con-
ventional magnetic long-range order (that is, Neel order) tends to 
be suppressed owing to the inability of the system to satisfy all inter-
actions simultaneously—in other words, geometrical frustration. 
It is theoretically predicted that a fluctuating quantum-mechanical 
liquid state is realized at T = 0 for many such systems1. These spin 
liquid states have, however, not yet been clearly observed in experi-
ments, mainly due to the omnipresence of disorder or deviations 
from ideal models in real compounds.

The spin-1/2 kagomé antiferromagnet (KAFM) is a canonical 
example of a frustrated system. An extensive search for a model 
compound has been carried out for the KAFM, so far mainly con-
centrating on copper minerals. In most of these, the valence state 
of Cu is 2 + , giving the 3d9 electron configuration, meaning that 
the Cu2 +  ions carry spin-1/2. Furthermore, the Cu2 +  ion is usually 
coordinated by oxide or hydroxide ions in octahedral geometry. As 
a result of the strong Jahn-Teller effect in Cu2 + , the degeneracy of 
Cu 3d eg orbitals is always lifted, and either the dx2 − y2 or d3z2 − r2 
orbital is singly occupied: the d3z2 − r2 orbital is selected when 
two opposite Cu–O bonds are shorter than the other four bonds, 
whereas the dx2 − y2 orbital is occupied when two Cu–O bonds are 
longer than the remainder. These orbitals overlap with nearby oxy-
gen 2p orbitals, giving rise to superexchange interactions between 
adjacent Cu2 +  spins. The balance between these interactions is par-
ticularly crucial for frustrated magnets, where small perturbations 
play a large role in determining the ground state.

To give one example, in herbertsmithite ZnCu3(OH)6Cl2, the 
dx2 − y2 orbital is selected by the Jahn-Teller distortion on each Cu2 +  
ion, and arranged such that the crystallographic threefold axis is 
kept, resulting in spatially isotropic magnetic interactions within the 
kagomé layers2. No sign of long-range order has been observed in 
herbertsmithite down to 50 mK, despite a strong antiferromagnetic 
interaction of J = 170 K (refs 3,4). In the case of another Cu min-
eral, vesignieite, BaCu3V2O8(OH)2, the d3z2 − r2 orbital is selected 
and points towards the hydroxide ion located above the centre of 
a Cu triangle, resulting in an almost isotropic kagomé lattice with 
Javg = 55 K (refs 5–7).

We have thus far focused on volborthite Cu3V2O7(OH)2·2H2O 
as a candidate for the spin-1/2 KAFM. In 1990, Lafontaine et al.8 
determined the crystal structure of volborthite by means of X-ray 
and neutron diffraction using polycrystalline samples. Figure 1a,b 
depict Lafontaine’s model, in which volborthite crystallizes in a 
monoclinic structure with the space group C2/m (No.12). The kag-
omé layer consists of edge-sharing CuO6 octahedra and is separated 
by non-magnetic V2O7 pillars and water of crystallization. There are 
two crystallographic sites for Cu; the Cu1 and Cu2 atoms form isos-
celes triangles with approximately 3% elongation, which are con-
nected to each other to form a slightly distorted kagomé plane.

In volborthite, it is obvious from the deformations of the CuO6 
octahedra that the unpaired electrons on Cu1 and Cu2 occupy the 
d3z2 − r2 and dx2 − y2 orbitals, respectively. As a result, there are two 
kinds of magnetic interactions: J1 for Cu1-Cu2, and J2 for Cu2-Cu2. 
The average of (2J1 + J2)/3 was estimated to be 77 K by a high-tem-
perature series expansion fit of the magnetic susceptibility9. The 
nature of the magnetic ground state of volborthite has not been 
understood in detail yet, but is suggested to be unusual, with strong 
fluctuations at low temperature (LT) and short-range spin correla-
tions10–15. One of the reasons for this ambiguity has been the una-
vailability of single crystals until now.

In this study, we report a successful synthesis of single crystals 
of volborthite (Fig. 1c) for the first time. Single-crystal X-ray dif-
fraction, magnetic susceptibility and heat capacity measurements 
were carried out, through which we established a unique structural 

transition at Ts = 310 K, whereby the orbital state of Cu1 switches 
from d3z2 − r2 at high temperature (HT) to dx2 − y2 at LT. As a result, a 
complete magnetic long-range order is observed in the single crys-
tal, apparently differing from the ground state previously reported 
for polycrystalline samples.

Results
Magnetic properties. Figure 2a shows the temperature dependence 
of the magnetic susceptibility measured upon both heating and 
cooling between 2 and 350 K under a magnetic field of 1 T. The 
measurements were performed for both a polycrystalline sample 
and a cluster of single crystals in arbitrary orientation. An anomaly 
is observed at ~300 K for the single crystals only, as shown in the 
inset of Fig. 2a; their magnetic susceptibility suddenly increases 
by approximately 4×10 − 5 cm3 mol − 1 Cu − 1 at Ts = 310 K upon 
heating and decreases at 290 K upon cooling. The anomaly shows 
a distinct thermal hysteresis, indicating the occurrence of a first-
order phase transition. The Weiss temperature, W, which measures 
the magnitude of net magnetic interactions, changes from  − 35 K 
at T > Ts to  − 140 K at T < Ts. This means that a large modification 
of the magnetic interactions in the kagomé plane takes place at the 
transition. Note, however, that both curves in Fig. 2a exhibit broad 
peaks at around ~20 K, suggesting similar development of short-
range antiferromagnetic or singlet correlations at LTs.

Structural transition. To investigate the transition at Ts, X-ray 
diffraction experiments were carried out using a single crystal of 
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Figure 1 | Crystal structure of volborthite Cu3V2O7(OH)2·2H2O.  
(a, b) Crystal structure of C2/m phase viewed along the b-axis (a) and 
perpendicular to the ab plane. (b) The black line shows the unit cell, and 
the red lines highlight the kagomé lattice made up of Cu atoms.  
(c) Photograph of single crystals. Scale bar, 0.2 mm in length.
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geometrical anisotropy in J.  The obtained J/kB value
of 115 K is similar to those found in other cupric oxides
like CuGeO3 containing ~100º Cu-O-Cu bonds.  The
empirical measure of frustration proposed by
Ramirez,1) f = -Θ/Tc, is larger than 60 in the present
compound.  For typical kagomé compounds f is 150
(SrCr8Ga4O19) or 39 (KCr3(OH)6(SO4)2).

At the moment neither analytical forms nor
calculated data for the χ-T curve of the kagomé
antiferromagnet in a wide temperature range is
available.  We could not fit the data of Fig. 2a
assuming 1D Heisenberg chains.  If the system is
assumed to be quasi-1D, J would be ~ 30 K from the
peak-top temperature, which is apparently
inconsistent with J/kB = -2Θ ~ 230 K (z = 2) from the
mean-field theory.  In order to estimate the J value
more accurately within the uniform kagomé lattice
model, we fitted the χ-T data above 200 K using the
result calculated by high-temperature series
expansions,5) as shown in Fig. 2a.  Thus estimated
parameters are J/kB = 84.1(2) K and g = 2.205(1).
Elstner and Young predicted a low-temperature
behavior for χ from the exact diagonalization of small
clusters.5)  Since there is an energy gap in the spin
excitation spectrum, the χ has a maximum at T ~ J/
(6kB) and vanishes exponentially as T approaches zero.
Their χ value and temperature at the maximum are
χ = 3.37×10-3 cm3/mol Cu and T = 14 K in the case of
J/kB = 84 K, which are close to the observed values of
χ = 3.37×10-3 cm3/mol Cu and T = 21 K, respectively.
Therefore, the uniform susceptibility of Volborthite
can be described quantitatively with that of the S =
1/2 kagomé lattice at high temperature, though the
low-temperature behaviors below the maximum
contrast between the experiments and calculations.
It is noted here that the cluster size used in the
calculation was not large enough, giving rise to some
ambiguity in reproducing low-energy excitations
which become dominant at low temperature.

Figure 2c  shows the field dependence of
magnetization measured at T = 2 K on two samples
prepared in different conditions.  Sample A exhibits
the smallest Curie-like upturn in the temperature
dependence as shown in Fig. 2a, while sample B has
a much larger Curie component.  The magnetization
curves are convex at low field below ~ 1 T (~2 T) for
sample A (B) and become linear at high field.  This
nonlinear component is obviously  due to “impurity”
moment which is added to the intrinsic linear term.
However, the unusually high saturation fields
indicate that the “impurity” spins are not simple free
spins but couple significantly with majority spins.  As
discussed in the NMR section, the entity must be
expanded domains with local staggered magnetization
created near some kind of defects.

3.2 Specific heat
Specific heat C measurements are generally more

sensitive to a phase transition than magnetic
susceptibility especially in the case of quantum AFMs.
The specific heat of Volborthite exhibited no
anomalies down to 1.8 K, which evidences absence of
LRO above this temperature (Fig. 3).  The anomaly
seen at 9 K is an experimental artifact.  It was not
easy to extract a magnetic contribution Cm from the
measured data, because a nonmagnetic isomorph is
not available at present from which the lattice
contribution could be estimated.  We fitted the data
at 50 - 70 K to the simple Debye model assuming
negligible magnetic contributions at this high-
temperature range.  The estimated Debye
temperature was 320 K.  Thus determined lattice
contribution CD/T is plotted with the broken line in
Fig. 3.  A magnetic contribution is determined as Cm

= C -CD and is also plotted with solid circles in the
figure.  Integrating Cm/T between 1.8 K and 60 K, we
find a value of 4.1 J/mol K which is about 30 % smaller
than the total magnetic entropy (Rln2) for S = 1/2.
The discrepancy is most likely due to crudeness of
the estimation of the lattice contribution particularly
at high temperature.  To be noted here is that Cm/T
seems to show a broad maximum at 20-25 K and then
rather steep decrease below 3 K.  Alternatively, one
can say that there is a second peak or shoulder around
3 K.  The first maximum must be ascribed to short-
range AF ordering, because its temperature coincides
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Fig. 3. Specific heat of Volborthite.  The open circles show
the raw data, while the magnetic contribution estimated
is shown with closed circles.  The estimated, Debye-type
lattice contribution is shown with the broken line.  The
inset is an enlargement at low temperature.
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Fig. 4. Magnetic heat capacity of volborthite at low temperature around T* = 1 K in a CmagT -1 vs T 

plot. The extrapolations of the data at H = 0 above and below T*down to T = 0 give the coefficients 

of the T-linear term in the magnetic heat capacity, namely, J and J*, respectively. J* decreases with 

increasing magnetic field and vanishes above 5 T (see text for details).  
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improvements in crystallinity and particle size.  Magneti-

zation at moderately high magnetic fields was measured in a 

Quantum Design MPMS equipment between 2 and 350 K 

and in a Faraday-force capacitive magnetometer down to 60 

mK.
25)

  High-field magnetization measurements were car-

ried out using a pulsed magnet up to 55 T at T = 1.4 and 4.2 

K.  Specific heat was measured in a Quantum Design 

PPMS equipment down to 0.5 K. 

The magnetic susceptibility χ shown in Fig. 1(a) in a wide 

temperature range exhibits a Curie-Weiss increase on cool-

ing from high temperature, followed by a broad maximum at 

Tp ~ 22 K without any anomaly indicating LRO.  From 

fitting to the theoretical model for the S-1/2 KAFM
8)

 above 

150 K, the average antiferromagnetic interaction
26)

 is deter-

mined to be J = 86 K on the basis of the spin Hamiltonian 

! 

J Si" • S j .  Thus, Tp corresponds approximately to J / 4.
24)

  

Another marked indication from the χ data is the absence of 

any spin-gap behavior.  Although χ would tend to zero as T 

approaches zero, if a gap is opened, as illustrated in Fig. 1(a) 

for the theoretical case of Δ = J / 4,
8)

 the χ of volborthite can 

remain large and finite at ~3 × 10
-3

 cm
3
 mol-Cu

-1
, implying 

the absence of a gap or the presence of a very small gap.  

Furthermore, we have extended our χ measurements down 

to 60 mK, as shown in Fig. 1(b), and observed an almost 

T-independent behavior with neither an anomaly nor any 

indication of a downturn.  Therefore, the spin gap can be 

no more than J / 1500, which is much smaller than theoreti-

cally predicted values.
8, 9)

  This strongly suggests that the 

ground state of volborthite is nearly gapless and probably a 

spin liquid. 

Spin glass transitions are observed even in our clean sam-

ple at Tg = 1.1 and 0.32 K at magnetic fields of 0.1 and 1 T, 

respectively (Fig. 1(b)). It has been pointed out, however, 

based on the previous NMR results, that this spin glass can 

be associated with domains based around impurity spins 

having local staggered moments and, therefore, is not intrin-

sic.
19, 24)

  Fortunately, because the impurity-induced spin 

glass disappears with increasing field, we can study the in-

trinsic properties of the kagome lattice at high magnetic 

fields, above 2 T. 

Microscopic probes, such as µSR and NMR, are fre-

quently used to investigate the dynamics of spins.  The 

previous µSR study
21, 22)

 revealed a significant increase in 

relaxation rate λ at low temperatures below 3 K, towards T ~ 

1 K (Fig. 2(a)), due to the slowing down of the spin fluctua-

tions, which remain dynamic with a correlation time of 20 

ns down to 50 mK.
27)

  On the other hand, we observed a 

sudden broadening of the 
51

V NMR line below 1 K, as 

Fig. 1. Temperature dependence of the magnetic susceptibility χ 

of volborthite measured using a high-quality polycrystalline 

sample. (a) χ for the wide temperature range measured with a 

Quantum Design MPMS at µ0H = 0.1 T on heating, after cool-

ing at zero field.  The solid curve above 150 K represents a fit 

to the theoretical model for the S-1/2 kagome antiferromag-

net,
8)

 which yields J = 86 K.  The dotted curve is obtained 

from theoretical calculations on finite clusters for a spin gap of 

Δ = J / 4 to open.
8)

 The inset schematically shows a snapshot of 

a long-range resonating-valence-bond state on a kagome lattice 

made of Cu atoms shown by balls, which consists of various 

ranges of spin-singlet pairs, as indicated by broken ovals. (b) χ 

measured by the Faraday method with a dilution refrigerator on 

heating from 60 mK and cooling to 100 mK at µ0H = 0.1 and 1 

T.  The χ data obtained above 2 K from a previous, 

low-quality sample are also shown for comparison.  The thick 

curve on each dataset is a fit to the Curie-Weiss law, indicating 

that the concentrations of nearly free spins ximp are 0.5 and 

0.07% for the previous and present samples, respectively. 

Fig. 2.  (a) Relaxation rates λ (triangles) from previous µSR 

measurements
21)

 at µ0H = 0.01 T and 1/T1 from the present 
51

V 

NMR experiments at µ0H = 1 (circles) and 4 (squares) T.  The 

inset shows the temperature evolution of the NMR spectra ta-

ken at µ0H = 1 T at frequencies between 8 and 14.5 MHz. (b) 

Magnetic susceptibility c measured at µ0H = 1 T (the same data 

given in Fig. 1(a)) and heat capacity divided by temperature Cp 

/ T at µ0H = 0, 1, 3 and 7 T obtained in a Quantum Design 

PPMS system. 
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dimensions 0.23×0.10×0.10 mm3. Superlattice reflections with half 
integer l for (hkl) reflections were observed below Ts, indicating dou-
bling of the unit cell along the c axis. The temperature dependences 
of the intensities of some superlattice reflections are shown in Fig. 
3. As they suddenly disappear at Ts with increasing temperature, the 
anomaly observed at Ts in magnetic susceptibility can be attributed 
to this structural phase transition.

Further single-crystal structural analyses were performed at 
150 and 323 K to investigate the structural changes at Ts. The HT 
phase has a monoclinic structure, with space group C2/m and lat-
tice parameters of a = 10.657(3) Å, b = 5.887(1) Å, c = 7.228(2) Å, and 

 = 95.035(8)°. Structural refinements yielded essentially the same 
crystal structure as that reported by Lafontaine et al.8, with reliabil-
ity factors R [I > 2 (I)] = 4.13% and wR2 = 12.23%. The space group 
of the LT phase was determined to be I2/a (No. 15). The lattice 
parameters are a = 10.6418(1) Å, b = 5.8485(1) Å, c = 14.4157(1) Å, 
and  = 95.443(1)° at 150 K, and the resultant reliability factors R 
[I > 2 (I)] = 2.93% and wR2 = 7.67%. The obtained structural data 
are provided in Supplementary Data 1 for the HT phase and Sup-
plementary Data 2 for the LT phase. The position of hydrogen atoms 
could not be determined in the present analyses.

