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Metrology (GUM)

Measurement result

A quantity value being attributed to a measurand (quantity of interest) 

together with any other available relevant information

⇒ A measurement result includes its uncertainty 

International vocabulary of metrology

Basic and general concepts and associated terms (VIM)

(JCGM 200:2012)

Evaluation of Measurement data

Guide to the expression of uncertainty in measurement

(JCGM 100 :2008)



Measurement result
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e.g. Determination of activity Aα based on α-spectroscopy 

measured quantity : Cα = C' - B

measurand : Aα

Cα = εα Ω Pα Aα

Aα = Cα / εα Ω Pα

Cα : observed count rate in the peak 

Pα : escape probability

Ω : solid angle depends on  (H, φ1, φ2 )

εα : detection efficiency

Input quantities Output quantity (measurand)

Model



Measurement result

- determination of  activity Aα based on α-spectroscopy : 

exp. observable : Cα= C' - B

measurand : Aα

model : 
αα

α
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=
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C
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Z = F(X1,X2,X3,…) 

Input quantities Output quantity (measurand)

(X1, X2, X3, …) Model Z



Measurement result

- determination of  activity Aα based on α-spectroscopy : 

exp. observable : Cα= C' - B

measurand : Aα

model : 

- determination of decay constant
exp. observable : Cα(t)

decay constant : λα

model : CM = e-λαt

αα

α
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=
P

C
A

))t(C)t(C(V))t(C)t(C()( M
1

C
T

M
2 −−=λχ α

−
αα α

Z = F(X1,X2,X3,…) 

M(Z, X1,X2,X3,…) = 0 

Input quantities Output quantity (measurand)

(X1, X2, X3, …) Model Z



Input quantities Output quantity (measurand)

(X1, X2, X3, …) Model Z

Input 

• Measurement results

+

• calibration constants

• influencing quantities

• physical constants 

General

Model

M(X1,X2,X3,Z) = 0 

X1

X2

X3

Z



Input quantities Output quantity (measurand)

(X1, X2, X3, …) Model Z

General

Ideally : 

Define Probability Distribution (PD) of (X1,X2,X3, …) and transform into PD of Z

• Analytically (deterministic)

• MC simulations (stochastic)

Model

M(X1,X2,X3,Z) = 0 

X1

X2

X3

Z



Common practice : 

General Law of Uncertainty Propagation (GLUP), based on:

• Properties of Normal Probability Distributions

• Combined with 1st order Taylor development for non-linear problems

General

Input quantities Output quantity (measurand)

(X1, X2, X3, …) Model Z

Model

M(X1,X2,X3,Z) = 0 

X1

X2

X3

Z



Most common operations : Z = K (Y – B)

� Quantity Z deduced from : Z = Y – B (B: correction) 

• experimental observable (y ± uy)

• application of correction (background) (b ± ub)  

� Quantity Z deduced from :  Z = K Y (K : correction factor)

• experimental observable (y ± uy)

• application of a correction factor (k ± uk) 



GLUP : independent variables
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Normal (Gauss) distribution

Characteristics

Mean : µ
Variance : σ2

FWHM : ≈ 2.355 σ

Variance ⇒ uncertainty
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Z : linear function of independent random variables X i = 1,…,n with ( µµµµi, σσσσi
2)

PD of Z = f(Xi; i,…,n) is normal distribution with 

• Mean

• Variance

Linear function of independent variables
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Z : non-linear function of independent random variables X i = 1,…,n with ( µµµµi, σσσσi
2)

PD of Z = f(Xi; i,…,n) is normal distribution with

1st order Taylor development

• Mean

• Variance

Linear function of independent variables
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Probability distributions

(1) Poisson distribution to account for counting statistics

For large µ the distribution approaches a normal distribution

(2) Central limit theorem (CLT)

The sum of a large number of independent and identically-distributed random 

variables will be approximately normally distributed

(3) Principle of maximum entropy (ME)

If only the mean and standard deviation is given, the optimal probability 

distribution for further inference is the normal distribution

⇒⇒⇒⇒ in most cases normal distribution can be assumed



Probability distributions

(1) Poisson distribution to account for counting statistics

For large µ the distribution approaches a normal distribution
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Probability distributions

(1) Poisson distribution to account for counting statistics

For large µ the distribution approaches a normal distribution

(2) Central limit theorem (CLT)

