Efficient simulations of low-dimensional systems

Frank Pollmann

Max Planck Institute for the Physics of Complex Systems

Trieste, Sep. 14 2015



Efficient simulations of low-dimensional systems

Overview

(1) Matrix-product states and probes for topological phases

- Review: Entanglement and matrix-product states (MPS)
- MPS for infinite systems

- Extracting fingerprints of topological order
(2) Efficient simulation of dynamical properties

- Time-evolving block decimation (TEBD)

- Quench dynamics and entanglement growth
- MPO based time evolution

(3) Tutorial: Hands on session



(2) Efficient simulation of dynamical properties



Time evolution of MPS

* How to efficiently simulate the time evolution of MPS?

Y1) = exp(—iHt)[thi=0)

— Time evolving block decimation
[Vidal *03]

— Time dependent DMRG

White & Feiguin '04, Daley et al.'04,... ]

— Krylov space based methods
[Schmitteckert '04,...]

— l1ime dependent variational principle
[Haegemann etal.’| | /'15]

— Matrix-product operator based time evolutions
[Zaletel et al.’ | 5]




Time evolving block decimation



Time evolving block decimation

e Assume we have a Hamiltonian of the form
H — Z f 13,5 +1]
J

e [1me evolution In real ttme

Y1) = exp(—iH?t)|1hi=0)

* [ime evolution in Imaginary time
, exp(—HT1)|v;
oy — T _PCHTI

oo || exp(—HT)|¢i)|



Time evolving block decimation

» Consider the Hamiltonian H = Zh[j’j“]
J

* Decompose the Hamiltonian as H=F+G

I = Z il = Z f 13,5 +1]

even j even j
G = Z Gl = Z p 13,7 41]
odd 3 odd 3
F - F

/

* We observe [FI"l FI"l] =0 ([GI"), GI"]] = 0)
but |G, F'| # 0



Time evolving block decimation

*  Apply Suzuki-Trotter decomposition of order p
exp (—i(F + G)dt) = f, |exp(—F'dt), exp(—Gdt)]
Wlth fl (LIZ', y) — XY , f2($7 y) — xl/nyl/Z, etc.

* [wo chains of two-site gates

Ur = H exp(—iF§t)

even r

Ug = H exp(—iG[r]ét)
odd r



Time evolving block decimation

* Time Evolving Block Decimation algorithm (TEBD)

* How do we get the original form back?



Time evolving block decimation

* Time Evolving Block Decimation algorithm (TEBD)

(1)

(i1) O (1i1)

~
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OO0 = AR—
(SVD) | |
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C AT X 1Y
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o Scales with the matrix dimension as y°



Time evolving block decimation

e Assume that |¥) is translational invariant and N = oo :
infinite Time Evolving Block Decimation algorithm (iTEBD)

* Partially break translational symmetry to simulate

the action of the gates

F[QT] _ FA, )\[27“] _ )\A’ F[QT’—I—l] _ FB, )\[QT—I—l] _ )\B

A

AN TN

AT TR

* [ime evolution achieved by repeated local application

of gates (parallel)



Time evolving block decimation

* Python + numpy provide useful tools to simply implement
the algorithm as key functions are already implemented

X=tensordot (Y, Z,axes=(1,0)) X@-jk = E Yimijk
m
X=reshape (X, (diml*dim2,dim3)) X,,;jk — X(z’j)k

X=transpose(X,(0,2,1)) Xz’jk — Xikj



Time evolving block decimation

# First define the parameters of the model / simulation
J=1.0; g=0.5; chi=5; d=2; delta=0.01; N=1000;
G = np.random.rand(2,d,chi,chi);1 = np.random.rand(2,chi)

Generate the two-site time evolution operator
np.array( ((J,-9/2,-9/2,0], [-9/2,-],0,-9/2], [-9/2,0,-3,-9/2], [0,-9/2,-9/2,]]] )
np.reshape(expm(-deltaxH),(2,2,2,2))

| —- R
nn

# Perform the imaginary time evolution alternating on A and B bonds
for step in range(®, N):

A = np.mod(step,2); B = np.mod(step+1,2) Q{l rir (i) e (iif) ¥ Eﬁ v
# Construct theta a9y = ﬂ (S-\/:)) T M T
theta = np.tensordot(np.diag(1[B,:]),GI[A,:,:,:],axes=(1,1)) U

theta = np.tensordot(theta,np.diag(1l[A,:],0),axes=(2,0)) i j J'
theta = np.tensordot(theta,G[B,:,:,:],axes=(2,1)) ) (iv)

theta = np.tensordot(theta,np.diag(1[B,:],0),axes=(3,0)) = 7= X iv

A A A A
# Apply U | ‘ h (2 )_II | (2)

theta = np.tensordot(theta,U,axes=([1,2],(0,1]))
theta = np.reshape(np.transpose(theta,(2,0,3,1)), (d*chi,d*chi))
X, Y, Z = np.linalg.svd(theta); Z = Z.T