Of primary interest is to understand how the structural phase 
transition modifies the Cu kagomé lattice and the environment 
around the Cu ions. The structures of the kagomé layer of both the 
HT and LT phases are depicted in Fig. 4a and b, respectively. As a 
result of the structural transition, a mirror plane and a twofold axis 
at the Cu1 site are lost with respect to the C2/m (HT) structure. This 
causes a large change in the coordination environment of the Cu1 
site, including the O3 site splitting into two sites, O31 and O32. In 
the HT phase, the equatorial Cu1–O3 bonds (2.181(2) Å) are longer 
than the axial Cu1–O2 bonds (1.947(2) Å). When the transition 
occurs, two of the Cu1–O3 bonds are elongated by 7.2% to become 
Cu1–O31 bonds (2.3385(8) Å) and the other two are shortened by 
9.0% to become Cu1–O32 bonds (1.9847(8) Å). These changes of 
the bond lengths are extraordinarily large, even discernible by eye in 
Fig. 4. Note that there are four short bonds in the Cu1 octahedron in 
the LT phase, two Cu1–O2 and two Cu1–O32 and two long bonds, 
Cu1–O31. This means that the dx2 − y2 orbital is selected in the LT 
phase, instead of the d3z2 − r2 orbital in the HT phase. On the other 
hand, the overall geometry of the Cu2 octahedron is preserved, 
with the Cu2–O31 bond elongating by 4.1% and the Cu2–O32 bond 
shrinking by 3.4%, such that the dx2 − y2 orbital remains selected at 
LT. Thus, the spin-carrying orbital on both Cu2 +  sites is the dx2 − y2 
orbital in the LT phase, as in herbertsmithite. However, the orienta-
tions of the orbitals with respect to each other are different between 
the two compounds, and there is no threefold symmetry in the LT 
state of volborthite.
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Figure 2 | Magnetic properties and heat capacity of single crystals of 
volborthite. (a) Temperature dependence of magnetic susceptibilities 
measured using an assembly of randomly oriented single crystals in a 
magnetic field of 1 T between 2 and 350 K upon cooling and heating. The 
data for a polycrystalline sample measured under the same conditions are 
plotted for comparison10. The data near room temperature (shown in the 
inset) reveals a first-order transition only for the single-crystal sample. 
(b) Temperature dependence of heat capacity divided by temperature 
C/T for single and polycrystalline samples15 measured below 4 K in zero 
magnetic field. Two peaks at 0.81 and 1.19 K are observed for the single-
crystal sample instead of a kink at T* = 1 K for the polycrystalline sample. 
The inset shows a C/T versus T2 plot, in which the dotted lines are linear 
extrapolations towards T = 0.
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FIG. 2 (color online). (a) 51V NMR spectra measured on a single-domain piece of a crystal in 

magnetic fields between 15 and 30 T applied perpendicular to the ab plane at T = 0.4 K. (b) 

Magnetization curve of single crystals (top, black line) and its field derivative (bottom, red line) in B 

A ab at 1.4 K after the subtraction of the Van Vleck paramagnetic magnetization (MVV). 

Magnetization deduced from the center of the gravity of the NMR spectra is also plotted (top, blue 

circles). Expected spin structures in phases II and III are schematically depicted in the inset. 
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Frustrated ferromagnetism

Coupled frustrated quantum spin-1
2 chains with orbital order in volborthite Cu3V2O7(OH)2 ·2H2O
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We present a microscopic magnetic model for the spin-liquid candidate volborthite Cu3V2O7!OH"2 ·2H2O.
The essentials of this density-functional-theory-based model are !i" the orbital ordering of Cu!1" 3d3z2−r2 and
Cu!2" 3dx2−y2, !ii" three relevant couplings Jic, J1, and J2, !iii" the ferromagnetic nature of J1, and !iv"
frustration governed by the next-nearest-neighbor exchange interaction J2. Our model implies magnetism of
frustrated coupled chains in contrast to the previously proposed anisotropic kagome model. Exact diagonal-
ization studies reveal agreement with experiments.

DOI: 10.1103/PhysRevB.82.104434 PACS number!s": 75.10.Jm, 75.25.Dk, 71.20.Ps, 91.60.Pn

I. INTRODUCTION

The search for new magnetic ground states !GSs" is a
major subject in solid-state physics. Magnetic monopoles in
the spin ice system Dy2Ti2O7 !Refs. 1–3", the metal-insulator
transition in the spin-Peierls compound TiOCl !Ref. 4" and
the quantum critical behavior in Li2ZrCuO4 !Refs. 5 and 6"
are among recent discoveries that demonstrate the power of
combining precise experimental techniques with modern
theory. However, for a rather large number of problems ex-
periment and theory do not keep abreast, since it is often
tricky to find a real material realization for a well-studied
theoretical model. The most remarkable example is the con-
cept of a “resonating valence bond”7—a magnetic GS
formed by pairs of coupled spin-singlets lacking the long-
range magnetic order !LRO". Subsequent studies revealed a
fascinating variety of disordered GS,8,9 commonly called
“spin liquids” in order to emphasize their dynamic nature
and even raised the discussion of their possible
applications.10

Following the common belief that the spin-liquid GS may
emerge from the interplay of low dimensionality, quantum
fluctuations, and magnetic frustration, considerable effort has
been spent on the search for spin-1

2 Heisenberg magnets with
kagome geometry. The synthesis of herbertsmithite
Cu3Zn!OH"6Cl2,11 the first inorganic spin-1

2 system with
ideal kagome geometry and subsequent studies revealed be-
sides the desired absence of magnetic LRO !Ref. 12" !i" in-
trinsic Cu/Zn structural disorder and !ii" the presence of an-
isotropic interactions complicating the spin physics.13 The
recently synthesized kapellasite14 was predicted to imply
modified kagome physics due to an additional relevant
coupling.15

Since the search for a system representing the pure
kagome model is far from being completed, it is natural to
consider systems with lower symmetry where the distortion
is small enough to keep the essential physics.16 This way, the
attention has been drawn to the mineral volborthite
Cu3V2O7!OH"2 ·2H2O, where the Cu sites form a slightly
distorted kagome network.17 However, the local environment
of two independent Cu sites is essentially different: Cu!1"
forms dumbbells of two short Cu-O bonds !and four long

Cu-O bonds; “2+4”" while Cu!2" resides in a plaquette
formed by four short bonds !Fig. 1, top". Recently, density-
functional theory !DFT" studies of CuSb2O6, implying the
2+4 local environment of Cu atoms, revealed that orbital
ordering !OO" drastically changes the nature of the magnetic
coupling from three-dimensional to one-dimensional !1D".18
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FIG. 1. !Color online" Top: Cu!1"O2 dumbbells !yellow/gray",
Cu!2"O4 plaquettes !dark yellow/dark gray", V2O7 pyrovanadate
groups !connected green/lighter gray tetrahedra", and H2O mol-
ecules in volborthite. Only short Cu-O bonds are shown. Bottom: a
distorted kagome layer in the crystal structure of volborthite. The
magnetically active orbitals and leading exchange couplings are
shown.
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We present a microscopic magnetic model for the spin-liquid candidate volborthite Cu3V2O7!OH"2 ·2H2O.
The essentials of this density-functional-theory-based model are !i" the orbital ordering of Cu!1" 3d3z2−r2 and
Cu!2" 3dx2−y2, !ii" three relevant couplings Jic, J1, and J2, !iii" the ferromagnetic nature of J1, and !iv"
frustration governed by the next-nearest-neighbor exchange interaction J2. Our model implies magnetism of
frustrated coupled chains in contrast to the previously proposed anisotropic kagome model. Exact diagonal-
ization studies reveal agreement with experiments.
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I. INTRODUCTION

The search for new magnetic ground states !GSs" is a
major subject in solid-state physics. Magnetic monopoles in
the spin ice system Dy2Ti2O7 !Refs. 1–3", the metal-insulator
transition in the spin-Peierls compound TiOCl !Ref. 4" and
the quantum critical behavior in Li2ZrCuO4 !Refs. 5 and 6"
are among recent discoveries that demonstrate the power of
combining precise experimental techniques with modern
theory. However, for a rather large number of problems ex-
periment and theory do not keep abreast, since it is often
tricky to find a real material realization for a well-studied
theoretical model. The most remarkable example is the con-
cept of a “resonating valence bond”7—a magnetic GS
formed by pairs of coupled spin-singlets lacking the long-
range magnetic order !LRO". Subsequent studies revealed a
fascinating variety of disordered GS,8,9 commonly called
“spin liquids” in order to emphasize their dynamic nature
and even raised the discussion of their possible
applications.10

Following the common belief that the spin-liquid GS may
emerge from the interplay of low dimensionality, quantum
fluctuations, and magnetic frustration, considerable effort has
been spent on the search for spin-1

2 Heisenberg magnets with
kagome geometry. The synthesis of herbertsmithite
Cu3Zn!OH"6Cl2,11 the first inorganic spin-1

2 system with
ideal kagome geometry and subsequent studies revealed be-
sides the desired absence of magnetic LRO !Ref. 12" !i" in-
trinsic Cu/Zn structural disorder and !ii" the presence of an-
isotropic interactions complicating the spin physics.13 The
recently synthesized kapellasite14 was predicted to imply
modified kagome physics due to an additional relevant
coupling.15

Since the search for a system representing the pure
kagome model is far from being completed, it is natural to
consider systems with lower symmetry where the distortion
is small enough to keep the essential physics.16 This way, the
attention has been drawn to the mineral volborthite
Cu3V2O7!OH"2 ·2H2O, where the Cu sites form a slightly
distorted kagome network.17 However, the local environment
of two independent Cu sites is essentially different: Cu!1"
forms dumbbells of two short Cu-O bonds !and four long

Cu-O bonds; “2+4”" while Cu!2" resides in a plaquette
formed by four short bonds !Fig. 1, top". Recently, density-
functional theory !DFT" studies of CuSb2O6, implying the
2+4 local environment of Cu atoms, revealed that orbital
ordering !OO" drastically changes the nature of the magnetic
coupling from three-dimensional to one-dimensional !1D".18
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FIG. 1. !Color online" Top: Cu!1"O2 dumbbells !yellow/gray",
Cu!2"O4 plaquettes !dark yellow/dark gray", V2O7 pyrovanadate
groups !connected green/lighter gray tetrahedra", and H2O mol-
ecules in volborthite. Only short Cu-O bonds are shown. Bottom: a
distorted kagome layer in the crystal structure of volborthite. The
magnetically active orbitals and leading exchange couplings are
shown.
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Since the magnetic correlations along the chains are stron-
gest, one could argue that the model exhibits an effectively
1D low-temperature physics as has been discussed previ-
ously for other 2D models such as the crossed-chain model,41

anisotropic triangular lattice,42 as well as for modified
kagome compounds.15 However, this issue as well as a con-
clusive answer to the question of helical LRO need further
investigation.

To comprise the experimental magnetization curve, we
add the magnetic field term to the Heisenberg Hamiltonian
and simulate the m!h" dependence. For the boundary of the
fM and singlet GS, we find a wide 1/3 magnetization plateau
starting at hc1=0. However, the modification of the exchange
parameters, in particular, increasing of J2 and decreasing of
#J1# and Jic, according to the limits set by DFT calculations
leads to a significant increase of hc1 and to a drastic dimin-
ishing of the plateau width. Close to the DFT boundary
!Jic / #J1#=2, J2 / #J1#=1.1, and Jic=100 K", we obtain hc1
=22 T, which is still smaller than the experimentally ob-
served value. We should note that this deviation originates
from the minimalistic character of the model and consider-
able finite-size effects. Nevertheless, a slightly modified ratio
J2 / #J1#=1.6 yields hc1=55 T !Fig. 4, bottom" in excellent
agreement with the experiment. It should be mentioned that
the nature of spin correlations in the 1/3-plateau phase is
substantially different compared to the kagome model.43

Small magnetization jumps seen experimentally23 cannot be
resolved with present lattice sizes and might be related to
anisotropic exchange.

We also calculate the temperature dependence of mag-
netic susceptibility !!T" using two different lattices31 up to
N=24 sites. We obtain a good fit down to 50 K !Fig. 4,
top",44 the resulting g=2.16 and Jic=100.5 K are in excel-
lent agreement with experiments21 and our estimates from
DFT.

IV. SUMMARY

To summarize, we suggest a new magnetic model for
volborthite: assuming that DFT calculations are applicable to
volborthite as they are for a plethora of compounds, the
kagome model can be safely ruled out. Instead, the magne-

tism of volborthite is accounted for by a J1-J2-Jic model
reminiscent of coupled frustrated chains. For the proposed
model, the orbital order of Cu!1" 3d3z2−r2 and Cu!2" 3dx2−y2

orbitals is crucial.
We suggest different experiments to challenge our model:

resonant x-ray scattering measurements to study orbital ef-
fects and measurements in high magnetic fields !"70 T" to
get an access to the magnetization plateau. Additional inves-
tigations of the J1-J2-Jic model itself by alternative simula-
tion methods are desirable to clarify the influence of finite-
size effects, intrinsic for exact diagonalization.
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We present a microscopic magnetic model for the spin-liquid candidate volborthite Cu3V2O7!OH"2 ·2H2O.
The essentials of this density-functional-theory-based model are !i" the orbital ordering of Cu!1" 3d3z2−r2 and
Cu!2" 3dx2−y2, !ii" three relevant couplings Jic, J1, and J2, !iii" the ferromagnetic nature of J1, and !iv"
frustration governed by the next-nearest-neighbor exchange interaction J2. Our model implies magnetism of
frustrated coupled chains in contrast to the previously proposed anisotropic kagome model. Exact diagonal-
ization studies reveal agreement with experiments.
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I. INTRODUCTION

The search for new magnetic ground states !GSs" is a
major subject in solid-state physics. Magnetic monopoles in
the spin ice system Dy2Ti2O7 !Refs. 1–3", the metal-insulator
transition in the spin-Peierls compound TiOCl !Ref. 4" and
the quantum critical behavior in Li2ZrCuO4 !Refs. 5 and 6"
are among recent discoveries that demonstrate the power of
combining precise experimental techniques with modern
theory. However, for a rather large number of problems ex-
periment and theory do not keep abreast, since it is often
tricky to find a real material realization for a well-studied
theoretical model. The most remarkable example is the con-
cept of a “resonating valence bond”7—a magnetic GS
formed by pairs of coupled spin-singlets lacking the long-
range magnetic order !LRO". Subsequent studies revealed a
fascinating variety of disordered GS,8,9 commonly called
“spin liquids” in order to emphasize their dynamic nature
and even raised the discussion of their possible
applications.10

Following the common belief that the spin-liquid GS may
emerge from the interplay of low dimensionality, quantum
fluctuations, and magnetic frustration, considerable effort has
been spent on the search for spin-1

2 Heisenberg magnets with
kagome geometry. The synthesis of herbertsmithite
Cu3Zn!OH"6Cl2,11 the first inorganic spin-1

2 system with
ideal kagome geometry and subsequent studies revealed be-
sides the desired absence of magnetic LRO !Ref. 12" !i" in-
trinsic Cu/Zn structural disorder and !ii" the presence of an-
isotropic interactions complicating the spin physics.13 The
recently synthesized kapellasite14 was predicted to imply
modified kagome physics due to an additional relevant
coupling.15

Since the search for a system representing the pure
kagome model is far from being completed, it is natural to
consider systems with lower symmetry where the distortion
is small enough to keep the essential physics.16 This way, the
attention has been drawn to the mineral volborthite
Cu3V2O7!OH"2 ·2H2O, where the Cu sites form a slightly
distorted kagome network.17 However, the local environment
of two independent Cu sites is essentially different: Cu!1"
forms dumbbells of two short Cu-O bonds !and four long

Cu-O bonds; “2+4”" while Cu!2" resides in a plaquette
formed by four short bonds !Fig. 1, top". Recently, density-
functional theory !DFT" studies of CuSb2O6, implying the
2+4 local environment of Cu atoms, revealed that orbital
ordering !OO" drastically changes the nature of the magnetic
coupling from three-dimensional to one-dimensional !1D".18
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FIG. 1. !Color online" Top: Cu!1"O2 dumbbells !yellow/gray",
Cu!2"O4 plaquettes !dark yellow/dark gray", V2O7 pyrovanadate
groups !connected green/lighter gray tetrahedra", and H2O mol-
ecules in volborthite. Only short Cu-O bonds are shown. Bottom: a
distorted kagome layer in the crystal structure of volborthite. The
magnetically active orbitals and leading exchange couplings are
shown.
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FIG. 2 (color online). (a) 51V NMR spectra measured on a single-domain piece of a crystal in 

magnetic fields between 15 and 30 T applied perpendicular to the ab plane at T = 0.4 K. (b) 

Magnetization curve of single crystals (top, black line) and its field derivative (bottom, red line) in B 

A ab at 1.4 K after the subtraction of the Van Vleck paramagnetic magnetization (MVV). 

Magnetization deduced from the center of the gravity of the NMR spectra is also plotted (top, blue 

circles). Expected spin structures in phases II and III are schematically depicted in the inset. 
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Emergent multipolar spin correlations in a fluctuating spiral: The frustrated ferromagnetic
spin-1

2 Heisenberg chain in a magnetic field
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We present the phase diagram of the frustrated ferromagnetic S= 1
2 Heisenberg J1−J2 chain in a magnetic

field, obtained by large scale exact diagonalizations and density matrix renormalization group simulations. A
vector chirally ordered state, metamagnetic behavior and a sequence of spin-multipolar Luttinger liquid phases
up to hexadecupolar kind are found. We provide numerical evidence for a locking mechanism, which can drive
spiral states toward spin-multipolar phases, such as quadrupolar or octupolar phases. Our results also shed light
on previously discovered spin-multipolar phases in two-dimensional S= 1

2 quantum magnets in a magnetic
field.
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Spiral or helical ground states are an old and well-
understood concept in classical magnetism,1 and several ma-
terials are successfully described based on theories of spiral
states. For low spin and dimensionality however quantum
fluctuations become important and might destabilize the spi-
ral states. Given that spiral states generally arise due to com-
peting interactions, fluctuations are expected to be particu-
larly strong.

