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(c) H–1: ⇡-flux, � = {1, 71/4}

0

1

�1

E (J
x

)

k2

k3

(d) (100) surface

k1

k2

(e) (001) surface

0

1

�1

E (J
x

)

k1

k2

(f) (001) surface

0

1

�1

k1

k2

(g) (001) surface; � = 1

k1

k2

(h) (001) surface,
� = 71/4

FIG. 2. (Color online) Position of nodal rings, surface spectra, and winding numbers. In Figs. 2a-2c, the red lines show the location of the
nodal rings of the indicated lattice, flux sector, and � = J

z

/J

x

. The red lines are the intersections of the yellow and turquoise surfaces, which
are the LHS = 1 and RHS = 1 of Eq. 5, Eq. 6, and Eq. 11. In Fig. 2c, the first Brillouin zone spans the region �⇡/2 < k1  ⇡/2
due to doubling of the unit cell in the ⇡-flux sector. Figs. 2d-2h show the surface spectra along one-dimensional momentum cuts on the
various lattices and flux sectors, while the insets within indicate the location of the momentum cuts and projection of the nodal ring on the
surfaces indicated. The colors in the insets correspond to the winding numbers, where yellow, turquoise, and red are ⌫ = 0, ±1, and ±2
respectively. When ⌫ 6= 0, as shown in Figs. 2d-2h, we find the presence of zero-energy surface flat bands with |⌫|-fold degeneracy, due to the
bulk-boundary correspondence.

We can deform the path into two pieces: one passing
through the inside of the nodal ring and one outside. Inte-
grating Eq. 9 in the k3 direction along the lines k1 = k2 = 0

(inside the nodal ring) and k1 = k2 = ⇡ (outside the nodal
ring), we find a nontrivial winding number ⌫ = 1 inside the
nodal ring but a trivial one (⌫ = 0) outside (See Supplemen-
tal Material [21] for details). As a result, the nodal ring is
characterized by a topological index ⌫ = ±1 and is hence
topologically stable.

Surface spectra: The surface spectra of the hyperhoney-
comb and H–1 lattices is expected to possess zero-energy flat
bands due to the bulk-boundary correspondence[17], as long
as the bulk nodal ring has finite projection in the surface BZ.
At the momenta corresponding to the projection of the nodal
ring on a surface, the change in the number of flat bands must
be the same as the topological index ⌫ of the ring.

For the hyperhoneycomb lattice, we examine the spectra as-
sociated with the (100) and (001) surfaces in Fig. 2d and 2e
(the surface (010) is related to the (100) surface by a glide
plane symmetry, hence it is not shown). Since the nodal ring

has finite projection along k1 and k3, flat bands at zero energy
are expected in both surface spectra. Indeed, we see ⌫ = 1

within the area enclosed by the projection of the nodal ring.
Plotting the surface spectra along momentum paths that cut
through the nodal ring projections, we see the presence of flat
bands where the winding number is ±1. In contrast, the nodal
ring in the H–1 lattice only has finite projection along the k3
direction. Therefore, only the (001) surface spectrum pos-
sesses zero energy flat bands, which can be seen in Fig. 2f.

Analysis of the ⇡-flux sector: The above analysis can be
performed analogously in the ⇡-flux sector on the H–1 lattice;
here we summarize the main results. The description of the ⇡-
flux sector requires doubling of the unit cell in the a1 direction
(See Supplemental Material [21] for definition of the enlarged
unit cell and D⇡

1,k). Due to the enlarged unit cell, the TR, PH,
and chiral symmetry operators are now given by

T⇡

n

= S⇡

n

= �
z

⌦ I4n+4, P⇡

n

= I8n+8 (10)

with n = 1. Since ⌘
T

= ⌘
P

= +1, H⇡

k

still belongs to
class BDI and its nodal rings are associated with Z-valued
topological invariants.
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are the LHS = 1 and RHS = 1 of Eq. 5, Eq. 6, and Eq. 11. In Fig. 2c, the first Brillouin zone spans the region �⇡/2 < k1  ⇡/2
due to doubling of the unit cell in the ⇡-flux sector. Figs. 2d-2h show the surface spectra along one-dimensional momentum cuts on the
various lattices and flux sectors, while the insets within indicate the location of the momentum cuts and projection of the nodal ring on the
surfaces indicated. The colors in the insets correspond to the winding numbers, where yellow, turquoise, and red are ⌫ = 0, ±1, and ±2
respectively. When ⌫ 6= 0, as shown in Figs. 2d-2h, we find the presence of zero-energy surface flat bands with |⌫|-fold degeneracy, due to the
bulk-boundary correspondence.

We can deform the path into two pieces: one passing
through the inside of the nodal ring and one outside. Inte-
grating Eq. 9 in the k3 direction along the lines k1 = k2 = 0

(inside the nodal ring) and k1 = k2 = ⇡ (outside the nodal
ring), we find a nontrivial winding number ⌫ = 1 inside the
nodal ring but a trivial one (⌫ = 0) outside (See Supplemen-
tal Material [21] for details). As a result, the nodal ring is
characterized by a topological index ⌫ = ±1 and is hence
topologically stable.

Surface spectra: The surface spectra of the hyperhoney-
comb and H–1 lattices is expected to possess zero-energy flat
bands due to the bulk-boundary correspondence[17], as long
as the bulk nodal ring has finite projection in the surface BZ.
At the momenta corresponding to the projection of the nodal
ring on a surface, the change in the number of flat bands must
be the same as the topological index ⌫ of the ring.