# Truncate
L[A,0:chil=Y[@:chi]l /np.sqrt(sum(Y[0:chi]*x2))

X=np.reshape(X[@:dxchi,®:chi], (d,chi,chi))
G[A,:,:,:]1=np.transpose(np.tensordot(np.diag(1[B, :]%*(-1)),X,axes=(1,1)),(1,0,2))

Z=np.transpose(np.reshape(Z[0:dxchi,@:chi], (d,chi,chi)),(0,2,1))
G[B,:,:,:]=np.tensordot(Z,np.diag(1[B,:]1%x(-1)),axes=(2,0))

print "E_iTEBD =", -np.log(np.sum(theta*x2))/delta/2



Quench dynamics and entanglement growth



Dynamical Response

* Spin-1 Heisenberg model: H = Zj §j : §j+1

* T[ime evolution of S;-g\wo) - 000000000

A

——1=0.30

W()S5=|9 (1))




Dynamical Response

* Dynamical structure factor S(k, w)

C(x,t) = (1ol Sy (£)Sg (0)[¢0) TTTTT@TTTTT
TTTTT&RXfTT
1phedgtn

Z / dte ket (g t) m a

¥=40J=1J,=0.48J2=0.24 J3= 024(k integrated)
3.5

3
25
2

w
1.5

1
0

0 02 04 0.6 0.8 1

Spin-1 Heisenberg Spin-1/2 Ladder



Global Quenches

e Start from an unentangled product state (S = 0)
o) = | T

* Measure the entanglement after quench and the time
evolution with U (t) = e~ "

[T eeee|

* [ime evolution with a Heisenberg Hamiltonian:

A

S tJ

Lieb and Robinson (1972)
P Calabrese and J. Cardy (2006)

tJ |



Global Quenches

* Quickly leaving the comfort zone:
Exponential growth of the bond dimension!

&

* Only short times can be simulated!

Hands on session!



MPQO based time evolution



MPQO based time evolution

e Desirable to have a method that can be...

(1) ... applied to any long-ranged Hamiltonian

(1) ... applied to an infinitely long system

HHHH

(ii1)... easily implemented



MPQO based time evolution

* Hamiltonian expressed as a sum ofterms  H = > H,
Expand U = exp(—itH) for t < I

141 Z H, — H(l +tH,) Neglect overlapping

terms In expansion
— —
e~ L2t2 e~ Lt?

~ 14+t Z H, + 2 Z H,H, Compactmatrix product

<y operator representation

r<y<z

+1° Y H,H,H.+... i s I
annjn:oé I5;

af #

Jn



MPQO based time evolution

* For experts on matrix product operators.. ..
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Hamiltonian MPO time evolution MPO



MPQO based time evolution

* Quench In the spin-1/2 Heisenberg chain

L L | ) I 1 l
== MPOW
1006 — MPO W"
0 2nd order Trotter _
Runge-Kutta2 | _.
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MPQO based time evolution

* Dynamical correlation functions in the
Haldane ShaStr)’ model [Haldane & Zirnbauer '93]

Hyg = Z Sz SCBJFT.

0.3

t 5 10 15 20



MPQO based time evolution

* [Expansion of bosonic clouds In 2D [Hauschild et al. ‘15]

tJ, = 0.0 tJs = 1.0 tdys = 1.5

#

Jy/Js = 0.2

Jy/Js = 1.0




Many-body localization



Many-body localization
E

V §

| | |
tot ci ¢35 ¢y |0)
VSV \
Oganesyan and Huse (2007)

- Pal and Huse (2010)

Bauer and Nayak (2013)

Anderson (1958)
\‘/\‘/ Basko, Aleiner; Altshuler (2006)




Many-body localization

Extended | ocalized _5>a>n<§0insula':or
A
Volume law Area law
pB = Traly) (Y]
ETH ETH breaks 5 = —lrppplogpp
down

—_——m——

disorder strength Anderson (1958)

Basko, Aleiner; Altshuler (2006)
Oganesyan and Huse (2007)
Pal and Huse (2010)

Bauer and Nayak (201 3)