A prominent instability of spiral states is their intrinsic
twist #Si!S j$ !vector chirality".2 It has been recognized that
finite temperature3 or quantum4 fluctuations can disorder the
spin moment #Si$ of the spiral, while the twist remains finite.
Such a state is called p-type spin nematic.5 In the context of
quantum fluctuations such a scenario has been confirmed re-
cently in a ring-exchange model,6 while possible experimen-
tal evidence for the thermal scenario has been presented in.7

The twist also gained attention in multiferroics, since it
couples directly to the ferroelectricity.8

In this Rapid Communication we provide evidence for the
existence of yet a different instability of spiral states toward
spin-multipolar phases. The basic idea is that many spin-
multipolar order parameters are finite in the magnetically
ordered spiral state, but that under a suitable amount of fluc-
tuations the primary spin order is lost, while a spin-
multipolar order parameter survives. We demonstrate this
mechanism based on the magnetic field phase diagram of a
prototypical model, the frustrated S= 1

2 Heisenberg chain
with ferromagnetic nearest-neighbor and antiferromagnetic
next nearest-neighbor interactions. Furthermore we show
that this instability provides a natural and unified understand-
ing of previously discovered two-dimensional spin-
multipolar phases.9,10

To be specific, we determine numerically the phase dia-
gram of the following Hamiltonian:

H = J1%
i

Si · Si+1 + J2%
i

Si · Si+2 − h%
i

Si
z, !1"

and we set J1=−1, J2"0 in the following. Si are spin-1/2
operators at site i, while h denotes the uniform magnetic
field. The magnetization is defined as mª1 /L%iSi

z. We em-

ploy exact diagonalizations !EDs" on systems sizes up to
L=64 sites complemented by density matrix renormalization
group !DMRG" !Ref. 11" simulations on open systems of
maximal length L=384, retaining up to 800 basis states.

The classical ground state of Hamiltonian !1" is ferromag-
netic for J2#1 /4 and a spiral with pitch angle $
=arccos!1 /4J2"! &0,% /2' otherwise. The Lifshitz point is
located at J2=1 /4. In a magnetic field the spins develop a
uniform component along the field, while the pitch angle in
the plane transverse to the field axis is unaltered by the field.

The zero field quantum mechanical phase diagram for
S= 1

2 is still unsettled. Field theoretical work predicts a finite,
but tiny gap accompanied by dimerization12,13 for J2&1 /4,
which present numerical approaches are unable to resolve.
The classical Lifshitz point J2=1 /4 is not renormalized for
S= 1

2 , and the transition point manifests itself on finite sys-
tems as a level crossing between the ferromagnetic multiplet
and an exactly known singlet state.14 The theoretical phase
diagram at finite field has recently received considerable
attention,15–17 triggered by experiments on quasi one-
dimensional cuprate helimagnets.18–20 One of the most pecu-
liar features of the finite size magnetization process is the
appearance of elementary magnetization steps of
'Sz=2,3 ,4 in certain J2 and m regions. This has been attrib-
uted to the formation of bound states of spin flips, leading to
dominant spin-multipolar correlations close to saturation. A
detailed phase diagram is however still lacking.

We present our numerical phase diagram in the J2 / (J1( vs.
m /msat plane in Fig. 1. At least five different phases are
present. The low magnetization region consists of a single
vector chiral phase !gray". Below the saturation magnetiza-
tion we confirm the presence of three different multipolar
Luttinger liquid phases !red, green, and blue". The red phase
extends up to J2→(,16 and its lower border approaches
m=0+ in that limit. All three multipolar liquids present a
crossover as a function of m /msat, where the dominant cor-
relations change from spin-multipolar close to saturation to
spin-density wave !SDW" character at lower magnetization.
One also expects a tiny incommensurate p=2 phase close to
the p=3 phase,17 which we did not aim to localize in this
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study. Finally the multipolar Luttinger liquids are separated
from the vector chiral phase by a metamagnetic transition,
which occupies a larger and larger fraction of m as
J2→1 /4+, leading to an absence of multipolar liquids com-
posed of five or more spin flips. In the following we will
characterize these phases in more detail and put forward an
explanation for the occurrence and locations of the spin-
multipolar phases.

For m!0 we reveal a contiguous phase sustaining long
range vector chiral order21 !breaking discrete parity symme-
try", similar to phases recently discovered for J1 ,J2!0.22,23

Direct evidence for the presence of this phase is obtained
from measurements of the squared vector chiral order param-
eter,

"2!r,d" ª #$S0 # Sd%z$Sr # Sr+d%z& . !2"

In Fig. 2 we display DMRG results for long distance corre-
lations between J1 bonds !d=1, black symbols" and J2 bonds
!d=2, red symbols" obtained on a L=192 system. The three
chosen values of J2 reflect positions underneath each of the
three spin-multipolar Luttinger liquids shown in Fig. 1. The
non-monotonic behavior of the correlations at very small m
is probably a finite size artifact or convergence issue. Beyond
the long range order in the vector chirality, the system be-
haves as a single channel Luttinger liquid !with central
charge c=1, confirmed by our DMRG based entanglement
entropy analysis24" with critical incommensurate transverse
spin correlation functions.22 The transition to the spin-

multipolar phases at larger m seems to occur generically via
metamagnetic behavior !cf. left and right panels of Fig. 2".
For the parameter set in the middle panel we expect the same
behavior, but it can’t be resolved based on the system sizes
used.

Hamiltonian !1" presents unusual elementary step sizes
$Sz!1 in some extended J2 / 'J1' and m domains, where $Sz

is independent of the system size.15 This phenomenon has
been explained based on the formation of bound states of
p=$Sz magnons in the completely saturated state, and at
finite m /msat a description in terms of a single component
Luttinger liquid of bound states has been put forward.16,17

We have determined the extension of the $Sz=2,3 ,4 regions
in Fig. 1, based on exact diagonalizations on systems sizes
up to 32 sites and DMRG simulations on systems up to 192
sites. The boundaries are in very good agreement with pre-
vious results15 where available. The $Sz=3 and 4 domains
form lobes which are widest at msat and whose tips do not
extend down to zero magnetization. The higher lobes are
successively narrower in the J2 direction. We have also
searched for $Sz=5 and higher regions, but found them to be
unstable against a direct metamagnetic transition from the
vector chiral phase to full saturation. Individual bound states
of p%5 magnons do exist !see below", but they experience a
too strong mutual attraction to be thermodynamically stable.

An exciting property of the Luttinger liquids of p bound
magnon states17 is that the transverse spin correlations are
exponentially decaying as a function of distance due to the
binding, while p-multipolar spin correlations

()
n=0

p−1

S0+n
+ )

n=0

p−1

Sr+n
− * + !− 1"r,1

r
-1/K

!3"

are critical with wave vector & !multipolar correlations with
p!' p also decay exponentially". p=2,3 ,4 correspond to
quadrupolar, octupolar, and hexadecupolar correlations, re-
spectively. Therefore they can be considered as one-
dimensional analogs of spin multipolar ordered phases found
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FIG. 1. !Color online" Phase diagram of the frustrated ferromag-
netic chain !1" in the J1 /J2 vs m /msat plane. The gray low-m region
exhibits vector chiral long range order. The colored regions denote
spin-multipolar Luttinger liquids of bound states of p=2,3 ,4 spin
flips. Close to saturation the dominant correlations are multipolar,
while below the dashed crossover lines, the dominant correlations
are of SDW!p" type. The tiny cyan colored region corresponds to an
incommensurate p=2 phase. The white region denotes a metamag-
netic jump. Finally the scribbled region close to the transition
J1 /J2→−4 has not been studied here, but consists most likely of a
low field vector chiral phase, followed by a metamagnetic region
extending up to saturation magnetization. The inset shows the same
diagram in the J1 /J2 vs h /hsat plane.
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FIG. 2. !Color online" Squared vector chirality order parameter
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Emergent multipolar spin correlations in a fluctuating spiral: The frustrated ferromagnetic
spin-1

2 Heisenberg chain in a magnetic field
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We present the phase diagram of the frustrated ferromagnetic S= 1
2 Heisenberg J1−J2 chain in a magnetic

field, obtained by large scale exact diagonalizations and density matrix renormalization group simulations. A
vector chirally ordered state, metamagnetic behavior and a sequence of spin-multipolar Luttinger liquid phases
up to hexadecupolar kind are found. We provide numerical evidence for a locking mechanism, which can drive
spiral states toward spin-multipolar phases, such as quadrupolar or octupolar phases. Our results also shed light
on previously discovered spin-multipolar phases in two-dimensional S= 1

2 quantum magnets in a magnetic
field.

DOI: 10.1103/PhysRevB.80.140402 PACS number!s": 75.10.Jm, 75.30.Kz, 75.40.Cx, 75.40.Mg

Spiral or helical ground states are an old and well-
understood concept in classical magnetism,1 and several ma-
terials are successfully described based on theories of spiral
states. For low spin and dimensionality however quantum
fluctuations become important and might destabilize the spi-
ral states. Given that spiral states generally arise due to com-
peting interactions, fluctuations are expected to be particu-
larly strong.

A prominent instability of spiral states is their intrinsic
twist #Si!S j$ !vector chirality".2 It has been recognized that
finite temperature3 or quantum4 fluctuations can disorder the
spin moment #Si$ of the spiral, while the twist remains finite.
Such a state is called p-type spin nematic.5 In the context of
quantum fluctuations such a scenario has been confirmed re-
cently in a ring-exchange model,6 while possible experimen-
tal evidence for the thermal scenario has been presented in.7

The twist also gained attention in multiferroics, since it
couples directly to the ferroelectricity.8

In this Rapid Communication we provide evidence for the
existence of yet a different instability of spiral states toward
spin-multipolar phases. The basic idea is that many spin-
multipolar order parameters are finite in the magnetically
ordered spiral state, but that under a suitable amount of fluc-
tuations the primary spin order is lost, while a spin-
multipolar order parameter survives. We demonstrate this
mechanism based on the magnetic field phase diagram of a
prototypical model, the frustrated S= 1

2 Heisenberg chain
with ferromagnetic nearest-neighbor and antiferromagnetic
next nearest-neighbor interactions. Furthermore we show
that this instability provides a natural and unified understand-
ing of previously discovered two-dimensional spin-
multipolar phases.9,10

To be specific, we determine numerically the phase dia-
gram of the following Hamiltonian:

H = J1%
i

Si · Si+1 + J2%
i

Si · Si+2 − h%
i

Si
z, !1"

and we set J1=−1, J2"0 in the following. Si are spin-1/2
operators at site i, while h denotes the uniform magnetic
field. The magnetization is defined as mª1 /L%iSi

z. We em-

ploy exact diagonalizations !EDs" on systems sizes up to
L=64 sites complemented by density matrix renormalization
group !DMRG" !Ref. 11" simulations on open systems of
maximal length L=384, retaining up to 800 basis states.

The classical ground state of Hamiltonian !1" is ferromag-
netic for J2#1 /4 and a spiral with pitch angle $
=arccos!1 /4J2"! &0,% /2' otherwise. The Lifshitz point is
located at J2=1 /4. In a magnetic field the spins develop a
uniform component along the field, while the pitch angle in
the plane transverse to the field axis is unaltered by the field.

The zero field quantum mechanical phase diagram for
S= 1

2 is still unsettled. Field theoretical work predicts a finite,
but tiny gap accompanied by dimerization12,13 for J2&1 /4,
which present numerical approaches are unable to resolve.
The classical Lifshitz point J2=1 /4 is not renormalized for
S= 1

2 , and the transition point manifests itself on finite sys-
tems as a level crossing between the ferromagnetic multiplet
and an exactly known singlet state.14 The theoretical phase
diagram at finite field has recently received considerable
attention,15–17 triggered by experiments on quasi one-
dimensional cuprate helimagnets.18–20 One of the most pecu-
liar features of the finite size magnetization process is the
appearance of elementary magnetization steps of
'Sz=2,3 ,4 in certain J2 and m regions. This has been attrib-
uted to the formation of bound states of spin flips, leading to
dominant spin-multipolar correlations close to saturation. A
detailed phase diagram is however still lacking.

We present our numerical phase diagram in the J2 / (J1( vs.
m /msat plane in Fig. 1. At least five different phases are
present. The low magnetization region consists of a single
vector chiral phase !gray". Below the saturation magnetiza-
tion we confirm the presence of three different multipolar
Luttinger liquid phases !red, green, and blue". The red phase
extends up to J2→(,16 and its lower border approaches
m=0+ in that limit. All three multipolar liquids present a
crossover as a function of m /msat, where the dominant cor-
relations change from spin-multipolar close to saturation to
spin-density wave !SDW" character at lower magnetization.
One also expects a tiny incommensurate p=2 phase close to
the p=3 phase,17 which we did not aim to localize in this
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Vector chiral phase. The vector chiral phase appears in
small magnetic field. This phase is characterized by long-
range order of the vector chiral correlation !5". The ground
state breaks a Z2 symmetry as Eq. !5" indicates that the parity
about a bond center is broken spontaneously. We can also
regard this Z2-symmetry breaking as choosing one of the two
possible directions of circulation of spontaneous sz-spin cur-
rent flow. A schematic picture of the vector chiral order and
circulating spin current in the Z2-symmetry broken state is
shown in Fig. 3, where the spin chain is drawn as a zigzag
ladder. Numerical evidence for the long-range order will be
presented in Sec. V. Another important feature of the vector
chiral phase is that the transverse-spin correlation #s0

xsl
x$ is

incommensurate with the lattice and stronger than the longi-
tudinal correlation #s0

zsl
z$− #s0

z$#sl
z$.

Nematic/SDW2 phases. At higher magnetic field up to the
saturation field, the nematic/SDW2 phases1,6,7,40 appear at
J1 /J2!−2.7. These phases are a TL liquid of hard-core

bosons which are actually two-magnon bound states with
total momentum k=". The boson creation operator bl

† corre-
sponds to sl

−sl+1
− and the boson density nl=bl

†bl#
1
2 −sl

z. Since
breaking a two-magnon bound-state costs a finite binding
energy, the transverse-spin correlation #s0

+sl
−$ is short ranged,

where s0
+=s0

x + is0
y. Being a TL liquid, the ground state exhib-

its power-law decaying correlations of the single-boson
propagator, #b0bl

†$# #s0
+s1

+sl
−sl+1

− $, and the density fluctuations,
#n0nl$− #n0$#nl$# #s0

zsl
z$− #s0

z$#sl
z$. When the boson propagator

decays slower than the density-density correlation, it is ap-
propriate to call this phase the !spin" nematic phase. In the
opposite case when the latter incommensurate density corre-
lation is dominant, we call this phase the spin-density-wave
!SDW2" phase. The SDW2 phase is extended to the antifer-
romagnetic side J1$0 across the decoupled-chain limit J1
=0; it is called even-odd phase in Ref. 25. The boundary
between the SDW2 phase and the nematic phase is shown by
a dotted line in Fig. 1.

In the semiclassical picture we can write sl
−=e−i%l, where

%l is the angle of the two-dimensional vector !sl
x ,sl

y" mea-
sured from the positive x direction, 0&%l'2". The product
sl

−sl+1
− =e−i!%l+%l+1" can be represented by the vector Nl+1/2

= !cos (l,2 , sin (l,2" with (l,2=−!%l+%l+1" /2. We now real-
ize that we need to identify Nl+1/2 with −Nl+1/2 because of the
physical identification !%l ,%l+1"%!%l+2" ,%l+1"%!%l ,%l+1
+2"". We can thus consider Nl+1/2 as a director representing
the nematic order. We will show in Sec. VI that the nematic
phase has antiferronematic quasi-long-range order of the di-
rector, as shown schematically in Fig. 4. The ground state is
not dimerized in this phase as opposed to the initial proposal
of Chubukov.1

Incommensurate nematic phase. The incommensurate
nematic phase occupies a very small region in the phase
diagram. This phase has quasi-long-range order of the nem-
atic correlation with an incommensurate wave number. The
correlation is due to two-magnon bound states with momen-
tum k="+) and "−) instead of k=" in the nematic phase.
Schematic pictures of the incommensurate nematic order are
depicted in Fig. 5, where the upper and lower pictures rep-
resent the nematic correlation with wave number k="+)
and "−), respectively. If the densities of paired magnons
with k="+) and "−) are different, one of the two correla-
tion patterns in Fig. 5 becomes dominant, and the Z2 chiral
symmetry is broken spontaneously, as suggested by
Chubukov.1 However, we have found no signature of long-
range order of the chiral correlation in our numerical calcu-
lation, which we will discuss in Sec. VII.

