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 The projectile is 
  probed at large-x.

The target is 
  probed at small-x.

 Optimal for studying 
small-x saturation 

effects.

Motivation: Unifying three theoretical approaches: 

Color Glass Condensate

L. McLerran and R. Venugopalan, 1994
J. Jalilian-Marian, A. Kovner, A. Leonidov, and 
H. Weigert, 1997, 1999.
E. Iancu, A. Leonidov, and L. D. McLerran,2001
A. H. Mueller, 2001
E. Ferreiro, E. Iancu, A. Leonidov, and 
L.McLerran, 2002
Marquet 2007

High-Energy Factorization
Transverse Momentum 
Dependent factorization

S. Catani, M. Ciafaloni and F. Hautmann, 1991
M. Deak, F. Hautmann, H. Jung and K. Kutak,
2009
K. Kutak and S. Sapeta, 2012

 C. J. Bomhof, P. J. Mulders and F. Pijlman
 2006
 F. Dominguez, C. Marquet, B. -W. Xiao and 
 F. Yuan,2011
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Forward di-jet production in dilute-dense collisions

➢ Dilute

➢ Dense

➔ Momentum imbalance
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Forward di-jet production in dilute-dense collisions

● Color Glass Condensate

● Small-x limit;
● Saturation and multigluon distributions;

● No       factorization.

➔ Saturation scale;

High occupation number,
classical fields solution of Yang-Mills equations 

of motion:     

Quantum corrections: Non-linear renormalization group equation, JIMWLK. 

J. Jalilian-Marian, A. Kovner, A. Leonidov, and H. Weigert, 1997, 1999.
E. Iancu, A. Leonidov, and L. D. McLerran, 2001

Prithwish's talk on
Thursday

Jamal's talk on
Thursday
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Forward di-jet production in dilute-dense collisions

● Color Glass Condensate

● No       factorization.

● High-Energy Factorization 

K. Kutak and S. Sapeta (2012)

● Parton distributions of collinear factorization for the large-x projectile;
● One      dependent unintegrated gluon distribution for the small-x target;

● Off-shell matrix elements.

● Three- and four-point correlators of Wilson lines



  11

                            CGC in the dilute target limit 

Forward di-jet production in dilute-dense collisions
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                            CGC in the limit 

Forward di-jet production in dilute-dense collisions

High-Energy Factorization 

P. Kotko, K. Kutak, C. Marquet, EP, S. Sapeta, A. van Hameren (2015)
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                            High-Energy Factorization is equivalent to the CGC theory in the limit

Forward di-jet production in dilute-dense collisions

P. Kotko, K. Kutak, C. Marquet, EP, S. Sapeta, A. van Hameren (2015)
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Forward di-jet production in dilute-dense collisions

● Parton distributions of collinear factorization for the large-x projectile;

● Five      dependent unintegrated gluon distributions for the small-x target;
● On-shell hard factors.

● Transverse Momentum Dependent factorization

F. Dominguez, C. Marquet, B. Xiao and F. Yuan (2011)

● Valid in the large-      limit;

● Equivalent to CGC at large         and in the collinear limit.
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Forward di-jet production in dilute-dense collisions

● Transverse Momentum Dependent factorization

● TMD gluon distributions are gauge invariant, but process dependent.

Igor's talk on
Wednesday
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Forward di-jet production in dilute-dense collisions

● Transverse Momentum Dependent factorization

C. J. Bomhof, P. J. Mulders and F. Pijlman (2006)
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Forward di-jet production in dilute-dense collisions

●  Three new TMDs, eight in total;

● Includes all finite        corrections;

● Improved Transverse Momentum Dependent factorization

P. Kotko, K. Kutak, C. Marquet, EP, S. Sapeta, A. van Hameren (2015)

● Reduces the number of independent distributions to two per channel;
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Forward di-jet production in dilute-dense collisions
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Forward di-jet production in dilute-dense collisions

●  Eight unintegrated gluon distributions, two independent per channel;

● Includes all finite        corrections;

● Improved Transverse Momentum Dependent factorization

P. Kotko, K. Kutak, C. Marquet, EP, S. Sapeta, A. van Hameren (2015)

●  Outlook: Show equivalence between CGC and HEF at finite 
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Forward di-jet production in dilute-dense collisions

● Parton distributions of collinear factorization for the large-x projectile;

● Six      dependent unintegrated gluon distributions for the small-x target;
● On-shell hard factors.