For the hyperhoneycomb lattice, we examine the spectra as-
sociated with the (100) and (001) surfaces in Fig. 2d and 2e
(the surface (010) is related to the (100) surface by a glide
plane symmetry, hence it is not shown). Since the nodal ring

has finite projection along k1 and k3, flat bands at zero energy
are expected in both surface spectra. Indeed, we see ⌫ = 1

within the area enclosed by the projection of the nodal ring.
Plotting the surface spectra along momentum paths that cut
through the nodal ring projections, we see the presence of flat
bands where the winding number is ±1. In contrast, the nodal
ring in the H–1 lattice only has finite projection along the k3
direction. Therefore, only the (001) surface spectrum pos-
sesses zero energy flat bands, which can be seen in Fig. 2f.

Analysis of the ⇡-flux sector: The above analysis can be
performed analogously in the ⇡-flux sector on the H–1 lattice;
here we summarize the main results. The description of the ⇡-
flux sector requires doubling of the unit cell in the a1 direction
(See Supplemental Material [21] for definition of the enlarged
unit cell and D⇡

1,k). Due to the enlarged unit cell, the TR, PH,
and chiral symmetry operators are now given by
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2

they define conserved quantities that take on the values of ±1

on each bond. These u
ij

are not gauge invariant. However,
products of these operators over closed loops, which corre-
spond to fluxes of the Z2 gauge field, are gauge invariant[9].
By choosing a configuration of {u

ij

}, the fluxes are fully de-
termined and the Hamiltonian becomes quadratic in terms of
the c fermions. The ground state can be found by solving the
quadratic Hamiltonians corresponding to all possible flux con-
figurations (or flux sectors) and identifying the flux sector that
yields the lowest energy state.

Unlike the 2D honeycomb lattice, both the hyperhoney-
comb (i.e. H–0) and H–1 lattices possess loops without mir-
ror symmetries. As such, Lieb’s theorem [17] cannot deter-
mine the flux passing through these loops in the ground state.
We performed a brute-force search throughout all flux sec-
tors compatible with an 8-fold enlarged unit cell and the re-
sults suggest that the ground state on the hyperhoneycomb
lattice belongs to the zero-flux sector, which agrees with pre-
vious work[12]. In contrast, on the H–1 lattice, we find
that the ground state flux sector differs for different values
of � = J

z

/J
x

. At the isotropic point � = 1, a particular flux
configuration with ⇡ flux passing through a subset of the loops
appears to be the ground state flux sector (hereafter, we label
it as the “⇡-flux sector”). Upon increasing �, the zero-flux
sector becomes energetically favorable. We will first focus on
the zero-flux sectors on the hyperhoneycomb and H–1 lattices
and defer the more involved analysis of the ⇡-flux sector on
the H–1 lattice for later.

Bulk Majorana spectrum in the zero-flux sector: Due to
the bipartite nature of both the hyperhoneycomb and H–1 lat-
tices, the Hamiltonian in any flux sector takes the off-diagonal
form

H�
n

=

X

k

~c T

n,�k

H�
n,k

~c
n,k

(2)

H�
n,k

=

"
0 �iD�

n,k

i
⇣
D�

n,k

⌘†
0

#
, (3)

where n refers to the nth-harmonic honeycomb, � labels the
flux sector, and ~c

n,k

is the vector of the Fourier transforms
of the c Majorana fermions ordered by the odd sublattices fol-
lowed by the even sublattices (See Supplemental Material [18]
for definition of lattice vectors, unit cell, and sublattice con-
ventions). In the zero-flux sector, we can choose the gauge
where u

ij

= 1 when i is an even sublattice and j is an odd
sublattice. Consequently, the D0-matrices for the hyperhon-
eycomb and H–1 lattices are

D0
0,k =


J
z

A
k

eik3

B
k

J
z

�
, D0

1,k =

2

664

J
z

0 0 A
k

eik3

A⇤
k

J
z

0 0

0 B
k

J
z

0

0 0 B⇤
k

J
z

3

775 ,

(4)

where A
k

= J
x

(1 + e�ik1
), B

k

= J
x

(1 + e�ik2
) with k

i

=

~k · ~a
i

, and ~a
i

are the lattice vectors.

Each of the zero-flux sectors of both hyperhoneycomb and
H–1 lattices possesses gapless spinon excitations in the bulk
that form a nodal ring in the 3D Brillouin zone (BZ). The off-
diagonal block form of H�

n

ensures that the zero-modes of
H�

n

are determined by det(D�
n,k

) = 0. For the zero-flux phase
of the hyperhoneycomb and H–1 lattices, these conditions are

H–0 : 4 cos

k1
2

cos

k2
2

= �2e�i(k3� k1
2 � k2

2 ), (5)

H–1 :

����4 cos
k1
2

cos

k2
2

���� = �2e�ik3 . (6)

For values of � < 2, a continuous set of solutions exist for
each of Eq. (5) and Eq. (6), which defines the nodal ring.
We have illustrated the locations of the nodal rings for the
isotropic case � = 1 in Fig. 2a and Fig. 2b.

