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¢  1D systems – transport carried by collective 
modes (Charge Density Waves). 

¢  In ideal systems CDWs are supposed to move 
ballistically. 

¢  In reality even  a weak disorder pins CDW 
(Giamarchi, Shulz, 1988). 

¢ Exceptions? Transport in chiral edges (quantum 
Hall, spin Hall).  

¢ Any other cases of symmetry protected ballistic 
transport? 



THE MODEL AND THE RESULTS 
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We study the U(1) invariant case and have found two phases. 
 
1.  Jx =Jy > Jz (easy plane anisotropy). The ground state has a 

broken Z2 symmetry, quasiparticles with a one sign of 
helicity are gapless, with the other have a spectral gap.  

The transport is ballistic, protected by the U(1) symmetry. 
Perfect metal. The order parameter 

 
2. Jx =Jy < Jz (easy axis anisotropy). The quasiparticles are 

gapped, the low lying excitations are Charge and Spin 
density waves. The CDW is pinned by the static potential 
disorder. Insulator. € 
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TOWARDS THE CONTINUUM LIMIT 
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The continuum limit:  
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Cn = e−ikF na0R(x) + eikF na0L(x),

The band Lagrangian becomes 
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The interaction is   
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V = dxJa R
+ σaSa( )Le2ikF na0 +H.c.[ ]∫

Now we have absorb the exponent into the spin configuration! 



SLOW VARIABLES FOR SPINS. 
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! 
S j /S = 1−m2 ! e 1(x)cos[2kF ja0 +α(x)]+ ! e 2(x)sin[2kF ja0 +α(x)][ ] + m j

! e 3(x), x = na0,
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Parametrization:  
€ 
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! e 1 = sinθ,−cosθ cosψ,−cosθ sinψ( ),
! e 2 = 0,sinψ,−cosψ( ),
! e 3 = cosθ,sinθ cosψ,sinθ sinψ( ).

mj is a fast variable, to be integrated out.   



THE BACKSCATTERING  GENERATES GAPS AT LEAST IN A PART 
OF THE FERMIONIC SPECTRUM 
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V = dx R+eiα J⊥ e− iψ cos2(θ /2)σ − − eiψ sin2(θ /2)σ +[ ] + Jz sinθˆ I ( )L + H.c.[ ]∫ (1−m2)1/ 2.
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Δ ±
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2 sin2θ ± J( )

2
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Integrating over the fermions we obtain the following contribution to  
the ground state energy: 
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E = −
1

2πvF
Δ a
2

a=±

∑ ln(t /Δ a ) = E(m = 0,θ) + Am2 /2.

A > 0.

Depending on whether the anisotropy is easy axis or easy plane, 
E(θ) has minimum at θ=π/2 or θ=0. 



THE SPIN BERRY PHASE 

¢ The standard formulation for spin path integral: 

€ 

DcosθDψ exp −iS dτ cosθ∂τψ∫[ ]∫

where the spin is represented as      

€ 

! 
S = S! n , ! n = cosθ,sinθ cosψ,sinθ sinψ( )

This formulation is connected with a particular basis. We need to have one  
which  is independent on the  basis. We know such formulation exists. 
Let us try the following one 
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In the basis where n is as above we can choose 
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L =
iS
2
! e 1∂τ
! e 2( ) − ! e 2∂τ

! e 1( )[ ], ! e 1⊥
! e 2⊥
! n .
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! e 1 = sinθ,−cosθ cosψ,−cosθ sinψ( ), ! e 2 = 0,sinψ,−cosψ( ),

or take 
any  
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! e 1' =
! e 1 cosA +

! e 2 sinA,
! e 2 ' = −

! e 1 sinA +
! e 2 cosA,

with time-
independent A. 

and reproduce the 
known expression.  
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! e 3 '= 1−m2 ! e 1(x)cos[2kF ja0 +α(x)]+ ! e 2(x)sin[2kF ja0 +α(x)][ ] + m j
! e 3(x),

! e 2 '= −
! e 1(x)sin[2kF ja0 +α(x)]+ ! e 2 cos[2kF ja0 +α(x)],

! e 1'= −m ! e 1(x)cos[2kF ja0 +α(x)]+ ! e 2(x)sin[2kF ja0 +α(x)][ ] + 1−m2 ! e 3.

Substituting this into the Berry phase and omitting the oscillatory terms 
we get  
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LWZ = iS dτ[∫ m ∂τα + cosθ∂τψ( )].

Now we can integrate over m and after that look for the saddle point in θ.  

Change of the basis: 



EASY AXIS ANISOTROPY. 

¢ The fermionic spectrum is gapped. The low 
energy spectrum consists of gapless collective 
excitations: the fluctuations of angles α,ψ:  
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α is a slow charge density, ψ is a fast spin density mode. 
The cut-off is the smallest gap   	
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Δ− = cS(JII − J⊥ ) << εF .



DISORDER.  

¢ The electron density couples to the 2kF –
component of the  potential disorder only 
quadratically: 

€ 
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V ~ (JII
2 − J⊥

2) dx[∫ g2(x)e2iα(x ) +H.c.]

The scaling dimension of this operator is 2K and since K <<1, the disorder 
is relevant. 
 



CORRELATION FUNCTIONS 

¢ The smooth part of the density is  

€ 

ρsmooth = 2∂xα,

Hence we have  
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<< ρ −ω,−q( )ρ ω,q( ) >>=
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EASY PLANE ANISOTROPY 

¢ The helicity symmetry is spontaneously broken 
at T=0. 

¢ A branch of the quasiparticles with a certain 
helicity (product of velocity and spin) remains 
gapless, the other is gapped. The situation is as 
on the edge of topological insulator, but here it is 
generated by the interactions. 

¢ The angle ρ =α+ψ (α-ψ) remains gapless: 
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FINITE TEMPERATURES 

¢ At finite T we have domains with different 
helicity separated by domain walls. Their density 
is 

¢ Now electrons may scatter from potential 
disorder (it does not require spin flip). There is a 
T-dependent metallic conductivity.  

€ € 

n ~ exp −Ewall /T( ), Ewall ~
S2J 2

v
ln(v /SJa0).



CONCLUSIONS 

¢ A simple model of a Kondo chain with a potential 
disorder  with an incommensurate electron 
density displays T=0 metal-insulator transition 
in anisotropy of the exchange interaction. 

¢ At easy plane anisotropy the system 
spontaneously breaks the helical symmetry. As a 
result electrons with a particular helicity remain 
gapless and others acquire a gap.  

¢ Since a low energy scattering process now 
requires a spin flip, the potential disorder 
becomes ineffective. 