Triatic and SDW3 phases. The triatic phase exists below
the saturation field and next to the incommensurate nematic
phase. The triatic/SDW3 phases are a TL liquid of bosons
which represent three-magnon bound states with total mo-
mentum k=". In analogy with the nematic phase, the triatic
order has a simple semiclassical picture. Writing the bound
three magnons as sl

−sl+1
− sl+2

− =e−i!%l+%l+1+%l+2"=e3i(l,3, we
may consider the triatic order as ordering of the angle (l,3
=−!%l+%l+1+%l+2" /3, which has the property (l,3%(l,3
+2" /3. A schematic picture of the triatic ordered state is
shown in Fig. 6. In the triatic phase, correlation functions
probing three-magnon bound states, such as
#s0

+s1
+s2

+sl
−sl+1

− sl+2
− $, exhibit quasi-long-range order !power-law
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FIG. 1. !Color online" Magnetic phase diagram of the spin-1/2
zigzag chain with ferromagnetic J1 and antiferromagnetic J2 !a" in
the J1 /J2 versus h /J2 plane and !b" in the J1 /J2 versus M plane.
Crosses show the transition and crossover points obtained from the
magnetization curves and correlation functions. In !a", symbols VC,
N, IN, T, Q, and F indicate the vector chiral !*Stot

z =1", nematic
!*Stot

z =2", incommensurate nematic !*Stot
z =2", triatic !*Stot

z =3",
quartic !*Stot

z =4", and ferromagnetic !fully polarized" phases, re-
spectively. Here *Stot

z is the unit of changes in the total Stot
z =&lsl

z

when the magnetic field h is swept. There are also two kinds of
spin-density-wave phases: SDW2 !*Stot

z =2" and SDW3 !*Stot
z =3",

which are related to the nematic and triatic phases, respectively. The
solid curve shows the saturation field hs and dotted lines are the
guide for the eyes. In !b", symbols indicate parameter points for
which their ground-state phase is identified by analysis of correla-
tion functions. Shaded regions in !b" correspond to the magnetiza-
tion jump at the first-order transition !see Sec. IV".
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Emergent multipolar spin correlations in a fluctuating spiral: The frustrated ferromagnetic
spin-1

2 Heisenberg chain in a magnetic field
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We present the phase diagram of the frustrated ferromagnetic S= 1
2 Heisenberg J1−J2 chain in a magnetic

field, obtained by large scale exact diagonalizations and density matrix renormalization group simulations. A
vector chirally ordered state, metamagnetic behavior and a sequence of spin-multipolar Luttinger liquid phases
up to hexadecupolar kind are found. We provide numerical evidence for a locking mechanism, which can drive
spiral states toward spin-multipolar phases, such as quadrupolar or octupolar phases. Our results also shed light
on previously discovered spin-multipolar phases in two-dimensional S= 1

2 quantum magnets in a magnetic
field.

DOI: 10.1103/PhysRevB.80.140402 PACS number!s": 75.10.Jm, 75.30.Kz, 75.40.Cx, 75.40.Mg

Spiral or helical ground states are an old and well-
understood concept in classical magnetism,1 and several ma-
terials are successfully described based on theories of spiral
states. For low spin and dimensionality however quantum
fluctuations become important and might destabilize the spi-
ral states. Given that spiral states generally arise due to com-
peting interactions, fluctuations are expected to be particu-
larly strong.

A prominent instability of spiral states is their intrinsic
twist #Si!S j$ !vector chirality".2 It has been recognized that
finite temperature3 or quantum4 fluctuations can disorder the
spin moment #Si$ of the spiral, while the twist remains finite.
Such a state is called p-type spin nematic.5 In the context of
quantum fluctuations such a scenario has been confirmed re-
cently in a ring-exchange model,6 while possible experimen-
tal evidence for the thermal scenario has been presented in.7

The twist also gained attention in multiferroics, since it
couples directly to the ferroelectricity.8

In this Rapid Communication we provide evidence for the
existence of yet a different instability of spiral states toward
spin-multipolar phases. The basic idea is that many spin-
multipolar order parameters are finite in the magnetically
ordered spiral state, but that under a suitable amount of fluc-
tuations the primary spin order is lost, while a spin-
multipolar order parameter survives. We demonstrate this
mechanism based on the magnetic field phase diagram of a
prototypical model, the frustrated S= 1

2 Heisenberg chain
with ferromagnetic nearest-neighbor and antiferromagnetic
next nearest-neighbor interactions. Furthermore we show
that this instability provides a natural and unified understand-
ing of previously discovered two-dimensional spin-
multipolar phases.9,10

To be specific, we determine numerically the phase dia-
gram of the following Hamiltonian:

H = J1%
i

Si · Si+1 + J2%
i

Si · Si+2 − h%
i

Si
z, !1"

and we set J1=−1, J2"0 in the following. Si are spin-1/2
operators at site i, while h denotes the uniform magnetic
field. The magnetization is defined as mª1 /L%iSi

z. We em-

ploy exact diagonalizations !EDs" on systems sizes up to
L=64 sites complemented by density matrix renormalization
group !DMRG" !Ref. 11" simulations on open systems of
maximal length L=384, retaining up to 800 basis states.

The classical ground state of Hamiltonian !1" is ferromag-
netic for J2#1 /4 and a spiral with pitch angle $
=arccos!1 /4J2"! &0,% /2' otherwise. The Lifshitz point is
located at J2=1 /4. In a magnetic field the spins develop a
uniform component along the field, while the pitch angle in
the plane transverse to the field axis is unaltered by the field.

The zero field quantum mechanical phase diagram for
S= 1

2 is still unsettled. Field theoretical work predicts a finite,
but tiny gap accompanied by dimerization12,13 for J2&1 /4,
which present numerical approaches are unable to resolve.
The classical Lifshitz point J2=1 /4 is not renormalized for
S= 1

2 , and the transition point manifests itself on finite sys-
tems as a level crossing between the ferromagnetic multiplet
and an exactly known singlet state.14 The theoretical phase
diagram at finite field has recently received considerable
attention,15–17 triggered by experiments on quasi one-
dimensional cuprate helimagnets.18–20 One of the most pecu-
liar features of the finite size magnetization process is the
appearance of elementary magnetization steps of
'Sz=2,3 ,4 in certain J2 and m regions. This has been attrib-
uted to the formation of bound states of spin flips, leading to
dominant spin-multipolar correlations close to saturation. A
detailed phase diagram is however still lacking.

We present our numerical phase diagram in the J2 / (J1( vs.
m /msat plane in Fig. 1. At least five different phases are
present. The low magnetization region consists of a single
vector chiral phase !gray". Below the saturation magnetiza-
tion we confirm the presence of three different multipolar
Luttinger liquid phases !red, green, and blue". The red phase
extends up to J2→(,16 and its lower border approaches
m=0+ in that limit. All three multipolar liquids present a
crossover as a function of m /msat, where the dominant cor-
relations change from spin-multipolar close to saturation to
spin-density wave !SDW" character at lower magnetization.
One also expects a tiny incommensurate p=2 phase close to
the p=3 phase,17 which we did not aim to localize in this
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I. NLSM

A. Classical limit

Let us consider the Non-Linear sigma Model (NLsM)
which should describe the behavior near the Lifshitz
point of the J

1

� J
2

chain. The action in 1+1 dimen-
sions is

S =

Z

dxd⌧
�

isA
B

[m̂]� �|@
x

m̂|2 +K|@2

x

m̂|2

+u|@
x

m̂|4 � hm̂
z

 

. (1)

Here s is the spin and A
B

is the Berry phase term de-
scribing those spins. It can be written in various ways,
for example

A
B

=

Z

1

0

du m̂ · @
⌧

m̂⇥ @
u

m̂, (2)

where we introduce a fictitious auxiliary coordinate u
such that m̂(u = 0) = ẑ and m̂(u = 1) = m̂ is the
physical value, or equivalently,

A
B

=
m̂

1

@
⌧

m̂
2

� m̂
2

@
⌧

m̂
1

1 + m̂
3

. (3)

The main important point for us is that A
B

contains a
single derivative of imaginary time ⌧ .

The action in Eq. (1) needs a condition for stability
against large gradients of m̂. To get it, we note that by
di↵erentiation twice of m̂ · m̂ = 1 we obtain

|@
x

m̂|2 = �m̂ · @2

x

m̂  |@2

x

m̂|, (4)

where the final inequality is obvious. This in turn implies
that |@2

x

m̂|2 > |@
x

m̂|4, which is enough to show stability
is present so long as u + K > 0. This means we may
consider negative u so long as u > �K.

Note that for � < 0, or su�ciently large h, the NLsM
has an exact ferromagnetic ground state, described by
just constant m̂, or a wavefunction of fully polarized
spins. This is a fully classical state. When � > 0 and
h is not too large, however, there will be an incommen-
surate ground state, and thereby quantum fluctuations
will occur. In this regime the NLsM is non-trivial. Nev-
ertheless, we can expect that near the Lifshitz point, at
least on scales that are not too long, a classical descrip-
tion should be correct (we expect that the L ! 1 and
classical limits may not commute, but at least the clas-
sical analysis should lead us to a first understanding).

Can we see this formally somehow? Let us try rescaling
to bring out the behavior for small �. We let x ! p

K/�x
and ⌧ ! K

�

2 ⌧ , where the second rescaling follows from
the linear derivative nature of the Berry phase term. The
magnetization itself does not rescale as m̂ is a unit vector.
Carrying out this rescaling, we find

S =

r

K

�

Z

dxd⌧
�

isA
B

[m̂]� |@
x

m̂|2 + |@2

x

m̂|2

�v|@
x

m̂|4 � hm̂
z

 

, (5)

where we defined v = �u/K and h = hK/�2. We see
that when �/K ⌧ 1, the action is large in dimensionless
terms, and we expect a saddle point approximation to
apply. This is precisely the classical limit! Note that this
is valid when u/K is fixed, and also h ⇠ �2/K, which
fixed the overall field scale of the problem.

B. Saddle point

To find the actual saddle point, we make an assump-
tion that it is of the form of an umbrella state (I tried
also to look for a planar state, but it seemed to be
energetically unfavorable). To avoid having to rescale,
we work in the original variables of Eq. (1). Let m̂ =
(' cos qx,' sin qx,

p

1� '2). Then the action is just the
integral of the energy density

" = ��q2'2 +Kq4'2 + uq4'4 � h(
p

1� '2 � 1), (6)

where we chose to add a constant h factor so that " = 0
when ' = 0. This is easily minimized over wavevector

q2 =
�

2(K + u'2)
, (7)

whence

" = � �2'2

4(K + u'2)
� h(

p

1� '2 � 1). (8)

We can see by direct expansion in a Taylor series in '
that a second order transition is possible for u > �K/4.
For more negative u we can find the first order point
by standard means. There are two conditions. First, a
minimum exists @

'

" = 0, and second, the minimum has
the same energy as the trivial one, "(') = 0. This gives
two conditions which determine the order parameter '
at the transition and the field h at this point. According

two symmetry 
allowed interactions 

at O(q4)

All properties near Lifshitz point obey “one parameter 
universality” dependent upon u/K ratio

• Unusual QCP: order-to-order transition 

• Effective action - NLσM
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Large parameter: 
saddle point!

v =
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K
h =

hK

�2

• Intuition: behavior near the Lifshitz 
point should be semi-classical, since 
“close” to FM state which is classical
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v derives from quantum fluctuations
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Phase diagram
Frustrated ferromagnetic chain

Vector chiral phase. The vector chiral phase appears in
small magnetic field. This phase is characterized by long-
range order of the vector chiral correlation !5". The ground
state breaks a Z2 symmetry as Eq. !5" indicates that the parity
about a bond center is broken spontaneously. We can also
regard this Z2-symmetry breaking as choosing one of the two
possible directions of circulation of spontaneous sz-spin cur-
rent flow. A schematic picture of the vector chiral order and
circulating spin current in the Z2-symmetry broken state is
shown in Fig. 3, where the spin chain is drawn as a zigzag
ladder. Numerical evidence for the long-range order will be
presented in Sec. V. Another important feature of the vector
chiral phase is that the transverse-spin correlation #s0

xsl
x$ is

incommensurate with the lattice and stronger than the longi-
tudinal correlation #s0

zsl
z$− #s0

z$#sl
z$.

Nematic/SDW2 phases. At higher magnetic field up to the
saturation field, the nematic/SDW2 phases1,6,7,40 appear at
J1 /J2!−2.7. These phases are a TL liquid of hard-core

bosons which are actually two-magnon bound states with
total momentum k=". The boson creation operator bl

† corre-
sponds to sl

−sl+1
− and the boson density nl=bl

†bl#
1
2 −sl

z. Since
breaking a two-magnon bound-state costs a finite binding
energy, the transverse-spin correlation #s0

+sl
−$ is short ranged,

where s0
+=s0

x + is0
y. Being a TL liquid, the ground state exhib-

its power-law decaying correlations of the single-boson
propagator, #b0bl

†$# #s0
+s1

+sl
−sl+1

− $, and the density fluctuations,
#n0nl$− #n0$#nl$# #s0

zsl
z$− #s0

z$#sl
z$. When the boson propagator

decays slower than the density-density correlation, it is ap-
propriate to call this phase the !spin" nematic phase. In the
opposite case when the latter incommensurate density corre-
lation is dominant, we call this phase the spin-density-wave
!SDW2" phase. The SDW2 phase is extended to the antifer-
romagnetic side J1$0 across the decoupled-chain limit J1
=0; it is called even-odd phase in Ref. 25. The boundary
between the SDW2 phase and the nematic phase is shown by
a dotted line in Fig. 1.

In the semiclassical picture we can write sl
−=e−i%l, where

%l is the angle of the two-dimensional vector !sl
x ,sl

y" mea-
sured from the positive x direction, 0&%l'2". The product
sl

−sl+1
− =e−i!%l+%l+1" can be represented by the vector Nl+1/2

= !cos (l,2 , sin (l,2" with (l,2=−!%l+%l+1" /2. We now real-
ize that we need to identify Nl+1/2 with −Nl+1/2 because of the
physical identification !%l ,%l+1"%!%l+2" ,%l+1"%!%l ,%l+1
+2"". We can thus consider Nl+1/2 as a director representing
the nematic order. We will show in Sec. VI that the nematic
phase has antiferronematic quasi-long-range order of the di-
rector, as shown schematically in Fig. 4. The ground state is
not dimerized in this phase as opposed to the initial proposal
of Chubukov.1

Incommensurate nematic phase. The incommensurate
nematic phase occupies a very small region in the phase
diagram. This phase has quasi-long-range order of the nem-
atic correlation with an incommensurate wave number. The
correlation is due to two-magnon bound states with momen-
tum k="+) and "−) instead of k=" in the nematic phase.
Schematic pictures of the incommensurate nematic order are
depicted in Fig. 5, where the upper and lower pictures rep-
resent the nematic correlation with wave number k="+)
and "−), respectively. If the densities of paired magnons
with k="+) and "−) are different, one of the two correla-
tion patterns in Fig. 5 becomes dominant, and the Z2 chiral
symmetry is broken spontaneously, as suggested by
Chubukov.1 However, we have found no signature of long-
range order of the chiral correlation in our numerical calcu-
lation, which we will discuss in Sec. VII.

Triatic and SDW3 phases. The triatic phase exists below
the saturation field and next to the incommensurate nematic
phase. The triatic/SDW3 phases are a TL liquid of bosons
which represent three-magnon bound states with total mo-
mentum k=". In analogy with the nematic phase, the triatic
order has a simple semiclassical picture. Writing the bound
three magnons as sl

−sl+1
− sl+2

− =e−i!%l+%l+1+%l+2"=e3i(l,3, we
may consider the triatic order as ordering of the angle (l,3
=−!%l+%l+1+%l+2" /3, which has the property (l,3%(l,3
+2" /3. A schematic picture of the triatic ordered state is
shown in Fig. 6. In the triatic phase, correlation functions
probing three-magnon bound states, such as
#s0

+s1
+s2

+sl
−sl+1

− sl+2
− $, exhibit quasi-long-range order !power-law
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FIG. 1. !Color online" Magnetic phase diagram of the spin-1/2
zigzag chain with ferromagnetic J1 and antiferromagnetic J2 !a" in
the J1 /J2 versus h /J2 plane and !b" in the J1 /J2 versus M plane.
Crosses show the transition and crossover points obtained from the
magnetization curves and correlation functions. In !a", symbols VC,
N, IN, T, Q, and F indicate the vector chiral !*Stot

z =1", nematic
!*Stot

z =2", incommensurate nematic !*Stot
z =2", triatic !*Stot

z =3",
quartic !*Stot

z =4", and ferromagnetic !fully polarized" phases, re-
spectively. Here *Stot

z is the unit of changes in the total Stot
z =&lsl

z

when the magnetic field h is swept. There are also two kinds of
spin-density-wave phases: SDW2 !*Stot

z =2" and SDW3 !*Stot
z =3",

which are related to the nematic and triatic phases, respectively. The
solid curve shows the saturation field hs and dotted lines are the
guide for the eyes. In !b", symbols indicate parameter points for
which their ground-state phase is identified by analysis of correla-
tion functions. Shaded regions in !b" correspond to the magnetiza-
tion jump at the first-order transition !see Sec. IV".
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Phase diagram

Vector chiral phase. The vector chiral phase appears in
small magnetic field. This phase is characterized by long-
range order of the vector chiral correlation !5". The ground
state breaks a Z2 symmetry as Eq. !5" indicates that the parity
about a bond center is broken spontaneously. We can also
regard this Z2-symmetry breaking as choosing one of the two
possible directions of circulation of spontaneous sz-spin cur-
rent flow. A schematic picture of the vector chiral order and
circulating spin current in the Z2-symmetry broken state is
shown in Fig. 3, where the spin chain is drawn as a zigzag
ladder. Numerical evidence for the long-range order will be
presented in Sec. V. Another important feature of the vector
chiral phase is that the transverse-spin correlation #s0

xsl
x$ is

incommensurate with the lattice and stronger than the longi-
tudinal correlation #s0

zsl
z$− #s0

z$#sl
z$.