Topological invariants of the nodal ring: The nodal rings
present in the zero-flux sectors of the hyperhoneycomb and
H–1 models are topologically stable. To see this, we first de-
fine the time-reversal (TR) and particle-hole (PH) symmetry
operators, whose unitary components satisfy the following re-
lations

H
k

= ✏
U

UHT

�k

U�1, UU†
= I, UT

= ⌘
U

U, (7)

where H
k

is the Hamiltonian matrix, T is the matrix transpose,
I is the identity matrix, U = T, P for TR/PH respectively,
✏
U

= ±1 for TR/PH, and ⌘
U

= ±1. The presence of both
TR and PH ensures that S = TP is a chiral (or sublattice)
symmetry of the system, which satisfies {S,H�

n

} = 0 (where
boldface letters denote operators).

In the case of the hyperhoneycomb and H–1 lattices, we
find for the zero-flux sector

T 0
n

= S0
n

= �
z

⌦ I2n+2, P 0
n

= I4n+4, (8)

where � are the Pauli matrices, ⌦ is the tensor product of ma-
trices, and I

m

is the m ⇥m identity matrix. In both systems,
⌘
T

= ⌘
P

= +1, which implies that H0
n,k

belongs to sym-
metry class BDI based on the classification of topologically
stable Fermi surfaces (FS’s)[16, 19]. The topological stability
of a nodal ring in three-dimensional systems of class BDI is
characterized by the following integer-valued topological in-
variant (winding number)

⌫ =

1

4⇡i

I
dkTr[D�1

k @
k

Dk � (D†
)

�1
k @

k

D†
k], (9)

where the integral is taken along a path around the nodal ring.
We can deform the path into two pieces: one passing

through the inside of the nodal ring and one outside. Inte-
grating Eq. 9 in the k3 direction along the lines k1 = k2 = 0

(inside the nodal ring) and k1 = k2 = ⇡ (outside the nodal
ring), we find a nontrivial winding number ⌫ = 1 inside the
nodal ring but a trivial one (⌫ = 0) outside (See Supplemen-
tal Material [18] for details). As a result, the nodal ring is
characterized by a topological index ⌫ = ±1 and is hence
topologically stable. Accordingly, the surface spectra of these
two systems should possess zero-energy flat bands due to the
bulk-boundary correspondence[16], as long as the bulk nodal
ring has finite projection in the surface BZ.
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FIG. 2. (Color online) Position of nodal rings, surface spectra, and winding numbers. In Figs. 2a-2c, the red lines show the location of the
nodal rings of the indicated lattice, flux sector, and � = J

z

/J

x

. The red lines are the intersections of the yellow and turquoise surfaces, which
are the LHS = 1 and RHS = 1 of Eq. 5, Eq. 6, and Eq. 11. In Fig. 2c, the first Brillouin zone spans the region �⇡/2 < k1  ⇡/2
due to doubling of the unit cell in the ⇡-flux sector. Figs. 2d-2h show the surface spectra along one-dimensional momentum cuts on the
various lattices and flux sectors, while the insets within indicate the location of the momentum cuts and projection of the nodal ring on the
surfaces indicated. The colors in the insets correspond to the winding numbers, where yellow, turquoise, and red are ⌫ = 0, ±1, and ±2
respectively. When ⌫ 6= 0, as shown in Figs. 2d-2h, we find the presence of zero-energy surface flat bands with |⌫|-fold degeneracy, due to the
bulk-boundary correspondence.

Surface spectra: For the hyperhoneycomb lattice, we ex-
amine the spectra associated with the (100) and (001) surfaces
in Fig. 2d and 2e (the surface (010) is related to the (100) sur-
face by a glide plane symmetry, hence it is not shown). Since
the nodal ring has finite projection along k1 and k3, flat bands
at zero energy are expected in both surface spectra. Indeed,
we see ⌫ = 1 within the area enclosed by the projection of
the nodal ring. Plotting the surface spectra along momentum
paths that cut through the nodal ring projections, we see the
presence of flat bands where the winding number is ±1. In
contrast, the nodal ring in the H–1 lattice only has finite pro-
jection along the k3 direction. Therefore, only the (001) sur-
face spectrum possesses zero energy flat bands, which can be
seen in Fig. 2f.

Analysis of the ⇡-flux sector: The above analysis can be
performed analogously in the ⇡-flux sector on the H–1 lattice;
here we summarize the main results. The description of the ⇡-
flux sector requires doubling of the unit cell in the a1 direction
(See Supplemental Material [18] for definition of the enlarged
unit cell and D⇡

1,k). Due to the enlarged unit cell, the TR, PH,

and chiral symmetry operators are now given by

T⇡

n

= S⇡

n

= �
z

⌦ I4n+4, P⇡

n

= I8n+8 (10)

with n = 1. Since ⌘
T

= ⌘
P

= +1, H⇡

k

still belongs to
class BDI and its nodal rings are associated with Z-valued
topological invariants.

