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For hard double parton s
attering with subpro
esses A and B

the 
ross se
tion of DPS is usually expressed in the simple form
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SPSσ

B
SPS

σeff

,whi
h is obtained from more general starting formula:(Paver, Treleani,..., Blok,...., Diehl,...).
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2b,where b is the impa
t parameter � the distan
e between 
enters of
olliding (e.g., the beam and the target) hadrons in transverse plane.

Γij(x1, x2;b1,b2; Q
2
1, Q

2
2) are the double parton distribution fun
tions, whi
hdepend on the longitudinal momentum fra
tions x1 and x2, and on thetransverse position b1 and b2 of the two parton undergoing hard pro
esses

A and B at the s
ales Q1 and Q2.
σ̂A

ik and σ̂B
jl are the parton-level subpro
ess 
ross se
tions.The fa
tor m/2 appears due to the symmetry of the expression for inter
han-ging parton spe
ies i and j. m = 1 if A = B, and m = 2 otherwise.



The double parton distribution fun
tions Γij(x1, x2;b1,b2; Q
2
1, Q

2
2) are themain obje
t of interest as 
on
erns multiple parton intera
tions. In fa
t,these distributions 
ontain all the information when probing the hadronin two di�erent points simultaneously, via the hard pro
esses A and B.It is typi
ally assumed that the double parton distribution fun
tions maybe de
omposed in terms of longitudinal and transverse 
omponents asfollows:
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2) = Dij
h (x1, x2; Q

2
1, Q2

2)f(b1)f(b2),where f(b1) is supposed to be a universal fun
tion for all kinds of partonswith the �xed normalization
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f(b1)f(b1 − b)d2b1is the overlap fun
tion (not 
al
ulated in pQCD).



If one makes the further assumption that the longitudinal 
omponents

Dij
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2) redu
e to the produ
t of two independent one partondistributions,
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the 
ross se
tion of double parton s
attering 
an be expressed in thesimple form
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πR2
eff = σeff = [

∫

d2b(T (b))2]−1is the e�e
tive intera
tion transverse area (e�e
tive 
ross se
tion).
Reff is an estimate of the size of the hadron.



The momentum (instead of the mixed (momentum and 
oordinate))representation is more 
onvenient sometimes:
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.Here the transverse ve
tor q is equal to the di�eren
e of the momenta ofpartons from the wave fun
tion of the 
olliding hadrons in the amplitudeand the amplitude 
onjugated. Su
h dependen
e arises be
ause the di�e -ren
e of parton transverse momenta within the parton pair is not 
onserved.



The main problems are* to make the 
orre
t 
al
ulation of the two-parton fun
tions

Γij(x1, x2;q; Q2
1, Q

2
2) WITHOUT simplifying fa
torization assumptions(whi
h are not su�
iently justi�ed and should be revised:(Blok, Dokshitzer, Frankfurt, Strikman; Diehl, S
hafer;Gaunt, Stirling; Ryskin, Snigirev;...))* to �nd (observe) longitudinal momentum parton 
orrelationsand deviation from the fa
torization form of DPS 
ross se
tion.In parti
ular, the fa
torization ansatz
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2)is justi�ed for small longitudinal fra
tions only, where the evident restri
tionon the total parton momenta x1 + x2 < 1 
an be negle
ted.



Setting the boundary 
ondition in the form of the theta-fun
tion

Θ(1 − x1 − x2)would result in a step-like dis
ontinuty at the edge of the spa
e.In more a

urate approa
h:(Snigirev, Gaunt, Stirling, Chang,....,Rinaldi,..., Gole
-Biernat,...).
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nthe kinemati
al 
onstrains are smoothly put in with the 
orre
tion fa
tor

(1 − x1 − x2)
n,where n > 0 is a parameter to be �xed phenomenologi
ally.One often 
hooses n = 2.This 
hoi
e of the spa
e fa
tor 
an be partly justi�ed in the frameworkof perturbative QCD (Snigirev)

+ gives dPDFs whi
h satisfy the momentum sum rules reasonably well.(Gaunt, Stirling). Some pQCD issues:



In the 
ollinear approximation the two-parton distribution fun
tions,

Γij(x1, x2;q = 0; Q2, Q2) = Dij
h (x1, x2; Q

2, Q2) with the two hard s
ales setequal, satisfy the generalized DGLAP evolution equations( Kirshner; Shelest, Snigirev, Zinovjev).
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The solutions of the generalized DGLAP evolution equations with thegiven initial 
onditions at the referen
e s
ales µ2(t = 0) may be written inthe form:
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The �rst term is the solution of homogeneous evolution equation(independent evolution of two bran
hes), where the input dPDF is generallyNOT known at the low s
ale µ(t = 0). For this non-perturbative dPDF atlow z1, z2 one may assume the fa
torization Dj1
′j2

′

h (z1, z2, 0) ≃ Dj1
′

h (z1, 0)Dj2
′

h (z2, 0)negle
ting the 
onstraints due to momentum 
onservation (z1 + z2 < 1).This leads to
Dij

h1(x1, x2, t) ≃ Di
h(x1, t)Dj

h(x2, t)the fa
torization hypothesis usually used in 
urrent estimations.Thus, the fa
torization is not in 
ontradi
tion to pQCD-evolution(homogeneous) at small x1, x2.Moreover, the additional se
ond term has also the fa
torization property(!!) in the 
ase of one slow (x1 ∼ 0) and one fast (x2 = �nite) parton.

se
ond (nonhom.) 1����������� ∼ ���������������rst (hom., fa
t.) <(q+g) initial multipli
ity>



Finite x1, x2:at the parton level the behaviour of dPDFs near the kinamati
al boundaryis under 
ontrol:moment representation ��> exa
t solution (nonhomogeneous) ��>large moments ��> inverse Mellin transformationResults only:1) The limit x1 + x2 → 1

Dj1j2
i (x1, x2, t) ∼ Aj1j2

i (1 − x1 − x2)
2CF t+δi,j1j2,where Aj1j2

i have at most a logarithmi
 dependen
e on (1 − x1 − x2). Theexponents δi,j1j2 are some integer numbers given in Table 5 of Ref.( Konishi, Ukawa, Veneziano, Nu
l. Phys. B157 (1979), 45 �jet 
al
ulus)2) The analog of a double-Regge limit
1 − x1 ≪ 1, 1 − x1 − x2 ≪ 1 − x1

Dj1j2
i (x1, x2, t) ∼ H(t)(1 − x1)

ki,j1j2(1 − x1 − x2)
2CF t+hi,j1j2,up to logarithmi
 terms. The exponents ki,j1j2 and hi,j1j2 
an be 
omputedand are given in Table 6 of Ref. ( KUV)



Hadron level:1) If nonperturbative input for dPDFs has a power of zero at x1 + x2 → 1is weaker than perturbative evolution (se
ond )term, mpi15then all results (at �nite x1, x2) above are valid !2) Moreover, in asymptoti
: at large enough t(Q)the se
ond term is dominant and again results above are valid !Thus, at x 
lose to 1 dPDFs in
lude the fa
tors

(1 − x1 − x2), (1 − x1), (1 − x2)with the exponents depending on parton types.These exponents are known at the parton level and 
an be 
al
ulatedin prin
iple at the hadron level �xing the asymptoti
 form of initial
onditions near this kinemati
al boundary.The problem of spe
ifying the initial 
onditions for the evolution equations,whi
h would obey exa
tly momentum sum rules and have the 
orre
tasymptoti
 behavior near the kinemati
al boundaries is not trivial and isunder extensively study(Snigirev, Gaunt, Stirling, Chang,....,Rinaldi,..., Gole
-Biernat,...).



Phenomenology:How to probe
(1 − x1 − x2)

assotiated W(Z)D produ
tion at the LHCb 
ondition ?:heavy system + large rapidity �> large enough xHint:there is some dis
repan
y in assotiated ZD produ
tion at the LHCb(LHCb Collab. JHEP 14 01 (2014) 091).measured SPS SPS DPS��������������������������������
Z + D0 2.5 0.85 0.64 3.28
Z + D+ 0.44 0.37 0.28 1.29measured (pb) < DPS (pb)



The 
orre
tion due to the limited partoni
 phase spa
e allows us to avoidthe dis
repan
y above.Numeri
aly the 
orre
tions from the limited partoni
 phase spase amountto a fa
tor 2 in the total rates at the LHCb 
onditions with ZD or WDasso
iated produ
tion taken as examples.After applying the 
orre
tion fa
tor
(1 − x1 − x2)

n, [n = 2(3)]the agreement with data be
omes rather satisfa
tory( Spe
i�
ation in 
al
ulations, results and plots in Zotov's talk+ in preparation).