Nematic/SDW2 phases. At higher magnetic field up to the
saturation field, the nematic/SDW2 phases1,6,7,40 appear at
J1 /J2!−2.7. These phases are a TL liquid of hard-core

bosons which are actually two-magnon bound states with
total momentum k=". The boson creation operator bl

† corre-
sponds to sl

−sl+1
− and the boson density nl=bl

†bl#
1
2 −sl

z. Since
breaking a two-magnon bound-state costs a finite binding
energy, the transverse-spin correlation #s0

+sl
−$ is short ranged,

where s0
+=s0

x + is0
y. Being a TL liquid, the ground state exhib-

its power-law decaying correlations of the single-boson
propagator, #b0bl

†$# #s0
+s1

+sl
−sl+1

− $, and the density fluctuations,
#n0nl$− #n0$#nl$# #s0

zsl
z$− #s0

z$#sl
z$. When the boson propagator

decays slower than the density-density correlation, it is ap-
propriate to call this phase the !spin" nematic phase. In the
opposite case when the latter incommensurate density corre-
lation is dominant, we call this phase the spin-density-wave
!SDW2" phase. The SDW2 phase is extended to the antifer-
romagnetic side J1$0 across the decoupled-chain limit J1
=0; it is called even-odd phase in Ref. 25. The boundary
between the SDW2 phase and the nematic phase is shown by
a dotted line in Fig. 1.

In the semiclassical picture we can write sl
−=e−i%l, where

%l is the angle of the two-dimensional vector !sl
x ,sl

y" mea-
sured from the positive x direction, 0&%l'2". The product
sl

−sl+1
− =e−i!%l+%l+1" can be represented by the vector Nl+1/2

= !cos (l,2 , sin (l,2" with (l,2=−!%l+%l+1" /2. We now real-
ize that we need to identify Nl+1/2 with −Nl+1/2 because of the
physical identification !%l ,%l+1"%!%l+2" ,%l+1"%!%l ,%l+1
+2"". We can thus consider Nl+1/2 as a director representing
the nematic order. We will show in Sec. VI that the nematic
phase has antiferronematic quasi-long-range order of the di-
rector, as shown schematically in Fig. 4. The ground state is
not dimerized in this phase as opposed to the initial proposal
of Chubukov.1

Incommensurate nematic phase. The incommensurate
nematic phase occupies a very small region in the phase
diagram. This phase has quasi-long-range order of the nem-
atic correlation with an incommensurate wave number. The
correlation is due to two-magnon bound states with momen-
tum k="+) and "−) instead of k=" in the nematic phase.
Schematic pictures of the incommensurate nematic order are
depicted in Fig. 5, where the upper and lower pictures rep-
resent the nematic correlation with wave number k="+)
and "−), respectively. If the densities of paired magnons
with k="+) and "−) are different, one of the two correla-
tion patterns in Fig. 5 becomes dominant, and the Z2 chiral
symmetry is broken spontaneously, as suggested by
Chubukov.1 However, we have found no signature of long-
range order of the chiral correlation in our numerical calcu-
lation, which we will discuss in Sec. VII.

Triatic and SDW3 phases. The triatic phase exists below
the saturation field and next to the incommensurate nematic
phase. The triatic/SDW3 phases are a TL liquid of bosons
which represent three-magnon bound states with total mo-
mentum k=". In analogy with the nematic phase, the triatic
order has a simple semiclassical picture. Writing the bound
three magnons as sl

−sl+1
− sl+2

− =e−i!%l+%l+1+%l+2"=e3i(l,3, we
may consider the triatic order as ordering of the angle (l,3
=−!%l+%l+1+%l+2" /3, which has the property (l,3%(l,3
+2" /3. A schematic picture of the triatic ordered state is
shown in Fig. 6. In the triatic phase, correlation functions
probing three-magnon bound states, such as
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FIG. 1. !Color online" Magnetic phase diagram of the spin-1/2
zigzag chain with ferromagnetic J1 and antiferromagnetic J2 !a" in
the J1 /J2 versus h /J2 plane and !b" in the J1 /J2 versus M plane.
Crosses show the transition and crossover points obtained from the
magnetization curves and correlation functions. In !a", symbols VC,
N, IN, T, Q, and F indicate the vector chiral !*Stot

z =1", nematic
!*Stot

z =2", incommensurate nematic !*Stot
z =2", triatic !*Stot

z =3",
quartic !*Stot

z =4", and ferromagnetic !fully polarized" phases, re-
spectively. Here *Stot

z is the unit of changes in the total Stot
z =&lsl

z

when the magnetic field h is swept. There are also two kinds of
spin-density-wave phases: SDW2 !*Stot

z =2" and SDW3 !*Stot
z =3",

which are related to the nematic and triatic phases, respectively. The
solid curve shows the saturation field hs and dotted lines are the
guide for the eyes. In !b", symbols indicate parameter points for
which their ground-state phase is identified by analysis of correla-
tion functions. Shaded regions in !b" correspond to the magnetiza-
tion jump at the first-order transition !see Sec. IV".
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Origin of multipolar 
phases

Vector chiral phase. The vector chiral phase appears in
small magnetic field. This phase is characterized by long-
range order of the vector chiral correlation !5". The ground
state breaks a Z2 symmetry as Eq. !5" indicates that the parity
about a bond center is broken spontaneously. We can also
regard this Z2-symmetry breaking as choosing one of the two
possible directions of circulation of spontaneous sz-spin cur-
rent flow. A schematic picture of the vector chiral order and
circulating spin current in the Z2-symmetry broken state is
shown in Fig. 3, where the spin chain is drawn as a zigzag
ladder. Numerical evidence for the long-range order will be
presented in Sec. V. Another important feature of the vector
chiral phase is that the transverse-spin correlation #s0

xsl
x$ is

incommensurate with the lattice and stronger than the longi-
tudinal correlation #s0

zsl
z$− #s0

z$#sl
z$.

Nematic/SDW2 phases. At higher magnetic field up to the
saturation field, the nematic/SDW2 phases1,6,7,40 appear at
J1 /J2!−2.7. These phases are a TL liquid of hard-core

bosons which are actually two-magnon bound states with
total momentum k=". The boson creation operator bl

† corre-
sponds to sl

−sl+1
− and the boson density nl=bl

†bl#
1
2 −sl

z. Since
breaking a two-magnon bound-state costs a finite binding
energy, the transverse-spin correlation #s0

+sl
−$ is short ranged,

where s0
+=s0

x + is0
y. Being a TL liquid, the ground state exhib-

its power-law decaying correlations of the single-boson
propagator, #b0bl

†$# #s0
+s1

+sl
−sl+1

− $, and the density fluctuations,
#n0nl$− #n0$#nl$# #s0

zsl
z$− #s0

z$#sl
z$. When the boson propagator

decays slower than the density-density correlation, it is ap-
propriate to call this phase the !spin" nematic phase. In the
opposite case when the latter incommensurate density corre-
lation is dominant, we call this phase the spin-density-wave
!SDW2" phase. The SDW2 phase is extended to the antifer-
romagnetic side J1$0 across the decoupled-chain limit J1
=0; it is called even-odd phase in Ref. 25. The boundary
between the SDW2 phase and the nematic phase is shown by
a dotted line in Fig. 1.

In the semiclassical picture we can write sl
−=e−i%l, where

%l is the angle of the two-dimensional vector !sl
x ,sl

y" mea-
sured from the positive x direction, 0&%l'2". The product
sl

−sl+1
− =e−i!%l+%l+1" can be represented by the vector Nl+1/2

= !cos (l,2 , sin (l,2" with (l,2=−!%l+%l+1" /2. We now real-
ize that we need to identify Nl+1/2 with −Nl+1/2 because of the
physical identification !%l ,%l+1"%!%l+2" ,%l+1"%!%l ,%l+1
+2"". We can thus consider Nl+1/2 as a director representing
the nematic order. We will show in Sec. VI that the nematic
phase has antiferronematic quasi-long-range order of the di-
rector, as shown schematically in Fig. 4. The ground state is
not dimerized in this phase as opposed to the initial proposal
of Chubukov.1

Incommensurate nematic phase. The incommensurate
nematic phase occupies a very small region in the phase
diagram. This phase has quasi-long-range order of the nem-
atic correlation with an incommensurate wave number. The
correlation is due to two-magnon bound states with momen-
tum k="+) and "−) instead of k=" in the nematic phase.
Schematic pictures of the incommensurate nematic order are
depicted in Fig. 5, where the upper and lower pictures rep-
resent the nematic correlation with wave number k="+)
and "−), respectively. If the densities of paired magnons
with k="+) and "−) are different, one of the two correla-
tion patterns in Fig. 5 becomes dominant, and the Z2 chiral
symmetry is broken spontaneously, as suggested by
Chubukov.1 However, we have found no signature of long-
range order of the chiral correlation in our numerical calcu-
lation, which we will discuss in Sec. VII.

Triatic and SDW3 phases. The triatic phase exists below
the saturation field and next to the incommensurate nematic
phase. The triatic/SDW3 phases are a TL liquid of bosons
which represent three-magnon bound states with total mo-
mentum k=". In analogy with the nematic phase, the triatic
order has a simple semiclassical picture. Writing the bound
three magnons as sl

−sl+1
− sl+2

− =e−i!%l+%l+1+%l+2"=e3i(l,3, we
may consider the triatic order as ordering of the angle (l,3
=−!%l+%l+1+%l+2" /3, which has the property (l,3%(l,3
+2" /3. A schematic picture of the triatic ordered state is
shown in Fig. 6. In the triatic phase, correlation functions
probing three-magnon bound states, such as
#s0

+s1
+s2

+sl
−sl+1

− sl+2
− $, exhibit quasi-long-range order !power-law
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FIG. 1. !Color online" Magnetic phase diagram of the spin-1/2
zigzag chain with ferromagnetic J1 and antiferromagnetic J2 !a" in
the J1 /J2 versus h /J2 plane and !b" in the J1 /J2 versus M plane.
Crosses show the transition and crossover points obtained from the
magnetization curves and correlation functions. In !a", symbols VC,
N, IN, T, Q, and F indicate the vector chiral !*Stot

z =1", nematic
!*Stot

z =2", incommensurate nematic !*Stot
z =2", triatic !*Stot

z =3",
quartic !*Stot

z =4", and ferromagnetic !fully polarized" phases, re-
spectively. Here *Stot

z is the unit of changes in the total Stot
z =&lsl

z

when the magnetic field h is swept. There are also two kinds of
spin-density-wave phases: SDW2 !*Stot

z =2" and SDW3 !*Stot
z =3",

which are related to the nematic and triatic phases, respectively. The
solid curve shows the saturation field hs and dotted lines are the
guide for the eyes. In !b", symbols indicate parameter points for
which their ground-state phase is identified by analysis of correla-
tion functions. Shaded regions in !b" correspond to the magnetiza-
tion jump at the first-order transition !see Sec. IV".
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when the magnetic field h is swept. There are also two kinds of
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which are related to the nematic and triatic phases, respectively. The
solid curve shows the saturation field hs and dotted lines are the
guide for the eyes. In !b", symbols indicate parameter points for
which their ground-state phase is identified by analysis of correla-
tion functions. Shaded regions in !b" correspond to the magnetiza-
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Summary
• Spin chains keep showing up in 

unexpected places 

✓Nematic physics of frustrated 
ferromagnets 

✓Explored Lifshitz point as a “parent” 
for multipolar states and 
metamagnetism 
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Fig. 1. (Color online) Crystal structure of LiCuVO4. Cu-O chains separated by VO4 tetrahedra and

Li+ ions are along the b direction. ∠ Cu-O-Cu ∼ 90◦ indicates the ferromagnetic interaction.

constants and η is Luttinger parameter.9) Recent numerical studies exhibit magnetization vs

J1/J2 phase diagram and the quadrupole phase in fact persists down to rather low magnetic

field.9–11) In addition the phase consists of two states, SDW2 in lower field where ⟨sz0s
z
l ⟩

is dominant and nematic in higher field where ⟨s+0 s
+
1 s

−

l s
−

l+1⟩ is dominant. In both states

transverse two spin correlation is short ranged and decays exponentially.

In most quasi-1D magnet weak interchain interaction induces magnetic LRO at low tem-

perature but it inherits quantum nature. In case of VC phase, spiral order in which the

magnitude of the magnetic moment is strongly suppressed due to quantum fluctuation would

be induced. In case of SDW2, LRO of the longitudinal spin correlation would appear with

propagating wave vector k2 = 2kF .12) The former is a good analogue for classical spin system

but the latter is a totally novel state induced by frustration and quantum fluctuation.

LiCuVO4
13) is one of the model compound for the frustrated ferromagnetic chain. As

shown in Fig. 1 the CuO plaquette forms 1D S = 1/2 chain in the crystallographic b direction.

Considering the bond angle of Cu-O-Cu ∼ 90◦, nearest neighbor interaction is presumed to be

ferromagnetic14, 15) and next nearest neighbor (NNN) interaction be antiferromagnetic(AF).

The magnetic susceptibility showed typical behavior of 1D frustrated magnet, i.e., broad max-

imum due to AF short-range fluctuation at Tmax = 28K16) was observed. At T ≤ TN = 2.3 K

incommensurate magnetic order with propagation vector ksp = (0 0.532 0) was identified.17)

Neutron diffraction elucidates the spiral structure in the ab plane at zero field17) and also at

small field H ≤ 3.5 T.18) The magnetic moment is strongly suppressed as small as 0.25µB
19)

∼ 0.31µB.17) Inelastic neutron scattering showed enhanced spin dispersion in the b∗ direc-

tion and small one in others.20) Exchange parameters have been estimated from independent

experiments including the magnetic dispersion,20) the continuum excitation,21) and magneti-
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focusing monochromator and analyzer and incident wave
vectors 1:5 ! ki ! 2:662 !A"1. Second order contamina-
tion was suppressed by a cooled Be-filter or a pyrolythic
graphite filter. The same single crystal as used in Ref. [13]
was mounted with either the a or the c axis along the
vertical field of a 15 T split-coil cryomagnet. A dilution
insert cooled the sample to 100 mK.

Figures 1(a) and 1(b) show the magnetic field depen-
dence of the propagation vector of dipolar spin correlations
within the chain, ~kIC. Below !0HQ # 8 T, ~kIC is essen-
tially field independent while above HQ it follows the

relation ~kIC ¼ ½1=2"ma;cðHÞ(=p with p ¼ 2, where ma

and mc are the magnetization curves measured at 1.3 K
[14], normalized to m ¼ 1=2 at the saturation field. Both
below and aboveHQ, ~kIC behaves as predicted theoretically

[3–6,11]. Above HQ the slope of ~kIC versus m, i.e., p ¼ 2,
proves the presence of quadrupolar correlations for both
Hkc [Fig. 1(a)] and Hka [Fig. 1(b)].

The specific heat close to the phase transition from the
paramagnetic state into the magnetically ordered phases

was measured employing the relaxation method using a
Quantum Design calorimeter. Despite an obvious change
in the peak shape, see Figs. 1(c) and 1(d), the anomalies at
9 T forHkc andHka remain remarkably well-defined and
clearly different from a SR order maximum, thus testifying
a phase transition. The pronounced change of the shape of
the specific heat peak above HQ indicates a different
universality class compared to lower fields. The peak shape
above HQ is identical for Hkc and Hka, evidencing the
same universality class for the two field directions.
BelowHQ, the order parameter is dipolar as shown by the

sharp (resolution limited) magnetic Bragg peaks in our neu-
tron scattering measurements. Above HQ, these peaks are
clearly broadened for all three crystallographic directions, as
shown in Figs. 2(a)–2(c). The increase in the peak width
appears abruptly at HQ, as evidenced in Figs. 2(d)–2(f),
where the intrinsic peak width ", which is inversely propor-
tional to the dipolar correlation length #, is plotted as a
function of applied field for the three space directions. The
occurrence of a finite dipolar correlation length # above
HQ clearly establishes that the order parameter is no longer
dipolar. In order to rule out the hypothetical existence of

FIG. 1 (color online). (a),(b) Incommensurate propagation
vector ~kIC in units of 2$=dNN as a function of applied field for
Hkc (left) and Hka (right) compared to the theoretical predic-
tion for the quadrupolar-nematic phase [3–6,11], using the
experimental magnetization ma;c of Ref. [14], normalized to
1=2 at the saturation field. (c),(d) Specific heat for Hkc (left)
and Hka (right). The distinct anomaly evidences a phase tran-
sition at all fields and the change in shape near HQ # 8 T
suggests a change of the universality class.

FIG. 2 (color online). (a)–(c) Scans of the dipolar correlations
at T ¼ 0:1 K for the three reciprocal space directions are resolu-
tion limited at zero field and broadened at high fields above
HQ # 8 T. (d)–(f) Magnetic field dependence of the inverse
dipolar correlation length" ¼ #"1. The onset of short-range order
at HQ is clearly seen for all three reciprocal space directions.
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sample was obtained by subtracting the addenda heat
capacity, which had been determined in a separate
run without the sample.  The resolution of the
measurement was about 0.5 % and the absolute
accuracy determined from the measurement of a Cu
standard was better than 1 %.

NMR spectra of 51V nuclei were obtained by
recording the integrated intensity of the spin-echo
signal as a function of magnetic field at a fixed
resonance frequency.  The spin-lattice relaxation rate
(1/T1) was measured by the saturation recovery
method.  It was not possible to observe the NMR signal
at the Cu nuclei presumably because the spin echo
decay rate was too large.