When 0 < � < 2

3/4, the bulk spectrum possesses two nodal
rings that satisfy

16 sin

2 k1 sin
2 k2 = 8e�ik3�4 � e�2ik3�8 (11)

where �⇡

2  k1 < ⇡

2 due to the doubling of the unit cell.
The parameter point �0 ⌘ p

2 is unique: upon increasing �
towards this value, the two nodal rings shrink towards k0± =

(

⇡

2 ,±⇡

2 , 0). At �0, the nodal rings turn into Dirac points at k0±.
Upon further increasing � beyond �0, the nodal rings return
and expand. For � < �0, ⌫ = ±2 inside the nodal rings and
⌫ = ±1 outside the nodal rings. On the other hand, when
�0 < � < 2

3/4, ⌫ inside the nodal rings decreases to 0, while
⌫ remains as ±1 outside the nodal rings. The surface spectra
of these cases are illustrated in Fig. 2g and 2h.
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nodal rings of the indicated lattice, flux sector, and � = J
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. The red lines are the intersections of the yellow and turquoise surfaces, which
are the LHS = 1 and RHS = 1 of Eq. 5, Eq. 6, and Eq. 11. In Fig. 2c, the first Brillouin zone spans the region �⇡/2 < k1  ⇡/2
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respectively. When ⌫ 6= 0, as shown in Figs. 2d-2h, we find the presence of zero-energy surface flat bands with |⌫|-fold degeneracy, due to the
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We can deform the path into two pieces: one passing
through the inside of the nodal ring and one outside. Inte-
grating Eq. 9 in the k3 direction along the lines k1 = k2 = 0

(inside the nodal ring) and k1 = k2 = ⇡ (outside the nodal
ring), we find a nontrivial winding number ⌫ = 1 inside the
nodal ring but a trivial one (⌫ = 0) outside (See Supplemen-
tal Material [21] for details). As a result, the nodal ring is
characterized by a topological index ⌫ = ±1 and is hence
topologically stable.

Surface spectra: The surface spectra of the hyperhoney-
comb and H–1 lattices is expected to possess zero-energy flat
bands due to the bulk-boundary correspondence[17], as long
as the bulk nodal ring has finite projection in the surface BZ.
At the momenta corresponding to the projection of the nodal
ring on a surface, the change in the number of flat bands must
be the same as the topological index ⌫ of the ring.

For the hyperhoneycomb lattice, we examine the spectra as-
sociated with the (100) and (001) surfaces in Fig. 2d and 2e
(the surface (010) is related to the (100) surface by a glide
plane symmetry, hence it is not shown). Since the nodal ring

has finite projection along k1 and k3, flat bands at zero energy
are expected in both surface spectra. Indeed, we see ⌫ = 1

within the area enclosed by the projection of the nodal ring.
Plotting the surface spectra along momentum paths that cut
through the nodal ring projections, we see the presence of flat
bands where the winding number is ±1. In contrast, the nodal
ring in the H–1 lattice only has finite projection along the k3
direction. Therefore, only the (001) surface spectrum pos-
sesses zero energy flat bands, which can be seen in Fig. 2f.

Analysis of the ⇡-flux sector: The above analysis can be
performed analogously in the ⇡-flux sector on the H–1 lattice;
here we summarize the main results. The description of the ⇡-
flux sector requires doubling of the unit cell in the a1 direction
(See Supplemental Material [21] for definition of the enlarged
unit cell and D⇡

1,k). Due to the enlarged unit cell, the TR, PH,
and chiral symmetry operators are now given by
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with n = 1. Since ⌘
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nodal rings of the indicated lattice, flux sector, and � = J

z
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. The red lines are the intersections of the yellow and turquoise surfaces, which
are the LHS = 1 and RHS = 1 of Eq. 5, Eq. 6, and Eq. 11. In Fig. 2c, the first Brillouin zone spans the region �⇡/2 < k1  ⇡/2
due to doubling of the unit cell in the ⇡-flux sector. Figs. 2d-2h show the surface spectra along one-dimensional momentum cuts on the
various lattices and flux sectors, while the insets within indicate the location of the momentum cuts and projection of the nodal ring on the
surfaces indicated. The colors in the insets correspond to the winding numbers, where yellow, turquoise, and red are ⌫ = 0, ±1, and ±2
respectively. When ⌫ 6= 0, as shown in Figs. 2d-2h, we find the presence of zero-energy surface flat bands with |⌫|-fold degeneracy, due to the
bulk-boundary correspondence.

We can deform the path into two pieces: one passing
through the inside of the nodal ring and one outside. Inte-
grating Eq. 9 in the k3 direction along the lines k1 = k2 = 0

(inside the nodal ring) and k1 = k2 = ⇡ (outside the nodal
ring), we find a nontrivial winding number ⌫ = 1 inside the
nodal ring but a trivial one (⌫ = 0) outside (See Supplemen-
tal Material [21] for details). As a result, the nodal ring is
characterized by a topological index ⌫ = ±1 and is hence
topologically stable.

Surface spectra: The surface spectra of the hyperhoney-
comb and H–1 lattices is expected to possess zero-energy flat
bands due to the bulk-boundary correspondence[17], as long
as the bulk nodal ring has finite projection in the surface BZ.
At the momenta corresponding to the projection of the nodal
ring on a surface, the change in the number of flat bands must
be the same as the topological index ⌫ of the ring.

For the hyperhoneycomb lattice, we examine the spectra as-
sociated with the (100) and (001) surfaces in Fig. 2d and 2e
(the surface (010) is related to the (100) surface by a glide
plane symmetry, hence it is not shown). Since the nodal ring

has finite projection along k1 and k3, flat bands at zero energy
are expected in both surface spectra. Indeed, we see ⌫ = 1

within the area enclosed by the projection of the nodal ring.
Plotting the surface spectra along momentum paths that cut
through the nodal ring projections, we see the presence of flat
bands where the winding number is ±1. In contrast, the nodal
ring in the H–1 lattice only has finite projection along the k3
direction. Therefore, only the (001) surface spectrum pos-
sesses zero energy flat bands, which can be seen in Fig. 2f.