The sum of a large number of independent and identically-distributed random 

variables will be approximately normally distributed



Central limit theorem
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GLUP : independent variables
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Exercise: (Y,B) ⇒⇒⇒⇒ estimate of Z = Y - B

� Experiment

Independent observables of Y :

Common background :

� Determine an estimate of Z = (Y- B) 

(1) Average of (y1, y2) :

(y1,y2) independent

(2) Background subtraction :

(y,b) independent

)uy(
1y1 ± )uy(

2y2 ±

)ub( b±

2

yy
y 21 +=

byz −=

2
b

2
y

2
y2

z
u

4

uu
u 21 +

+
=b

2

yy
z 21 −+=

2
b

2

y

2

z
uuu +=

4

uu
u

2
y

2
y2

y
21

+
=



2

u

4

uu
u

2
b

2
y

2
y2

z
21 +

+
=

Exercise: (Y,B) ⇒⇒⇒⇒ estimate of Z = Y - B

� Experiment

Independent observables of Y :

Common background :

� Determine an estimate of Z = (Y- B) 

(1) Determine of (z1, z2) :

(2) Average of (z1, z2) :

suppose (z1,z2) independent
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Exercise: (Y,B) ⇒⇒⇒⇒ estimate of Z = Y - B

(1) Subtract b from y (full details of the experiment are required) : 

(2) Based on reporting of only (z1,uz1
) and (z2, uz2

) ( supposing that (z1, z2) are independent) 
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Z : linear function of random variables Xi = 1,…,n with 

� Independent variables : 

� Dependent variables: 

Linear function of variables (normal PDF)

)n,...,1i;X(fZ i ==

)V;n,...,1( Xi =µ

Mean Variance
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GLUP : linear function, Z vector dim. m
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GLUP : (Y,B) ⇒⇒⇒⇒ estimate of Z = Y - B

(1) Determine (z1,z2) = (y1-b, y2-b) and Vz1,z2 
from (y1,uy1

), (y2,uy2
) and (b,ub)

(2) Determine ( z, uz) from (z1,z2) and Vz1,z2

)u,z(Vand)by,by()z,z()u,b(and)u,y(,)u,y(
zz,z2121by2y1 2121

→−−=→
(1) (2)(y1,y2,b) : independent 



GLUP : (Y,B) ⇒⇒⇒⇒ estimate of Z = Y - B

T
b,y,yz CVCV

21
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1) Determine Vy1,y2,b

2) Determine C

independent observables

⇒⇒⇒⇒ uncorrelated uncertainties

model : Z = Y - B
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GLUP : (Y,B) ⇒⇒⇒⇒ estimate of Z = Y - B
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GLUP : (Y,B) ⇒⇒⇒⇒ estimate of Z = Y - B

Step (1) : Determine (z1,z2) = (y1-b, y2-b) and covariance matrix Vz1,z2

Step (2) : Determine ( z, uz)
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GLUP : (Y,B) ⇒⇒⇒⇒ estimate of Z = Y - B

(1) With full details about experiment: first average of (y1,y2)

(2) Based on reporting of (z1, z2) and Vz1,z2
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Z : linear function of random variables Xi = 1,…,n with 

� Independent variables : 

� Dependent variables: 

Linear function of variables (normal PDF)

)n,...,1i;X(fZ i ==

)V;n,...,1( Xi =µ

Mean Variance
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Z : non-linear function of random variables Xi = 1,…,n with 

� Independent variables : 

� Dependent variables: 

Linear function of variables (normal PDF)
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Mean Variance
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GLUP : Matrix notation (general)

• Mean

• Covariance matrix

)(f xz µ≈µ
T
XXXZ GVGV ≈

Linear Non - linear
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⇒ basis of General Law of Uncertainty Propagation  (GLUP)

(sandwich formula, Vz = G Vx GT)



GLUP : (Y,B) ⇒⇒⇒⇒ Z = Y - B

(y1,y2,…,yn,b) : independent 
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GLUP : (Y,B) ⇒⇒⇒⇒ estimate of Z = Y - B
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GLUP : (Y,K) ⇒⇒⇒⇒ Z = KY

(y1,y2,…,yn,b) : independent ii y k z =

)u,z(,...,)u,z(,)u,z()u,kand)u,y(,...,)u,y(,)u,y(
n21n21 znz2y1kyny2y1 →

(z1,z2,…,zn) = (ky1 , ky2 , …, kyn )
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GLUP : (Y,B) ⇒⇒⇒⇒ estimate of Z = KY
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Covariance and correlation matrix
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• Symmetric

• Positive definite (see AGS presentation)



Adjustment of model parameters to exp. data

Problem: n data points  (x1,y1), …, (xn, yn) and a model

Y depends on X and parameters (p1,…,pk) with n>k.