§3. Results

3.1 Magnetic susceptibility
The magnetic susceptibility χ shows a broad,

rounded maximum around 20 K without any
anomalies indicative of LRO down to 1.8 K, as shown
in Fig. 2.  The broad maximum implies developing
short-range antiferromagnetic correlations below this
temperature which is characteristic  of  low-
dimensional AFMs.  Such a feature has not been
observed in other kagomé compounds so far studied.
A Curie-like upturn is seen below 5 K in the figure.
This may come from “impurity” Cu2+ spins possibly
created at lattice defects, with the amount estimated
to be about 0.5 % by fitting the data measured at 0.1
T between 1.8 and 4 K to the Curie-Weiss law.
Ignoring negligibly small contributions from core and
Van Vleck paramagnetisms, a large residual spin
susceptibility at T = 0 of 2.7 × 10-3 cm3/mol Cu is
estimated.  This strongly suggests that the ground
state of Volborthite is gapless.  No marked hysteretic
behaviors are seen depending on whether the sample
was zero-field cooled (ZFC) and field cooled (FC) even
in small applied fields, as typically shown for 0.01 T
in the inset to Fig. 2a.  This result excludes the
possibility of a spin-glass transition above 1.8 K.

Figure 2b shows an inverse susceptibility versus
T plot over a wide temperature range, which exhibits
a linear behavior above 200 K.  From the slope and
its extrapolation to 1/χ = 0, the Curie constant C and
Weiss temperature Θ were determined; C = 0.4713
cm3/K mol Cu and Θ = -115 K.  The effective
paramagnetic moment peff for Cu was calculated to
be 1.95 µB, assuming that vanadium ions are
nonmagnetic in the pentavelent state.  This gives a
g-factor of 2.26 which is a typical value for Cu oxides.16)

In the framework of the mean-field theory which
considers only z nearest-neighbor ions coupled with
superexchange interaction J , Θ is given as (-
zJS(S+1))/(3kB) (The Hamiltonian of the Heisenberg
model here is JΣ<i,j>Si·Sj).  Thus, kBΘ = -J for the S =
1/2 kagomé lattice with z = 4, if we ignore the possible
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Fig. 2. Magnetic susceptibility χ (a), inverse susceptibility
(b) measured in an applied field of 7 T, and magnetization
M at T = 2 K plotted against applied field (c).  The thick
lines on the data points between 200 K and 400 K are fits
to the calculation by high-temperature series expansion5)

for the S = 1/2 kagomé- lattice in (a) and to the Curie-
Weiss law in (b).  The inset to (a) shows the absence of
thermal hysteresis measured in a low field of 0.01 T.  The
M-H curves for two samples A and B are plotted in (c).

4

geometrical anisotropy in J.  The obtained J/kB value
of 115 K is similar to those found in other cupric oxides
like CuGeO3 containing ~100º Cu-O-Cu bonds.  The
empirical measure of frustration proposed by
Ramirez,1) f = -Θ/Tc, is larger than 60 in the present
compound.  For typical kagomé compounds f is 150
(SrCr8Ga4O19) or 39 (KCr3(OH)6(SO4)2).

At the moment neither analytical forms nor
calculated data for the χ-T curve of the kagomé
antiferromagnet in a wide temperature range is
available.  We could not fit the data of Fig. 2a
assuming 1D Heisenberg chains.  If the system is
assumed to be quasi-1D, J would be ~ 30 K from the
peak-top temperature, which is apparently
inconsistent with J/kB = -2Θ ~ 230 K (z = 2) from the
mean-field theory.  In order to estimate the J value
more accurately within the uniform kagomé lattice
model, we fitted the χ-T data above 200 K using the
result calculated by high-temperature series
expansions,5) as shown in Fig. 2a.  Thus estimated
parameters are J/kB = 84.1(2) K and g = 2.205(1).
Elstner and Young predicted a low-temperature
behavior for χ from the exact diagonalization of small
clusters.5)  Since there is an energy gap in the spin
excitation spectrum, the χ has a maximum at T ~ J/
(6kB) and vanishes exponentially as T approaches zero.
Their χ value and temperature at the maximum are
χ = 3.37×10-3 cm3/mol Cu and T = 14 K in the case of
J/kB = 84 K, which are close to the observed values of
χ = 3.37×10-3 cm3/mol Cu and T = 21 K, respectively.
Therefore, the uniform susceptibility of Volborthite
can be described quantitatively with that of the S =
1/2 kagomé lattice at high temperature, though the
low-temperature behaviors below the maximum
contrast between the experiments and calculations.
It is noted here that the cluster size used in the
calculation was not large enough, giving rise to some
ambiguity in reproducing low-energy excitations
which become dominant at low temperature.

Figure 2c  shows the field dependence of
magnetization measured at T = 2 K on two samples
prepared in different conditions.  Sample A exhibits
the smallest Curie-like upturn in the temperature
dependence as shown in Fig. 2a, while sample B has
a much larger Curie component.  The magnetization
curves are convex at low field below ~ 1 T (~2 T) for
sample A (B) and become linear at high field.  This
nonlinear component is obviously  due to “impurity”
moment which is added to the intrinsic linear term.
However, the unusually high saturation fields
indicate that the “impurity” spins are not simple free
spins but couple significantly with majority spins.  As
discussed in the NMR section, the entity must be
expanded domains with local staggered magnetization
created near some kind of defects.

3.2 Specific heat
Specific heat C measurements are generally more

sensitive to a phase transition than magnetic
susceptibility especially in the case of quantum AFMs.
The specific heat of Volborthite exhibited no
anomalies down to 1.8 K, which evidences absence of
LRO above this temperature (Fig. 3).  The anomaly
seen at 9 K is an experimental artifact.  It was not
easy to extract a magnetic contribution Cm from the
measured data, because a nonmagnetic isomorph is
not available at present from which the lattice
contribution could be estimated.  We fitted the data
at 50 - 70 K to the simple Debye model assuming
negligible magnetic contributions at this high-
temperature range.  The estimated Debye
temperature was 320 K.  Thus determined lattice
contribution CD/T is plotted with the broken line in
Fig. 3.  A magnetic contribution is determined as Cm

= C -CD and is also plotted with solid circles in the
figure.  Integrating Cm/T between 1.8 K and 60 K, we
find a value of 4.1 J/mol K which is about 30 % smaller
than the total magnetic entropy (Rln2) for S = 1/2.
The discrepancy is most likely due to crudeness of
the estimation of the lattice contribution particularly
at high temperature.  To be noted here is that Cm/T
seems to show a broad maximum at 20-25 K and then
rather steep decrease below 3 K.  Alternatively, one
can say that there is a second peak or shoulder around
3 K.  The first maximum must be ascribed to short-
range AF ordering, because its temperature coincides

0.8

0.6

0.4

0.2

0.0

C
/T

  (
J/

K2  m
ol

 C
u)

706050403020100
T (K)

CD /T  

Cm /T  

0.1

0.0
86420

T (K)

Fig. 3. Specific heat of Volborthite.  The open circles show
the raw data, while the magnetic contribution estimated
is shown with closed circles.  The estimated, Debye-type
lattice contribution is shown with the broken line.  The
inset is an enlargement at low temperature.
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with that of the broad maximum observed in the
susceptibility.

Elstner and Young predicted theoretically that the
C/T of the S = 1/2 kagomé AFM exhibits a broad
maximum at J/(3kB) followed by a second sharp peak
at T/kB ~ J/10 ( In their original paper C was shown
to have a broad maximum at T/kB = (2/3)J, while we
translated it into that C/T does at T/kB = (1/3)J.).5)

They discussed that quantum tunneling removes the
large degeneracy of the classical ground state, leading
to many low-lying (but split) states for the quantum
case.  This would give additional structures to the
specific heat at low temperature.  The second peak is
presumably associated with this quasi-degenerate
low-lying states.  Recently, such a second peak was
detected experimentally at very low temperature in
the second layer of 3He physisorbed on graphite which
was believed to realize another class of kagomé
lattice.17)  In the case of the present compound one
would expect a broad maximum at 28 K and the
second peak at 8.4 K, assuming J/kB = 84 K.
Therefore, the overall feature of the specific heat for
Volborthite is not far away  from expected for the
kagomé model.  However, the second peak observed
is much smaller than theoretically expected.  It is very
important to clarify how the system approaches the
zero-entropy state as T → 0.  An unusual T2

dependence in C was reported for SrCr9-xGa3+xO19.18)

Further specific heat measurements at lower
temperature are planned.

3.3 NMR
The 51V powder NMR spectra obtained at different

temperatures and frequencies (magnetic fields) are
shown in Fig. 4.  The spectrum at 89 MHz and T =
230 K (Fig. 4(a)) shows asymmetric line shape with
several distinct peaks resulting from combined effects
of the anisotropic magnetic hyperfine interaction and
the electric quadrupole interaction from spin 7/2
nuclei.  The spectrum becomes more symmetric at
lower frequencies (Fig. 4(b)), where the quadrupole
interaction is dominant.  Since it is apparent from
the spectrum in 4(a) that the magnetic hyperfine shift
(K) is dominantly isotropic, K is determined from the
main peak of the spectrum at 89 MHz and plotted
against temperature in Fig. 5.  The temperature
dependence of K is similar to the susceptibility.   When
K is plotted against χ, it reveals approximately a
linear relation above 40 K, K = Aχ/NAµB + K0, yielding
the values of the hyperfine coupling constant A = 0.66
T/µB. Since the core polarization hyperfine field from
the on-site 3d electrons is of the order of -10 T/µB, the
small value of A indicates that vanadium ions are non-
magnetic (pentavalent) and the hyperfine field at the
V nuclei originates from neighboring Cu spins.

The NMR spectrum becomes significantly
broadened at lower temperatures as shown in Fig.
4(c).  The spectrum consists of the relatively narrow
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Fig. 5. Magnetic hyperfine shift K determined from the
peak field at 89 MHz plotted against temperature.

Fig. 4. 51V powder NMR spectra at different temperatures
and frequencies.  The vertical bar in (a) indicates the
resonance field in diamagnetic substances.  The magnetic
hyperfine shift is determined from the peak field at f = 89
Hz marked by arrow.
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improvements in crystallinity and particle size.  Magneti-

zation at moderately high magnetic fields was measured in a 

Quantum Design MPMS equipment between 2 and 350 K 

and in a Faraday-force capacitive magnetometer down to 60 

mK.
25)

  High-field magnetization measurements were car-

ried out using a pulsed magnet up to 55 T at T = 1.4 and 4.2 

K.  Specific heat was measured in a Quantum Design 

PPMS equipment down to 0.5 K. 

The magnetic susceptibility χ shown in Fig. 1(a) in a wide 

temperature range exhibits a Curie-Weiss increase on cool-

ing from high temperature, followed by a broad maximum at 

Tp ~ 22 K without any anomaly indicating LRO.  From 

fitting to the theoretical model for the S-1/2 KAFM
8)

 above 

150 K, the average antiferromagnetic interaction
26)

 is deter-

mined to be J = 86 K on the basis of the spin Hamiltonian 

! 

J Si" • S j .  Thus, Tp corresponds approximately to J / 4.
24)

  

Another marked indication from the χ data is the absence of 

any spin-gap behavior.  Although χ would tend to zero as T 

approaches zero, if a gap is opened, as illustrated in Fig. 1(a) 

for the theoretical case of Δ = J / 4,
8)

 the χ of volborthite can 

remain large and finite at ~3 × 10
-3

 cm
3
 mol-Cu

-1
, implying 

the absence of a gap or the presence of a very small gap.  

Furthermore, we have extended our χ measurements down 

to 60 mK, as shown in Fig. 1(b), and observed an almost 

T-independent behavior with neither an anomaly nor any 

indication of a downturn.  Therefore, the spin gap can be 

no more than J / 1500, which is much smaller than theoreti-

cally predicted values.
8, 9)

  This strongly suggests that the 

ground state of volborthite is nearly gapless and probably a 

spin liquid. 

Spin glass transitions are observed even in our clean sam-

ple at Tg = 1.1 and 0.32 K at magnetic fields of 0.1 and 1 T, 

respectively (Fig. 1(b)). It has been pointed out, however, 

based on the previous NMR results, that this spin glass can 

be associated with domains based around impurity spins 

having local staggered moments and, therefore, is not intrin-

sic.
19, 24)

  Fortunately, because the impurity-induced spin 

glass disappears with increasing field, we can study the in-

trinsic properties of the kagome lattice at high magnetic 

fields, above 2 T. 

Microscopic probes, such as µSR and NMR, are fre-

quently used to investigate the dynamics of spins.  The 

previous µSR study
21, 22)

 revealed a significant increase in 

relaxation rate λ at low temperatures below 3 K, towards T ~ 

1 K (Fig. 2(a)), due to the slowing down of the spin fluctua-

tions, which remain dynamic with a correlation time of 20 

ns down to 50 mK.
27)

  On the other hand, we observed a 

sudden broadening of the 
51

V NMR line below 1 K, as 

Fig. 1. Temperature dependence of the magnetic susceptibility χ 

of volborthite measured using a high-quality polycrystalline 

sample. (a) χ for the wide temperature range measured with a 

Quantum Design MPMS at µ0H = 0.1 T on heating, after cool-

ing at zero field.  The solid curve above 150 K represents a fit 

to the theoretical model for the S-1/2 kagome antiferromag-

net,
8)

 which yields J = 86 K.  The dotted curve is obtained 

from theoretical calculations on finite clusters for a spin gap of 

Δ = J / 4 to open.
8)

 The inset schematically shows a snapshot of 

a long-range resonating-valence-bond state on a kagome lattice 

made of Cu atoms shown by balls, which consists of various 

ranges of spin-singlet pairs, as indicated by broken ovals. (b) χ 

measured by the Faraday method with a dilution refrigerator on 

heating from 60 mK and cooling to 100 mK at µ0H = 0.1 and 1 

T.  The χ data obtained above 2 K from a previous, 

low-quality sample are also shown for comparison.  The thick 

curve on each dataset is a fit to the Curie-Weiss law, indicating 

that the concentrations of nearly free spins ximp are 0.5 and 

0.07% for the previous and present samples, respectively. 

Fig. 2.  (a) Relaxation rates λ (triangles) from previous µSR 

measurements
21)

 at µ0H = 0.01 T and 1/T1 from the present 
51

V 

NMR experiments at µ0H = 1 (circles) and 4 (squares) T.  The 

inset shows the temperature evolution of the NMR spectra ta-

ken at µ0H = 1 T at frequencies between 8 and 14.5 MHz. (b) 

Magnetic susceptibility c measured at µ0H = 1 T (the same data 

given in Fig. 1(a)) and heat capacity divided by temperature Cp 

/ T at µ0H = 0, 1, 3 and 7 T obtained in a Quantum Design 

PPMS system. 

2 
 

improvements in crystallinity and particle size.  Magneti-

zation at moderately high magnetic fields was measured in a 

Quantum Design MPMS equipment between 2 and 350 K 

and in a Faraday-force capacitive magnetometer down to 60 

mK.
25)

  High-field magnetization measurements were car-

ried out using a pulsed magnet up to 55 T at T = 1.4 and 4.2 

K.  Specific heat was measured in a Quantum Design 

PPMS equipment down to 0.5 K. 

The magnetic susceptibility χ shown in Fig. 1(a) in a wide 

temperature range exhibits a Curie-Weiss increase on cool-

ing from high temperature, followed by a broad maximum at 

Tp ~ 22 K without any anomaly indicating LRO.  From 

fitting to the theoretical model for the S-1/2 KAFM
8)

 above 

150 K, the average antiferromagnetic interaction
26)

 is deter-

mined to be J = 86 K on the basis of the spin Hamiltonian 

! 

J Si" • S j .  Thus, Tp corresponds approximately to J / 4.
24)

  

Another marked indication from the χ data is the absence of 

any spin-gap behavior.  Although χ would tend to zero as T 

approaches zero, if a gap is opened, as illustrated in Fig. 1(a) 

for the theoretical case of Δ = J / 4,
8)

 the χ of volborthite can 

remain large and finite at ~3 × 10
-3

 cm
3
 mol-Cu

-1
, implying 

the absence of a gap or the presence of a very small gap.  

Furthermore, we have extended our χ measurements down 

to 60 mK, as shown in Fig. 1(b), and observed an almost 

T-independent behavior with neither an anomaly nor any 

indication of a downturn.  Therefore, the spin gap can be 

no more than J / 1500, which is much smaller than theoreti-

cally predicted values.
8, 9)

  This strongly suggests that the 

ground state of volborthite is nearly gapless and probably a 

spin liquid. 

Spin glass transitions are observed even in our clean sam-

ple at Tg = 1.1 and 0.32 K at magnetic fields of 0.1 and 1 T, 

respectively (Fig. 1(b)). It has been pointed out, however, 

based on the previous NMR results, that this spin glass can 

be associated with domains based around impurity spins 

having local staggered moments and, therefore, is not intrin-

sic.
19, 24)

  Fortunately, because the impurity-induced spin 

glass disappears with increasing field, we can study the in-

trinsic properties of the kagome lattice at high magnetic 

fields, above 2 T. 