Analysis of the ⇡-flux sector: The above analysis can be
performed analogously in the ⇡-flux sector on the H–1 lattice;
here we summarize the main results. The description of the ⇡-
flux sector requires doubling of the unit cell in the a1 direction
(See Supplemental Material [21] for definition of the enlarged
unit cell and D⇡

1,k). Due to the enlarged unit cell, the TR, PH,
and chiral symmetry operators are now given by

T⇡
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= I8n+8 (10)

with n = 1. Since ⌘
T

= ⌘
P
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k

still belongs to
class BDI and its nodal rings are associated with Z-valued
topological invariants.
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Plotting the surface spectra along momentum paths that cut
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bands where the winding number is ±1. In contrast, the nodal
ring in the H–1 lattice only has finite projection along the k3
direction. Therefore, only the (001) surface spectrum pos-
sesses zero energy flat bands, which can be seen in Fig. 2f.
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here we summarize the main results. The description of the ⇡-
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FIG. 2: (a) Combined Luttinger-Tisza and single-Q analysis.
Solid colours correspond to exact classical ground states
from Luttinger-Tisza while the region indicated by the white
dashed line are the single-Q results. (b-f) Ground state spin
configurations in each phase. (g) Magnitude of the ordering
wave-vector ⇣Q in the IS phase.

form the strong coupling expansion, we consider an atomic
Hamiltonian of Kanamori form[29]:

H0 =
↵

i

⇤
U � 3JH

2
(Ni � 5)2 � 2JHS 2

i � JH

2
L2

i

⌅
, (2)

where Ni, S i, and Li are the total number, spin, and (e⇤ec-
tive) orbital angular momentum operators at site i, U is the
Coulomb interaction, and JH is Hund’s coupling. The expan-
sion is carried out in the limit U, JH ⌅ ⌃ ⌅ t, first taking U
and JH to be large. Since the spin-orbit coupling then domi-
nates the kinetic terms, the resulting spin-orbital model can be
projected into the je⇤ = 1/2 subspace.

The kinetic terms are encapsulated through a tight-binding
model for the Ir t2g orbitals, including both direct overlap of d-

orbitals and hopping mediated through the oxygen atoms. For
our purposes, we focus on nearest-neighbour bonds where we
then have

↵

 i j⌦��⇥(⇤)

�
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�
d†i�d j� + d†i⇥d j⇥

⇥
+ t2

�
d†i�d j⇥ + d†i⇥d j�

⇥
+ t3d†i⇤di⇤

�
,

where d†i� = (d†i�⌃ d†i�⌥) and di� are the creation and annihila-
tion operators for the t2g state � at site i. Here we sum over the
yz(x), zx(y) and xy(z) links as indicated in Fig. 1, but mapping
the directions to orbitals as x ⇧ yz, y ⇧ zx and z ⇧ xy. The
parameters t1, t2, and t3 are given by

t1 =
tdd⌥ + tdd⌅

2
, t2 =

t2
pd⌥

⇥pd
+

tdd⌥ � tdd⌅

2
, t3 =

3tdd� + tdd⌅

4
,

where tdd�, tdd⌥, tdd⌅ and tpd⌥ are Slater-Koster[30] parameters
for the direct Ir-Ir overlap and Ir-O overlap while ⇥pd is the Ir-
O gap[31]. Treating the kinetic terms as a perturbation yields
the Hamiltonian in Eq. 1 with

J =
4

27

⇤
6t1(t1 + 2t3)

U � 3JH
+

2(t1 � t3)2

U � JH
+

(2t1 + t3)2

U + 2JH
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, (3)

K =
8JH

9

⇧
    ⌥

(t1 � t3)2 � 3t2
2

(U � 3JH)(U � JH)

⌃
⌦⌦⌦⌦� , (4)

� =
16JH

9

⇤
t2(t1 � t3)

(U � 3JH)(U � JH)

⌅
. (5)

Exchanges of the same form as the � term were originally
called symmetric anisotropic exchange[32, 33] and can be re-
lated to the truncated dipolar exchange[34, 35] discussed in
other contexts through a reparametrization. We stress that
since this term is allowed by symmetry even in the most ide-
alized cases, the presence of the � term is a generic feature of
je⇤ = 1/2 models with edge-shared octahedra (see the Sup-
plemental material [36] for more information). To confirm
this, the strong coupling expansion was also carried out in the
limit where U, ⌃ ⌅ JH ⌅ t, with the contributions of JH
included in the excited states perturbatively. While energies
of the virtual states involve ⌃ instead of JH , all three terms are
generated, with the dependence of K and � on the hoppings t1,
t2, and t3 unchanged (Supplemental Material [36]). Whereas
the Kitaev limit can be naturally accessed when t2 ⌅ t1, t3,
leaving this regime introduces both J and �making it di⌅cult
to reach the HK limit[37]. Fine tuning could in principle ren-
der � small, but the dominant contributions to t1 ⇤ tdd⌥ and
t3 ⇤ tdd� are of opposite sign making any such tuning implau-
sible. Further applications to wider classes of iridium oxides
are left for future work.