● Transverse Momentum Dependent factorization

● High-Energy Factorization 

● Parton distributions of collinear factorization for the large-x projectile;

● One      dependent unintegrated gluon distribution for the small-x target;

● Off-shell hard factors.
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Forward di-jet production in dilute-dense collisions

● Transverse Momentum Dependent factorization at finite 

Restore the transverse momentum dependence in the matrix elements 

Off-shell matrix elements calculated with two methods: 

● Feynman rules + gauge vector defined by the target four-momentum 
+ longitudinal polarization vector for the off-shell gluon

● Color ordered amplitudes

S. Catani, M. Ciafaloni and F. Hautmann, 1991

Gauge invariance on the level of amplitudes;
 Redundancy in hard factors removed from the start.

Andreas talk on
Thursday

● Color ordered amplitudes
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Forward di-jet production in dilute-dense collisions

Unifying factorization formula

Restore the transverse momentum dependence in the matrix elements 
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Forward di-jet production in dilute-dense collisions

Unifying factorization formula

Unifies the regions of validity of HEF and TMD; It can be used to study 
     forward di-jet production for any value of the momentum imbalance 

between the saturation scale and the moment of the jets.  
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Forward di-jet production in dilute-dense collisions

Unifying factorization formula

Phenomenological study 

● Start with the large         case;

● First gluon input: Analytical model expressions for the gluon distributions; 

● Improve: Numerical inputs with small-x evolution.
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Forward di-jet production in dilute-dense collisions

Unifying factorization formula

● Gluon distributions in the Golec-Biernat-Wusthoff model 

K. Golec-Biernat and M. Wusthoff (1998)

Soon to be published
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Forward di-jet production in dilute-dense collisions

Unifying factorization formula

● Gluon distributions in the GBW model 
● High-kt behavior in the

 McLerran-Venugopalan model 

The scattering is dominated by one 
hard exchange

Soon to be published

L. D. McLerran and R. Venugopalan, (1994)
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Forward di-jet production in dilute-dense collisions

Unifying factorization formula

● Gluon distributions in the GBW model 

Soon to be published

K. Kutak and S. Sapeta, (2012)

Kutak-Sapeta gluons with 
non-linear evolution:
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Forward di-jet production in dilute-dense collisions

Unifying factorization formula

Soon to be published

Azimuthal correlations in
forward di-jet production.



Color Glass CondensateHigh-Energy Factorization
Result I

can be derived from the 

in the dilute target limit.

Result II

Simplified Transverse Momentum Dependent factorization 

Extension to finite        ; Three new TMD gluon distributions;
     + Reduction to 2 independent TMD gluons per channel.

Result III

Unifying Transverse Momentum Dependent factorization formula: 

The new formula:
 Is valid for for an arbitrary value of the momentum imbalance of the jets;
It encompasses the regimes of validity of both  HEF  and  TMD.
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Forward di-jet production in dilute-dense collisions

Outlook 

● Show equivalence between CGC and TMD at finite Nc. 

● Phenomenology of the new formula with evolved gluons and 
   comparison to data. 

● Find scattering processes that will probe each of the TMD distributions  
  individually and that will separate them experimentally. 

● Derive analytical expressions for the TMD gluons present at finite Nc. 
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Thank you
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Forward di-jet production in dilute-dense collisions

● Gluon distributions in the Golec-Biernat-Wusthoff model 

Work in progress

● Dipole distribution

● Weizsäcker-Williams distribution

● At large      there are two fundamental gluon distributions:
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TMD factorizaion in the large Nc limit

Dominguez, Marquet, Xiao and Yuan (2011)
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TMD factorizaion at finite Nc

Not all the hard factors are independent

Only two independent gluon distributions

Kotko, Kutak, Marquet, EP, 
Sapeta, van Hameren (2015)
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TMD factorizaion at finite Nc and arbitrary 

Effective procedure for calculating off-shell matrix elements:
Stanfard Feynman rules with a gauge vector defined by the target four-

momentum 
+ longitudinal polarization vector for the off-shell gluon

TMD's and hard factors from color ordered amplitudes:
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