Microscopic probes, such as µSR and NMR, are fre-

quently used to investigate the dynamics of spins.  The 

previous µSR study
21, 22)

 revealed a significant increase in 

relaxation rate λ at low temperatures below 3 K, towards T ~ 

1 K (Fig. 2(a)), due to the slowing down of the spin fluctua-

tions, which remain dynamic with a correlation time of 20 

ns down to 50 mK.
27)

  On the other hand, we observed a 

sudden broadening of the 
51

V NMR line below 1 K, as 

Fig. 1. Temperature dependence of the magnetic susceptibility χ 

of volborthite measured using a high-quality polycrystalline 

sample. (a) χ for the wide temperature range measured with a 

Quantum Design MPMS at µ0H = 0.1 T on heating, after cool-

ing at zero field.  The solid curve above 150 K represents a fit 

to the theoretical model for the S-1/2 kagome antiferromag-

net,
8)

 which yields J = 86 K.  The dotted curve is obtained 

from theoretical calculations on finite clusters for a spin gap of 

Δ = J / 4 to open.
8)

 The inset schematically shows a snapshot of 

a long-range resonating-valence-bond state on a kagome lattice 

made of Cu atoms shown by balls, which consists of various 

ranges of spin-singlet pairs, as indicated by broken ovals. (b) χ 

measured by the Faraday method with a dilution refrigerator on 

heating from 60 mK and cooling to 100 mK at µ0H = 0.1 and 1 

T.  The χ data obtained above 2 K from a previous, 

low-quality sample are also shown for comparison.  The thick 

curve on each dataset is a fit to the Curie-Weiss law, indicating 

that the concentrations of nearly free spins ximp are 0.5 and 

0.07% for the previous and present samples, respectively. 

Fig. 2.  (a) Relaxation rates λ (triangles) from previous µSR 

measurements
21)

 at µ0H = 0.01 T and 1/T1 from the present 
51

V 

NMR experiments at µ0H = 1 (circles) and 4 (squares) T.  The 

inset shows the temperature evolution of the NMR spectra ta-

ken at µ0H = 1 T at frequencies between 8 and 14.5 MHz. (b) 

Magnetic susceptibility c measured at µ0H = 1 T (the same data 

given in Fig. 1(a)) and heat capacity divided by temperature Cp 

/ T at µ0H = 0, 1, 3 and 7 T obtained in a Quantum Design 

PPMS system. 

 12 

Fig.4

0

20

40

60

0 1 2 3

C
m

ag
T

-1
/ m

J 
K

-2
C

u-
m

ol
-1

T*

J*

J

T / K

● 0 T
○ 1 T
△ 3 T
▼ 5 T
□ 7 T

 
 

Fig. 4. Magnetic heat capacity of volborthite at low temperature around T* = 1 K in a CmagT -1 vs T 

plot. The extrapolations of the data at H = 0 above and below T*down to T = 0 give the coefficients 

of the T-linear term in the magnetic heat capacity, namely, J and J*, respectively. J* decreases with 

increasing magnetic field and vanishes above 5 T (see text for details).  

 

 

 

fermionic 
spinons?c.f. herbertsmithite: 

ximp ~ 5%

2009: Impurity ordering at 
1K? Fermionic QSL?



2 
 

improvements in crystallinity and particle size.  Magneti-

zation at moderately high magnetic fields was measured in a 

Quantum Design MPMS equipment between 2 and 350 K 

and in a Faraday-force capacitive magnetometer down to 60 

mK.
25)

  High-field magnetization measurements were car-

ried out using a pulsed magnet up to 55 T at T = 1.4 and 4.2 

K.  Specific heat was measured in a Quantum Design 

PPMS equipment down to 0.5 K. 

The magnetic susceptibility χ shown in Fig. 1(a) in a wide 

temperature range exhibits a Curie-Weiss increase on cool-

ing from high temperature, followed by a broad maximum at 

Tp ~ 22 K without any anomaly indicating LRO.  From 

fitting to the theoretical model for the S-1/2 KAFM
8)

 above 

150 K, the average antiferromagnetic interaction
26)

 is deter-

mined to be J = 86 K on the basis of the spin Hamiltonian 

! 

J Si" • S j .  Thus, Tp corresponds approximately to J / 4.
24)

  

Another marked indication from the χ data is the absence of 

any spin-gap behavior.  Although χ would tend to zero as T 

approaches zero, if a gap is opened, as illustrated in Fig. 1(a) 

for the theoretical case of Δ = J / 4,
8)

 the χ of volborthite can 

remain large and finite at ~3 × 10
-3

 cm
3
 mol-Cu

-1
, implying 

the absence of a gap or the presence of a very small gap.  

Furthermore, we have extended our χ measurements down 

to 60 mK, as shown in Fig. 1(b), and observed an almost 

T-independent behavior with neither an anomaly nor any 

indication of a downturn.  Therefore, the spin gap can be 

no more than J / 1500, which is much smaller than theoreti-

cally predicted values.
8, 9)

  This strongly suggests that the 

ground state of volborthite is nearly gapless and probably a 

spin liquid. 

Spin glass transitions are observed even in our clean sam-

ple at Tg = 1.1 and 0.32 K at magnetic fields of 0.1 and 1 T, 

respectively (Fig. 1(b)). It has been pointed out, however, 

based on the previous NMR results, that this spin glass can 

be associated with domains based around impurity spins 

having local staggered moments and, therefore, is not intrin-

sic.
19, 24)

  Fortunately, because the impurity-induced spin 

glass disappears with increasing field, we can study the in-

trinsic properties of the kagome lattice at high magnetic 

fields, above 2 T. 

Microscopic probes, such as µSR and NMR, are fre-

quently used to investigate the dynamics of spins.  The 

previous µSR study
21, 22)

 revealed a significant increase in 

relaxation rate λ at low temperatures below 3 K, towards T ~ 

1 K (Fig. 2(a)), due to the slowing down of the spin fluctua-

tions, which remain dynamic with a correlation time of 20 

ns down to 50 mK.
27)

  On the other hand, we observed a 

sudden broadening of the 
51

V NMR line below 1 K, as 

Fig. 1. Temperature dependence of the magnetic susceptibility χ 

of volborthite measured using a high-quality polycrystalline 

sample. (a) χ for the wide temperature range measured with a 

Quantum Design MPMS at µ0H = 0.1 T on heating, after cool-

ing at zero field.  The solid curve above 150 K represents a fit 

to the theoretical model for the S-1/2 kagome antiferromag-

net,
8)

 which yields J = 86 K.  The dotted curve is obtained 

from theoretical calculations on finite clusters for a spin gap of 

Δ = J / 4 to open.
8)

 The inset schematically shows a snapshot of 

a long-range resonating-valence-bond state on a kagome lattice 

made of Cu atoms shown by balls, which consists of various 

ranges of spin-singlet pairs, as indicated by broken ovals. (b) χ 

measured by the Faraday method with a dilution refrigerator on 

heating from 60 mK and cooling to 100 mK at µ0H = 0.1 and 1 

T.  The χ data obtained above 2 K from a previous, 

low-quality sample are also shown for comparison.  The thick 

curve on each dataset is a fit to the Curie-Weiss law, indicating 

that the concentrations of nearly free spins ximp are 0.5 and 

0.07% for the previous and present samples, respectively. 

Fig. 2.  (a) Relaxation rates λ (triangles) from previous µSR 

measurements
21)

 at µ0H = 0.01 T and 1/T1 from the present 
51

V 

NMR experiments at µ0H = 1 (circles) and 4 (squares) T.  The 

inset shows the temperature evolution of the NMR spectra ta-

ken at µ0H = 1 T at frequencies between 8 and 14.5 MHz. (b) 

Magnetic susceptibility c measured at µ0H = 1 T (the same data 

given in Fig. 1(a)) and heat capacity divided by temperature Cp 

/ T at µ0H = 0, 1, 3 and 7 T obtained in a Quantum Design 

PPMS system. 

 12 

Fig.4

0

20

40

60

0 1 2 3

C
m

ag
T

-1
/ m

J 
K

-2
C

u-
m

ol
-1

T*

J*

J

T / K

● 0 T
○ 1 T
△ 3 T
▼ 5 T
□ 7 T

 
 

Fig. 4. Magnetic heat capacity of volborthite at low temperature around T* = 1 K in a CmagT -1 vs T 

plot. The extrapolations of the data at H = 0 above and below T*down to T = 0 give the coefficients 

of the T-linear term in the magnetic heat capacity, namely, J and J*, respectively. J* decreases with 

increasing magnetic field and vanishes above 5 T (see text for details).  
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In the case that the Fbulk is influenced by impurity contributions, the NMR Knight shift K often 
provides a good local probe to estimate Flocal.  In the case of volborthite, Fbulk and K from V NMR 
signals gave similar T dependences that are plotted together in Fig. 4(a), taking into account the 
hyperfine coupling constant A = 6.6 kOe / PB in the relation of K = AF�/ NA [7].  Thus, the presence of 
a broad peak in magnetic susceptibility is clearly evidenced, though the Tpeak at the maximum seems to 
be slightly different between Fbulk and Flocal.  Very recent 17O NMR experiments on herbertsmithite by 
Olariu et al. successfully determined the local susceptibility of the kagome lattice and found that K 
decreases below 50 K and approaches approximately one-third of the maximum value at 50 K [21].  
Their Flocal data is compared with our Fbulk data in Fig. 4 using A = 35 kOe / PB.  Note that the Tpeak of 
herbertsmithite is considerably higher than that of volborthite, reflecting the larger J value.  Figure 
4(b) shows an alternative plot after normalization using J / kB = 86 (199) K and g = 2.26 (2.23) for 
volborthite (herbertsmithite).  All the data except the Fbulk of herbertsmithite merge into a universal 
curve at high temperatures, whereas their low-temperature behaviors seem different.  However, we can 
say qualitatively that there is a broad maximum at around T ~ J / 4, indicating the development of 
SRO, and also that a large value remains at T = 0, supporting a gapless GS. 
 

Figure 4. (a) Local magnetic susceptibility Flocal estimated from the Knight shift obtained by previous 
NMR measurements [7, 21].  The original Knight shift data were measured at H ~ 80 kOe for 
volborthite and ~ 70 kOe for herbertsmithite, while the magnetic susceptibility was obtained at H = 10 
kOe. The Fbulk data has been divided by 0.9 for comparison, taking into account the missing 10% spins 
from the kagome plane.  (b) The same data plotted after normalization using J / kB = 86 (199) K and g 
= 2.26 (2.23) for volborthite (herbertsmithite). 
 

4. Impurity effects 
As a matter of fact, the impurity effects are inevitable in real materials and may be crucial for 
understanding the true GS of the kagome compounds.  Bert et al. found a spin-glass transition at 1.2 K 
for volborthite [25], as reproduced in Fig. 5.  Their sample seems to contain more impurity spins than 
ours, judging from the larger Curie tail.  Recently, we also observed a similar spin-glass transition in F 
measurements down to 60 mK in our samples [23]. In the previous NMR study down to 1.7 K, we 
obtained a characteristic NMR spectrum that is composed of a sharp central peak and a broad hump, as 
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Geometrical frustration in antiferromagnets has proven an 
attractive subject in condensed matter physics during the 
last few decades. When spins reside on the vertices of lat-

tices consisting of triangles and interact antiferromagnetically, con-
ventional magnetic long-range order (that is, Neel order) tends to 
be suppressed owing to the inability of the system to satisfy all inter-
actions simultaneously—in other words, geometrical frustration. 
It is theoretically predicted that a fluctuating quantum-mechanical 
liquid state is realized at T = 0 for many such systems1. These spin 
liquid states have, however, not yet been clearly observed in experi-
ments, mainly due to the omnipresence of disorder or deviations 
from ideal models in real compounds.

The spin-1/2 kagomé antiferromagnet (KAFM) is a canonical 
example of a frustrated system. An extensive search for a model 
compound has been carried out for the KAFM, so far mainly con-
centrating on copper minerals. In most of these, the valence state 
of Cu is 2 + , giving the 3d9 electron configuration, meaning that 
the Cu2 +  ions carry spin-1/2. Furthermore, the Cu2 +  ion is usually 
coordinated by oxide or hydroxide ions in octahedral geometry. As 
a result of the strong Jahn-Teller effect in Cu2 + , the degeneracy of 
Cu 3d eg orbitals is always lifted, and either the dx2 − y2 or d3z2 − r2 
orbital is singly occupied: the d3z2 − r2 orbital is selected when 
two opposite Cu–O bonds are shorter than the other four bonds, 
whereas the dx2 − y2 orbital is occupied when two Cu–O bonds are 
longer than the remainder. These orbitals overlap with nearby oxy-
gen 2p orbitals, giving rise to superexchange interactions between 
adjacent Cu2 +  spins. The balance between these interactions is par-
ticularly crucial for frustrated magnets, where small perturbations 
play a large role in determining the ground state.

To give one example, in herbertsmithite ZnCu3(OH)6Cl2, the 
dx2 − y2 orbital is selected by the Jahn-Teller distortion on each Cu2 +  
ion, and arranged such that the crystallographic threefold axis is 
kept, resulting in spatially isotropic magnetic interactions within the 
kagomé layers2. No sign of long-range order has been observed in 
herbertsmithite down to 50 mK, despite a strong antiferromagnetic 
interaction of J = 170 K (refs 3,4). In the case of another Cu min-
eral, vesignieite, BaCu3V2O8(OH)2, the d3z2 − r2 orbital is selected 
and points towards the hydroxide ion located above the centre of 
a Cu triangle, resulting in an almost isotropic kagomé lattice with 
Javg = 55 K (refs 5–7).

We have thus far focused on volborthite Cu3V2O7(OH)2·2H2O 
as a candidate for the spin-1/2 KAFM. In 1990, Lafontaine et al.8 
determined the crystal structure of volborthite by means of X-ray 
and neutron diffraction using polycrystalline samples. Figure 1a,b 
depict Lafontaine’s model, in which volborthite crystallizes in a 
monoclinic structure with the space group C2/m (No.12). The kag-
omé layer consists of edge-sharing CuO6 octahedra and is separated 
by non-magnetic V2O7 pillars and water of crystallization. There are 
two crystallographic sites for Cu; the Cu1 and Cu2 atoms form isos-
celes triangles with approximately 3% elongation, which are con-
nected to each other to form a slightly distorted kagomé plane.

In volborthite, it is obvious from the deformations of the CuO6 
octahedra that the unpaired electrons on Cu1 and Cu2 occupy the 
d3z2 − r2 and dx2 − y2 orbitals, respectively. As a result, there are two 
kinds of magnetic interactions: J1 for Cu1-Cu2, and J2 for Cu2-Cu2. 
The average of (2J1 + J2)/3 was estimated to be 77 K by a high-tem-
perature series expansion fit of the magnetic susceptibility9. The 
nature of the magnetic ground state of volborthite has not been 
understood in detail yet, but is suggested to be unusual, with strong 
fluctuations at low temperature (LT) and short-range spin correla-
tions10–15. One of the reasons for this ambiguity has been the una-
vailability of single crystals until now.

In this study, we report a successful synthesis of single crystals 
of volborthite (Fig. 1c) for the first time. Single-crystal X-ray dif-
fraction, magnetic susceptibility and heat capacity measurements 
were carried out, through which we established a unique structural 

transition at Ts = 310 K, whereby the orbital state of Cu1 switches 
from d3z2 − r2 at high temperature (HT) to dx2 − y2 at LT. As a result, a 
complete magnetic long-range order is observed in the single crys-
tal, apparently differing from the ground state previously reported 
for polycrystalline samples.

Results
Magnetic properties. Figure 2a shows the temperature dependence 
of the magnetic susceptibility measured upon both heating and 
cooling between 2 and 350 K under a magnetic field of 1 T. The 
measurements were performed for both a polycrystalline sample 
and a cluster of single crystals in arbitrary orientation. An anomaly 
is observed at ~300 K for the single crystals only, as shown in the 
inset of Fig. 2a; their magnetic susceptibility suddenly increases 
by approximately 4×10 − 5 cm3 mol − 1 Cu − 1 at Ts = 310 K upon 
heating and decreases at 290 K upon cooling. The anomaly shows 
a distinct thermal hysteresis, indicating the occurrence of a first-
order phase transition. The Weiss temperature, W, which measures 
the magnitude of net magnetic interactions, changes from  − 35 K 
at T > Ts to  − 140 K at T < Ts. This means that a large modification 
of the magnetic interactions in the kagomé plane takes place at the 
transition. Note, however, that both curves in Fig. 2a exhibit broad 
peaks at around ~20 K, suggesting similar development of short-
range antiferromagnetic or singlet correlations at LTs.

Structural transition. To investigate the transition at Ts, X-ray 
diffraction experiments were carried out using a single crystal of 
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Figure 1 | Crystal structure of volborthite Cu3V2O7(OH)2·2H2O.  
(a, b) Crystal structure of C2/m phase viewed along the b-axis (a) and 
perpendicular to the ab plane. (b) The black line shows the unit cell, and 
the red lines highlight the kagomé lattice made up of Cu atoms.  
(c) Photograph of single crystals. Scale bar, 0.2 mm in length.
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dimensions 0.23×0.10×0.10 mm3. Superlattice reflections with half 
integer l for (hkl) reflections were observed below Ts, indicating dou-
bling of the unit cell along the c axis. The temperature dependences 
of the intensities of some superlattice reflections are shown in Fig. 
3. As they suddenly disappear at Ts with increasing temperature, the 
anomaly observed at Ts in magnetic susceptibility can be attributed 
to this structural phase transition.