Classical phase diagram.- To understand the e⇤ects of in-
cluding this bond-dependent � term, we first map out the clas-
sical magnetic phases. We parametrize the exchanges using
angles  and ⇧

J = sin ⇧ cos  , K = sin ⇧ sin  , � = cos ⇧, (6)

fixing the energy scale so that
�

J2 + K2 + �2 = 1. By map-
ping ⇣S i ⇧ �⇣S i on one sublattice, we send  ⇧ � and

2

(a) Classical phase diagram with � > 0

(b) AFM (c) FM (d) Stripy

(e) Zigzag (f) 120⇥ (g) | ⇣Q| in the IS
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Solid colours correspond to exact classical ground states
from Luttinger-Tisza while the region indicated by the white
dashed line are the single-Q results. (b-f) Ground state spin
configurations in each phase. (g) Magnitude of the ordering
wave-vector ⇣Q in the IS phase.
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where Ni, S i, and Li are the total number, spin, and (e⇤ec-
tive) orbital angular momentum operators at site i, U is the
Coulomb interaction, and JH is Hund’s coupling. The expan-
sion is carried out in the limit U, JH ⌅ ⌃ ⌅ t, first taking U
and JH to be large. Since the spin-orbit coupling then domi-
nates the kinetic terms, the resulting spin-orbital model can be
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lated to the truncated dipolar exchange[34, 35] discussed in
other contexts through a reparametrization. We stress that
since this term is allowed by symmetry even in the most ide-
alized cases, the presence of the � term is a generic feature of
je⇤ = 1/2 models with edge-shared octahedra (see the Sup-
plemental material [36] for more information). To confirm
this, the strong coupling expansion was also carried out in the
limit where U, ⌃ ⌅ JH ⌅ t, with the contributions of JH
included in the excited states perturbatively. While energies
of the virtual states involve ⌃ instead of JH , all three terms are
generated, with the dependence of K and � on the hoppings t1,
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the Kitaev limit can be naturally accessed when t2 ⌅ t1, t3,
leaving this regime introduces both J and �making it di⌅cult
to reach the HK limit[37]. Fine tuning could in principle ren-
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t3 ⇤ tdd� are of opposite sign making any such tuning implau-
sible. Further applications to wider classes of iridium oxides
are left for future work.

Classical phase diagram.- To understand the e⇤ects of in-
cluding this bond-dependent � term, we first map out the clas-
sical magnetic phases. We parametrize the exchanges using
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Recently, realizations of Kitaev physics have been sought in the A2IrO3 family of honeycomb iridates, origi-
nating from oxygen-mediated exchange through edge-shared octahedra. However, for the je⇥ = 1/2 Mott insu-
lator in these materials exchange from direct d-orbital overlap is relevant, and it was proposed that a Heisenberg
term should be added to the Kitaev model. Here we provide the generic nearest-neighbour spin Hamiltonian
when both oxygen-mediated and direct overlap are present, containing a bond-dependent o⇥-diagonal exchange
in addition to Heisenberg and Kitaev terms. We analyze this complete model using a combination of classical
techniques and exact diagonalization. Near the Kitaev limit, we find new magnetic phases, 120⌅ and incommen-
surate spiral order, as well as extended regions of zigzag and stripy order. Possible applications to Na2IrO3 and
Li2IrO3 are discussed.

The honeycomb family of iridium oxides[1–11] has at-
tracted a considerable amount of attention [12–20] due to
the possibility they lie near a realization of Kitaev’s exactly
solvable spin-1/2 honeycomb model[21]. This model hosts
a number of remarkable features: a Z2 spin liquid with gap-
less Majorana fermions and (non-Abelian) anyonic excita-
tions under an applied magnetic field. No symmetry prin-
ciple excludes terms besides the Kitaev, so additional inter-
actions are generically expected. From microscopic calcu-
lations of exchange mediated through the edge-shared oxy-
gen octahedra, it has been proposed that a pure Kitaev model
of je⇥ = 1/2 spins was the appropriate description[22]. It
was further suggested that direct overlap of the d-orbitals
generalizes this to a Heisenberg-Kitaev (HK) model[13], lin-
early interpolating between an isotropic Heisenberg model
and Kitaev’s bond-dependent exchange Hamiltonian. Exten-
sive study of the HK model[23–28] has shown a variety of fas-
cinating phenomena, including an extended spin liquid phase
and quantum phase transitions into several well-understood
magnetic ground states. While present, the zigzag phase seen
in Na2IrO3 [2, 4, 6] is di⇤cult to stabilize within the HK
model; one must resort to additional t2g-eg exchange paths[18]
or further neighbour hoppings[14]. In light of this puzzle one
may question whether the HK model provides an adequate de-
scription of the honeycomb iridates even at the nearest neigh-
bour level.

In this Letter, we show that when applied to the honey-
comb iridates the HK model is incomplete, explicitly deriving
the je⇥ = 1/2 spin model from a multiorbital t2g Hubbard-
Kanamori Hamiltonian. Considering the most idealized crys-
tal structure, an additional spin-spin interaction beyond the
HK model must be included: bond-dependent symmetric o⇥-
diagonal exchange. The complete spin Hamiltonian has the
form

H =
⇤

⌃i j⌥⇧�⇥(⇤)

⌅
J�S i · �S j + KS ⇤i S ⇤j + �

�
S �i S ⇥j + S ⇥i S �j

⇥⇧
, (1)

where J is Heisenberg exchange, K is the Kitaev exchange,
and � denotes the symmetric o⇥-diagonal exchange. On each
bond we distinguish one spin direction ⇤, labeling the bond

FIG. 1: Crystal structure of the honeycomb iridates A2IrO3
with Ir4+ in black, O2� in white, and A = Na+,Li+ in gray.
For the Kitaev and bond-dependent exchanges we have
denoted the yz(x) bonds blue, the zx(y) bonds green and the
xy(z) bonds red.