Many-body localization transition

® | ocalized and extended phase: AREA vs.VOLUME law
H:—Z(l—l—éJ ZH—I—hZO —|—JQZO'ZO'Z_|_2

o0
A A
*—e
—v

| | | | IIII| | |
L=8 D=1-10° -

L=10, D=5-10"
L=12, D=1-10"
L=14, D=2-103 A

Lh/2=0=03 ..
10 10° 10*

= —Irppplogpp
....E...."'
A : B

Kjall, Bardarson, FP PRL 113, 107204 (2014)



Many-body localization transition

® | ocalized and extended phase: AREA vs.VOLUME law
= Variance of S diverges at the transition point

L=8, D=1-10° A
L =10, D=5-10* |
L=12, D=1-10"
L=14, D=2-10° ]

0.0" L BN N S R T
10" 10° 57 10 10°

Kjall, Bardarson, FP PRL 113, 107204 (2014)



Many-body localization transition

® Repeating the scaling for various energy densities
yields the phase diagram

1

Extended - MBL

2/3 F N ]
W =~

1/3F A ]

% 2 7 6 8

Kjall, Bardarson, FE PRL 113, 107204 (2014)



Quasi local integrals of motion

® Many-body eigenstates of Anderson insulator

A aVaavivaav

® “Quasi local” product state representation of 2% states

Ui inz,eomr) = ()™ (€)™ . ()™ [0)



Quasi local integrals of motion

® Many-body localization: “p-bits” (o) and “I-bits™ (7):

[Huse & Oganesyan '| 3, Serbyn, Papic, Abanin ‘| 3]

01 02 O3 Or,—107],

UO'l,...,O'L

‘w > — T1yeeesTL
T1s724...,T], |

71, T2y ey TL) = ﬁ ﬁ i lﬁ lﬁ ﬁl ll ﬁl

o All 2 many-body eigenstates given by a “quasi local” unitary

® [fficient representation as Matrix-Product Operator ¢!



Disordered Anisotropic Heisenberg Chain

® [oy model to study the MBL phases tanderson e

H= JLZ SESE L+ SYSY. ) +Zh S? +J, ZSZ 2

hopping random potential  interaction

with h,; € [—W, W]

® All single particle states localized for W #£ 0

 J, =J,=1:fully MBL for W 2 3.5 asHuseio



Quasi local integrals of motion

® (Compression using exact diagonalization (ED) rpexera ciric 14

I R
01,4...,07],
Url s R °
T | |
6F 2 /* N Disorder Strength
5'l ¢ Method 1 15
£2 _// "’f Hesr 2 20
A L > ©3 30
o 3t 0 Disorder L 4 = 40
\8/ Strength . 5
2 6
1} °
10
OB

0 2 o 6 8 10 12

® ED exponential in size! Gauge of U7 = Unitarity?

7°°*°)



Variational Ansatz:

01 g2 03 or,_-1 O],
- ) | | | |
® Finite depth local U7 or = 41— 4@ 48— ... — 45|40
unrtary network I I
01 02 <T3 TL—l OL
[Nlay ]
2] |
. . u[Nlayer] u[Nlayer]
Different unitary _ | o
networks possible... ‘ B ; ‘
Y
I UH | | | u%]_l] |
1 T2 T3 TL—-1 7L

® | ocally minimize the cost function using CG

FHAMY) = (r [H?[0r) — (Ve | H p2)? > 0

17T}
Scaling: Linear in I and exponential in Ny ;yer

FP Khemani, Cirac, Sondhi, arXiv:1506.07179 (2015)



Comparison with exact results

® Deep in localized phase with W = 8 and L = &:

15+ ' - =: ———  ——
10“; _ e ;.: — S— Iy
= = = ——
5 e S S— — — —
—— ——: —_— == ==
., EE ===,
SIS = = |
BEE
_5_% _—— _=
= = =— o
e i E—
-10 = - -
~15/—— — —_ | b 1-14
0 1 2 0 1 2
N layer N, layer

FP Khemani, Cirac, Sondhi, arXiv:1506.07179 (2015)



Comparison with exact results

® | inear scaling of the mean variance: Constant error density

FP Khemani, Cirac, Sondhi, arXiv:1506.07179 (2015)



Comparison with exact results

® Spectral function: A(w) = 2% > {mlSiolme)0(w — Ery + Ery)

{T1}, {72}

e «ED full EDMPO — Npor =0 — Npor =1 — Nypyer =2

0.008 L 1}
0.006 |-
3
= 0.004 |-
0005 | W=8.L=10
0.000 L |
0 5 10 15

FP Khemani, Cirac, Sondhi, arXiv:1506.07179 (2015)