Further single-crystal structural analyses were performed at 
150 and 323 K to investigate the structural changes at Ts. The HT 
phase has a monoclinic structure, with space group C2/m and lat-
tice parameters of a = 10.657(3) Å, b = 5.887(1) Å, c = 7.228(2) Å, and 

 = 95.035(8)°. Structural refinements yielded essentially the same 
crystal structure as that reported by Lafontaine et al.8, with reliabil-
ity factors R [I > 2 (I)] = 4.13% and wR2 = 12.23%. The space group 
of the LT phase was determined to be I2/a (No. 15). The lattice 
parameters are a = 10.6418(1) Å, b = 5.8485(1) Å, c = 14.4157(1) Å, 
and  = 95.443(1)° at 150 K, and the resultant reliability factors R 
[I > 2 (I)] = 2.93% and wR2 = 7.67%. The obtained structural data 
are provided in Supplementary Data 1 for the HT phase and Sup-
plementary Data 2 for the LT phase. The position of hydrogen atoms 
could not be determined in the present analyses.

Of primary interest is to understand how the structural phase 
transition modifies the Cu kagomé lattice and the environment 
around the Cu ions. The structures of the kagomé layer of both the 
HT and LT phases are depicted in Fig. 4a and b, respectively. As a 
result of the structural transition, a mirror plane and a twofold axis 
at the Cu1 site are lost with respect to the C2/m (HT) structure. This 
causes a large change in the coordination environment of the Cu1 
site, including the O3 site splitting into two sites, O31 and O32. In 
the HT phase, the equatorial Cu1–O3 bonds (2.181(2) Å) are longer 
than the axial Cu1–O2 bonds (1.947(2) Å). When the transition 
occurs, two of the Cu1–O3 bonds are elongated by 7.2% to become 
Cu1–O31 bonds (2.3385(8) Å) and the other two are shortened by 
9.0% to become Cu1–O32 bonds (1.9847(8) Å). These changes of 
the bond lengths are extraordinarily large, even discernible by eye in 
Fig. 4. Note that there are four short bonds in the Cu1 octahedron in 
the LT phase, two Cu1–O2 and two Cu1–O32 and two long bonds, 
Cu1–O31. This means that the dx2 − y2 orbital is selected in the LT 
phase, instead of the d3z2 − r2 orbital in the HT phase. On the other 
hand, the overall geometry of the Cu2 octahedron is preserved, 
with the Cu2–O31 bond elongating by 4.1% and the Cu2–O32 bond 
shrinking by 3.4%, such that the dx2 − y2 orbital remains selected at 
LT. Thus, the spin-carrying orbital on both Cu2 +  sites is the dx2 − y2 
orbital in the LT phase, as in herbertsmithite. However, the orienta-
tions of the orbitals with respect to each other are different between 
the two compounds, and there is no threefold symmetry in the LT 
state of volborthite.
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Figure 2 | Magnetic properties and heat capacity of single crystals of 
volborthite. (a) Temperature dependence of magnetic susceptibilities 
measured using an assembly of randomly oriented single crystals in a 
magnetic field of 1 T between 2 and 350 K upon cooling and heating. The 
data for a polycrystalline sample measured under the same conditions are 
plotted for comparison10. The data near room temperature (shown in the 
inset) reveals a first-order transition only for the single-crystal sample. 
(b) Temperature dependence of heat capacity divided by temperature 
C/T for single and polycrystalline samples15 measured below 4 K in zero 
magnetic field. Two peaks at 0.81 and 1.19 K are observed for the single-
crystal sample instead of a kink at T* = 1 K for the polycrystalline sample. 
The inset shows a C/T versus T2 plot, in which the dotted lines are linear 
extrapolations towards T = 0.
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We present a microscopic magnetic model for the spin-liquid candidate volborthite Cu3V2O7!OH"2 ·2H2O.
The essentials of this density-functional-theory-based model are !i" the orbital ordering of Cu!1" 3d3z2−r2 and
Cu!2" 3dx2−y2, !ii" three relevant couplings Jic, J1, and J2, !iii" the ferromagnetic nature of J1, and !iv"
frustration governed by the next-nearest-neighbor exchange interaction J2. Our model implies magnetism of
frustrated coupled chains in contrast to the previously proposed anisotropic kagome model. Exact diagonal-
ization studies reveal agreement with experiments.
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I. INTRODUCTION

The search for new magnetic ground states !GSs" is a
major subject in solid-state physics. Magnetic monopoles in
the spin ice system Dy2Ti2O7 !Refs. 1–3", the metal-insulator
transition in the spin-Peierls compound TiOCl !Ref. 4" and
the quantum critical behavior in Li2ZrCuO4 !Refs. 5 and 6"
are among recent discoveries that demonstrate the power of
combining precise experimental techniques with modern
theory. However, for a rather large number of problems ex-
periment and theory do not keep abreast, since it is often
tricky to find a real material realization for a well-studied
theoretical model. The most remarkable example is the con-
cept of a “resonating valence bond”7—a magnetic GS
formed by pairs of coupled spin-singlets lacking the long-
range magnetic order !LRO". Subsequent studies revealed a
fascinating variety of disordered GS,8,9 commonly called
“spin liquids” in order to emphasize their dynamic nature
and even raised the discussion of their possible
applications.10

Following the common belief that the spin-liquid GS may
emerge from the interplay of low dimensionality, quantum
fluctuations, and magnetic frustration, considerable effort has
been spent on the search for spin-1

2 Heisenberg magnets with
kagome geometry. The synthesis of herbertsmithite
Cu3Zn!OH"6Cl2,11 the first inorganic spin-1

2 system with
ideal kagome geometry and subsequent studies revealed be-
sides the desired absence of magnetic LRO !Ref. 12" !i" in-
trinsic Cu/Zn structural disorder and !ii" the presence of an-
isotropic interactions complicating the spin physics.13 The
recently synthesized kapellasite14 was predicted to imply
modified kagome physics due to an additional relevant
coupling.15

Since the search for a system representing the pure
kagome model is far from being completed, it is natural to
consider systems with lower symmetry where the distortion
is small enough to keep the essential physics.16 This way, the
attention has been drawn to the mineral volborthite
Cu3V2O7!OH"2 ·2H2O, where the Cu sites form a slightly
distorted kagome network.17 However, the local environment
of two independent Cu sites is essentially different: Cu!1"
forms dumbbells of two short Cu-O bonds !and four long

Cu-O bonds; “2+4”" while Cu!2" resides in a plaquette
formed by four short bonds !Fig. 1, top". Recently, density-
functional theory !DFT" studies of CuSb2O6, implying the
2+4 local environment of Cu atoms, revealed that orbital
ordering !OO" drastically changes the nature of the magnetic
coupling from three-dimensional to one-dimensional !1D".18
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b

FIG. 1. !Color online" Top: Cu!1"O2 dumbbells !yellow/gray",
Cu!2"O4 plaquettes !dark yellow/dark gray", V2O7 pyrovanadate
groups !connected green/lighter gray tetrahedra", and H2O mol-
ecules in volborthite. Only short Cu-O bonds are shown. Bottom: a
distorted kagome layer in the crystal structure of volborthite. The
magnetically active orbitals and leading exchange couplings are
shown.
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Since the magnetic correlations along the chains are stron-
gest, one could argue that the model exhibits an effectively
1D low-temperature physics as has been discussed previ-
ously for other 2D models such as the crossed-chain model,41

anisotropic triangular lattice,42 as well as for modified
kagome compounds.15 However, this issue as well as a con-
clusive answer to the question of helical LRO need further
investigation.

To comprise the experimental magnetization curve, we
add the magnetic field term to the Heisenberg Hamiltonian
and simulate the m!h" dependence. For the boundary of the
fM and singlet GS, we find a wide 1/3 magnetization plateau
starting at hc1=0. However, the modification of the exchange
parameters, in particular, increasing of J2 and decreasing of
#J1# and Jic, according to the limits set by DFT calculations
leads to a significant increase of hc1 and to a drastic dimin-
ishing of the plateau width. Close to the DFT boundary
!Jic / #J1#=2, J2 / #J1#=1.1, and Jic=100 K", we obtain hc1
=22 T, which is still smaller than the experimentally ob-
served value. We should note that this deviation originates
from the minimalistic character of the model and consider-
able finite-size effects. Nevertheless, a slightly modified ratio
J2 / #J1#=1.6 yields hc1=55 T !Fig. 4, bottom" in excellent
agreement with the experiment. It should be mentioned that
the nature of spin correlations in the 1/3-plateau phase is
substantially different compared to the kagome model.43

Small magnetization jumps seen experimentally23 cannot be
resolved with present lattice sizes and might be related to
anisotropic exchange.

We also calculate the temperature dependence of mag-
netic susceptibility !!T" using two different lattices31 up to
N=24 sites. We obtain a good fit down to 50 K !Fig. 4,
top",44 the resulting g=2.16 and Jic=100.5 K are in excel-
lent agreement with experiments21 and our estimates from
DFT.

IV. SUMMARY

To summarize, we suggest a new magnetic model for
volborthite: assuming that DFT calculations are applicable to
volborthite as they are for a plethora of compounds, the
kagome model can be safely ruled out. Instead, the magne-

tism of volborthite is accounted for by a J1-J2-Jic model
reminiscent of coupled frustrated chains. For the proposed
model, the orbital order of Cu!1" 3d3z2−r2 and Cu!2" 3dx2−y2

orbitals is crucial.
We suggest different experiments to challenge our model:

resonant x-ray scattering measurements to study orbital ef-
fects and measurements in high magnetic fields !"70 T" to
get an access to the magnetization plateau. Additional inves-
tigations of the J1-J2-Jic model itself by alternative simula-
tion methods are desirable to clarify the influence of finite-
size effects, intrinsic for exact diagonalization.
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FIG. 2 (color online). (a) 51V NMR spectra measured on a single-domain piece of a crystal in 

magnetic fields between 15 and 30 T applied perpendicular to the ab plane at T = 0.4 K. (b) 

Magnetization curve of single crystals (top, black line) and its field derivative (bottom, red line) in B 

A ab at 1.4 K after the subtraction of the Van Vleck paramagnetic magnetization (MVV). 

Magnetization deduced from the center of the gravity of the NMR spectra is also plotted (top, blue 

circles). Expected spin structures in phases II and III are schematically depicted in the inset. 
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Fig. 1. (Color online) Crystal structure of LiCuVO4. Cu-O chains separated by VO4 tetrahedra and

Li+ ions are along the b direction. ∠ Cu-O-Cu ∼ 90◦ indicates the ferromagnetic interaction.

constants and η is Luttinger parameter.9) Recent numerical studies exhibit magnetization vs

J1/J2 phase diagram and the quadrupole phase in fact persists down to rather low magnetic

field.9–11) In addition the phase consists of two states, SDW2 in lower field where ⟨sz0s
z
l ⟩

is dominant and nematic in higher field where ⟨s+0 s
+
1 s

−

l s
−

l+1⟩ is dominant. In both states

transverse two spin correlation is short ranged and decays exponentially.

In most quasi-1D magnet weak interchain interaction induces magnetic LRO at low tem-

perature but it inherits quantum nature. In case of VC phase, spiral order in which the

magnitude of the magnetic moment is strongly suppressed due to quantum fluctuation would

be induced. In case of SDW2, LRO of the longitudinal spin correlation would appear with

propagating wave vector k2 = 2kF .12) The former is a good analogue for classical spin system

but the latter is a totally novel state induced by frustration and quantum fluctuation.

LiCuVO4
13) is one of the model compound for the frustrated ferromagnetic chain. As

shown in Fig. 1 the CuO plaquette forms 1D S = 1/2 chain in the crystallographic b direction.

Considering the bond angle of Cu-O-Cu ∼ 90◦, nearest neighbor interaction is presumed to be

ferromagnetic14, 15) and next nearest neighbor (NNN) interaction be antiferromagnetic(AF).

The magnetic susceptibility showed typical behavior of 1D frustrated magnet, i.e., broad max-

imum due to AF short-range fluctuation at Tmax = 28K16) was observed. At T ≤ TN = 2.3 K

incommensurate magnetic order with propagation vector ksp = (0 0.532 0) was identified.17)

Neutron diffraction elucidates the spiral structure in the ab plane at zero field17) and also at

small field H ≤ 3.5 T.18) The magnetic moment is strongly suppressed as small as 0.25µB
19)

∼ 0.31µB.17) Inelastic neutron scattering showed enhanced spin dispersion in the b∗ direc-

tion and small one in others.20) Exchange parameters have been estimated from independent

experiments including the magnetic dispersion,20) the continuum excitation,21) and magneti-
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1. natural leaf crystals, long time ago 
2. low-quality polycrystalline samples by 
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3. high-quality polycrystalline samples by 

hydrothermal annealing, 2009 
4. small single crystals, 2012 
5. large arrowhead-shaped crystals, 2013
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Emergent multipolar spin correlations in a fluctuating spiral: The frustrated ferromagnetic
spin-1

2 Heisenberg chain in a magnetic field
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We present the phase diagram of the frustrated ferromagnetic S= 1
2 Heisenberg J1−J2 chain in a magnetic

field, obtained by large scale exact diagonalizations and density matrix renormalization group simulations. A
vector chirally ordered state, metamagnetic behavior and a sequence of spin-multipolar Luttinger liquid phases
up to hexadecupolar kind are found. We provide numerical evidence for a locking mechanism, which can drive
spiral states toward spin-multipolar phases, such as quadrupolar or octupolar phases. Our results also shed light
on previously discovered spin-multipolar phases in two-dimensional S= 1

2 quantum magnets in a magnetic
field.

DOI: 10.1103/PhysRevB.80.140402 PACS number!s": 75.10.Jm, 75.30.Kz, 75.40.Cx, 75.40.Mg

Spiral or helical ground states are an old and well-
understood concept in classical magnetism,1 and several ma-
terials are successfully described based on theories of spiral
states. For low spin and dimensionality however quantum
fluctuations become important and might destabilize the spi-
ral states. Given that spiral states generally arise due to com-
peting interactions, fluctuations are expected to be particu-
larly strong.

A prominent instability of spiral states is their intrinsic
twist #Si!S j$ !vector chirality".2 It has been recognized that
finite temperature3 or quantum4 fluctuations can disorder the
spin moment #Si$ of the spiral, while the twist remains finite.
Such a state is called p-type spin nematic.5 In the context of
quantum fluctuations such a scenario has been confirmed re-
cently in a ring-exchange model,6 while possible experimen-
tal evidence for the thermal scenario has been presented in.7

The twist also gained attention in multiferroics, since it
couples directly to the ferroelectricity.8

In this Rapid Communication we provide evidence for the
existence of yet a different instability of spiral states toward
spin-multipolar phases. The basic idea is that many spin-
multipolar order parameters are finite in the magnetically
ordered spiral state, but that under a suitable amount of fluc-
tuations the primary spin order is lost, while a spin-
multipolar order parameter survives. We demonstrate this
mechanism based on the magnetic field phase diagram of a
prototypical model, the frustrated S= 1

2 Heisenberg chain
with ferromagnetic nearest-neighbor and antiferromagnetic
next nearest-neighbor interactions. Furthermore we show
that this instability provides a natural and unified understand-
ing of previously discovered two-dimensional spin-
multipolar phases.9,10

To be specific, we determine numerically the phase dia-
gram of the following Hamiltonian:

H = J1%
i

Si · Si+1 + J2%
i

Si · Si+2 − h%
i

Si
z, !1"

and we set J1=−1, J2"0 in the following. Si are spin-1/2
operators at site i, while h denotes the uniform magnetic
field. The magnetization is defined as mª1 /L%iSi

z. We em-

ploy exact diagonalizations !EDs" on systems sizes up to
L=64 sites complemented by density matrix renormalization
group !DMRG" !Ref. 11" simulations on open systems of
maximal length L=384, retaining up to 800 basis states.

The classical ground state of Hamiltonian !1" is ferromag-
netic for J2#1 /4 and a spiral with pitch angle $
=arccos!1 /4J2"! &0,% /2' otherwise. The Lifshitz point is
located at J2=1 /4. In a magnetic field the spins develop a
uniform component along the field, while the pitch angle in
the plane transverse to the field axis is unaltered by the field.

The zero field quantum mechanical phase diagram for
S= 1

2 is still unsettled. Field theoretical work predicts a finite,
but tiny gap accompanied by dimerization12,13 for J2&1 /4,
which present numerical approaches are unable to resolve.
The classical Lifshitz point J2=1 /4 is not renormalized for
S= 1

2 , and the transition point manifests itself on finite sys-
tems as a level crossing between the ferromagnetic multiplet
and an exactly known singlet state.14 The theoretical phase
diagram at finite field has recently received considerable
attention,15–17 triggered by experiments on quasi one-
dimensional cuprate helimagnets.18–20 One of the most pecu-
liar features of the finite size magnetization process is the
appearance of elementary magnetization steps of
'Sz=2,3 ,4 in certain J2 and m regions. This has been attrib-
uted to the formation of bound states of spin flips, leading to
dominant spin-multipolar correlations close to saturation. A
detailed phase diagram is however still lacking.

We present our numerical phase diagram in the J2 / (J1( vs.
m /msat plane in Fig. 1. At least five different phases are
present. The low magnetization region consists of a single
vector chiral phase !gray". Below the saturation magnetiza-
tion we confirm the presence of three different multipolar
Luttinger liquid phases !red, green, and blue". The red phase
extends up to J2→(,16 and its lower border approaches
m=0+ in that limit. All three multipolar liquids present a
crossover as a function of m /msat, where the dominant cor-
relations change from spin-multipolar close to saturation to
spin-density wave !SDW" character at lower magnetization.
One also expects a tiny incommensurate p=2 phase close to
the p=3 phase,17 which we did not aim to localize in this
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