�⇥(⇤) where � and ⇥ are the two remaining directions. Ex-
amining the phase diagram using a combination of classical
arguments and exact diagonalization, we find that with the in-
clusion of � new magnetic phases are stabilized near the Ki-
taev limits: an incommensurate spiral (IS) and 120⌅ order, in
addition to extended regions of zigzag and stripy order.

Microscopics.– We first construct a minimal model of a
honeycomb lattice of Ir4+ ions surrounded by a network of
edge-sharing oxygen octahedra. The Ir4+ 5d levels are split
into an eg doublet and t2g triplet by large crystal field e⇥ects,
leaving a single hole in the t2g states. Within the t2g mani-
fold, the orbital angular momentum behaves as an le⇥ = 1
triplet, with large spin-orbit coupling splitting this into an ac-
tive je⇥ = 1/2 doublet and filled je⇥ = 3/2 states. Because of
significant on-site interactions, localized je⇥ = 1/2 spins pro-
vide an e⇥ective model for the low-energy physics. To per-
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FIG. 2: (a) Combined Luttinger-Tisza and single-Q analysis.
Solid colours correspond to exact classical ground states
from Luttinger-Tisza while the region indicated by the white
dashed line are the single-Q results. (b-f) Ground state spin
configurations in each phase. (g) Magnitude of the ordering
wave-vector ⇣Q in the IS phase.
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Hamiltonian of Kanamori form[29]:
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where Ni, S i, and Li are the total number, spin, and (e⇤ec-
tive) orbital angular momentum operators at site i, U is the
Coulomb interaction, and JH is Hund’s coupling. The expan-
sion is carried out in the limit U, JH ⌅ ⌃ ⌅ t, first taking U
and JH to be large. Since the spin-orbit coupling then domi-
nates the kinetic terms, the resulting spin-orbital model can be
projected into the je⇤ = 1/2 subspace.

The kinetic terms are encapsulated through a tight-binding
model for the Ir t2g orbitals, including both direct overlap of d-

orbitals and hopping mediated through the oxygen atoms. For
our purposes, we focus on nearest-neighbour bonds where we
then have
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where d†i� = (d†i�⌃ d†i�⌥) and di� are the creation and annihila-
tion operators for the t2g state � at site i. Here we sum over the
yz(x), zx(y) and xy(z) links as indicated in Fig. 1, but mapping
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where tdd�, tdd⌥, tdd⌅ and tpd⌥ are Slater-Koster[30] parameters
for the direct Ir-Ir overlap and Ir-O overlap while ⇥pd is the Ir-
O gap[31]. Treating the kinetic terms as a perturbation yields
the Hamiltonian in Eq. 1 with

J =
4

27

⇤
6t1(t1 + 2t3)

U � 3JH
+

2(t1 � t3)2

U � JH
+

(2t1 + t3)2

U + 2JH

⌅
, (3)

K =
8JH

9

⇧
    ⌥

(t1 � t3)2 � 3t2
2

(U � 3JH)(U � JH)

⌃
⌦⌦⌦⌦� , (4)

� =
16JH

9

⇤
t2(t1 � t3)

(U � 3JH)(U � JH)

⌅
. (5)

Exchanges of the same form as the � term were originally
called symmetric anisotropic exchange[32, 33] and can be re-
lated to the truncated dipolar exchange[34, 35] discussed in
other contexts through a reparametrization. We stress that
since this term is allowed by symmetry even in the most ide-
alized cases, the presence of the � term is a generic feature of
je⇤ = 1/2 models with edge-shared octahedra (see the Sup-
plemental material [36] for more information). To confirm
this, the strong coupling expansion was also carried out in the
limit where U, ⌃ ⌅ JH ⌅ t, with the contributions of JH
included in the excited states perturbatively. While energies
of the virtual states involve ⌃ instead of JH , all three terms are
generated, with the dependence of K and � on the hoppings t1,
t2, and t3 unchanged (Supplemental Material [36]). Whereas
the Kitaev limit can be naturally accessed when t2 ⌅ t1, t3,
leaving this regime introduces both J and �making it di⌅cult
to reach the HK limit[37]. Fine tuning could in principle ren-
der � small, but the dominant contributions to t1 ⇤ tdd⌥ and
t3 ⇤ tdd� are of opposite sign making any such tuning implau-
sible. Further applications to wider classes of iridium oxides
are left for future work.

Classical phase diagram.- To understand the e⇤ects of in-
cluding this bond-dependent � term, we first map out the clas-
sical magnetic phases. We parametrize the exchanges using
angles  and ⇧

J = sin ⇧ cos  , K = sin ⇧ sin  , � = cos ⇧, (6)

fixing the energy scale so that
�

J2 + K2 + �2 = 1. By map-
ping ⇣S i ⇧ �⇣S i on one sublattice, we send  ⇧ � and

e.g. In the limit of 
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Supplementary Material A:

Details on ab-initio electronic structure calculations

For the electronic structure calculations with SOC and on-
site Coulomb interaction, OPENMX code[31, 32], which is
based on the linear-combination-of-pseudo-atomic-orbital ba-
sis formalism, was used. A non-collinear DFT scheme and
a fully relativistic j-dependent pseudopotential were used to
treat SOC, and Perdew-Burke-Ernzerhof (PBE) parametriza-
tion of the generalized gradient apporoximation (GGA) was
chosen for the exchange-correlation functional[], (Cite PBE)
which was compared and found to be almost identical with
the results with the Perdew and Zunger local density approx-
imation functional[]. (Cite CA-PZ) 400 Ry of energy cutoff
was used for the real-space sampling, and 9 ⇥ 9 ⇥ 9 k-grid
was adopted for the primitive unit cell. Electron interactions
are treated as on-site Coulomb interactions via a simplified
LDA+U formalism implemented in OPENMX code[33], and

up to 3.0 eV of Ue↵ ⌘ U � JH parameter (JH is Hund’s
coupling) was used for Ir d orbital in our GGA+SOC+U cal-
culations. Maximally-localized Wannier orbital method[34],
which is implemented in OPENMX code[35], were used to
obtain the tight-binding Hamiltonian for Ir t2g atoms.

z

x ydxz

t3
t2

t1 pz

dyz

FIG. 4. (Color online) (Supplementary materials:) The three largest
t2g Wannier orbital hopping amplitudes.
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bonds are ferromagnetically correlated. As a result, despite
being in the AF-Heisenberg regime, there is a net moment in
the â direction. The size of the net moment is small, especially
compared to the FMa phase, and decreases as we approach the
SPa+ phase or the AF Kitaev point. We illustrate this decrease
in net moment by the lightening of the color contours.

B. Existing magnetic orders

AFc: This collinear phase is the exact ground state in the
AF-Heisenberg region when J > �K and J > �: the LTA
succeeds in finding this exact ground state for both lattices.
This phase is the HK-AF state with moments aligned antifer-
romagnetically and locked in the ĉ direction due to the pres-
ence of �.

FMa: This coplanar state with finite net moment encom-
passes a large fraction of both phase diagrams. Only in the hy-
perhoneycomb does the LTA succeed in identifying this phase
as the exact ground state. In both lattices, the projection of
the spins along the â direction is ferromagnetic while the pro-
jection along the ĉ direction vanishes. The projection along
the ˆb direction behaves differently for the hyperhoneycomb
and the H–1 models. In the hyperhoneycomb lattice, the ˆb
component orders in the skew-zigzag order, while in the H–1
lattice, the ˆb component is ferromagnetic within each honey-
comb strip. This state is connected to the HK-FM phase, and
in the case of the hyperhoneycomb lattice, it is also connected
to the J > �K/2 segment of the HK-SZ phase, where ObD
studies have shown that the HK-SZ phase orders in the ˆb di-
rection, much like the FMa phase. The Ca

2 rotation symmetry
is preserved in this phase.

Since the ˆb component of the phase in both lattices have
a vanishing net moment, only the â component contributes to
the total moment. This total moment becomes saturated (spins
point entirely in the â direction) when approaching the HK-
FM phase and decreases smoothly as we approach the SPa�

boundary. In the hyperhoneycomb case, the total moment fur-
ther decreases and vanishes smoothly as we approach the HK-
SZ phase. The magnitude of the moment along â is depicted
by the color contours in Fig. 2 where the largest projection is
colored darkest.

SSx/y: Wedged within the HK-SS, AFc, and SPb+ phases
are two skew-stripy phases, the first of which to be discussed
is the non-coplanar SSx/y phase. This phase has the largest
projection along the x(y) direction and this component orders
in a skew-stripy fashion (these two orientations are degener-
ate). In the hyperhoneycomb lattice, the other two Cartesian
components of the spins are small but finite and ensure that
the spins along each zigzag chain are collinear. In the H–1
lattice, the y(x) component also orders in a skew-stripy fash-
ion. This phase does not have a net moment and breaks all C2

symmetries.
SSb: This other skew-stripy phase is coplanar and lies far-

ther away from the FM Kitaev point relative to the SSx/y

phase. This phase borders the AFc phase and can be identified
via the LTA in the hyperhoneycomb lattice. In both lattices,
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(b) H–1 model

FIG. 5. (Color online) Classical phase diagrams for the J–K–�
pseudospin model with �  0. The details of this phase diagram
can be understood via a classical mapping that relates (J,K,�) !
(�J,�K,��); see Sec. V C for details. The color contours are
guides for the eye: in the case of spiral (SP) states, they represent the
length of the Q-vector, whereas in the case of non-spiral states, they
represent properties relevant to that particular phase; see Sec. V for
details.
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the spins along the â direction is ferromagnetic while the pro-
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in a skew-stripy fashion (these two orientations are degener-
ate). In the hyperhoneycomb lattice, the other two Cartesian
components of the spins are small but finite and ensure that
the spins along each zigzag chain are collinear. In the H–1
lattice, the y(x) component also orders in a skew-stripy fash-
ion. This phase does not have a net moment and breaks all C2
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FIG. 5. (Color online) Classical phase diagrams for the J–K–�
pseudospin model with �  0. The details of this phase diagram
can be understood via a classical mapping that relates (J,K,�) !
(�J,�K,��); see Sec. V C for details. The color contours are
guides for the eye: in the case of spiral (SP) states, they represent the
length of the Q-vector, whereas in the case of non-spiral states, they
represent properties relevant to that particular phase; see Sec. V for
details.
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