Determine from the experimental data          the best estimate of parameters (p1,…,pk)
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Adjustment of model parameters to exp. data

Zexp : experimental observable

ZM(t,ηηηη,κκκκ) : model for theoretical estimate of Zexp

Model: 

• R-matrix theory : parameterisation of σ by RP (η)

• Experiment : parameter vector κ
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Least Squares Adjustment (LSQ)
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Least Squares Adjustment (LSQ)
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Problem: depends on X and parameter vector (p1,…,pk)

n experimental data points  (x1,y1), …, (xn, yn) with covariance 

Determine from the data           the best estimate of (p1,…,pk) (n > k). 

(1) Maximum likelihood : vector      which maximizes the likelihood 

(2) Least squares adjustment : vector      which minimizes the expression

Least Squares Adjustment (LSQ)
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Problem: depends on X and parameter vector (p1,…,pk)

n experimental data points  (x1,y1), …, (xn, yn) with covariance 

Determine from the data           the best estimate of (p1,…,pk) (n > k). 

(1) Maximum likelihood : vector      which maximizes the likelihood 

(2) Least squares adjustment : vector      which minimizes a sum of squares

Least Squares Adjustment (LSQ)
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LSQ : linear model (example) 
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LSQ : non-linear model 
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LSQ : non-linear model (example) 
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Example: Y = a0 + a1 X 
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Example: Y = a0 + a1 X 
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Example: Y = a0 + a1 X 
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Generalized Least Squares Adjustment (GLSQ)
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Generalized Least Squares   (GLSQ)

Account for 

• Uncertainties on x

• Include prior information on model 

parameters p

F.H. Fröhner, "Evaluation and Analysis of Nuclear Resonance Data",  

https://www.oecd-nea.org/dbdata/nds_jefreports/jefreport-18/jeff18.pdf

F.H. Fröhner, "Assigning uncertainties to scientific data”,  Nucl. Sci. Eng. 126 (1997) 1 -18
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GLSQ : + uncertainties on x

)p,x(h)q(hzM == Account for (x,Vx) and (y,Vy)

• Include (x,Vx) as experimental input

• Include x as a model parameter
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GLSQ : + uncertainties on x

Example:

• Include (x,Vx) as experimental input data

• Include x as a model parameter : q = (x, p )







=
==

)p,x(fy

xx
)q(h

)V,V()y,x(),y,x(),yx(
yx33221,1 + XaaY 10M +=

))'q(hz(VGV)'qq(
1

z

T

'q'q
−=− −

1

'q

1

z

T

'qq )GVG(V
−−=







=
=

q'q VV

q'q

solved by iteration

)y,x(z =



























=

2
y

2
y

2
y

2
x

2
x

2
x

z

3

2

1

3

2

1

u00000

0u0000

00u000

000u00

0000u0

00000u

V



























=

31

21

11
q

x1a00

x10a0

x100a

00100

00010

00001

G



GLSQ : + uncertainties on x + prior (p0, Vp0
)

Example:

• Include (x,Vx) and prior (p0,Vp0) as  input data 

• Include x as a model parameter : q = (x, p )
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Input from experiment :

Model :

Minimize :
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Generalized least squares fit (GLSQ)

Accounts for:

• Uncertainty on all experimental quantities

• Prior information on model parameters

• Correlation between all exp. quantities

x ⇔ y

p0 ⇔ x

p0 ⇔ y



Bayesian theory

Input from experiment :

Model :

Bayes' theorem :
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Propagation of uncertainties by CUP

Conventional uncertainty propagation (CUP)

Based on

• Normal (Gaussian) PDF's 

• Linear problem (1st order Taylor development)
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Example : background fit

⇒ grouped data

⇒ Poison can be approximated by normal

2b
1o tbb)t(B +=

⇒ limited number of counts per time channel

⇒ Uncertainties not well defined by

⇒ Poison cannot be approximated by normal

CuC =



Example

(y1,uy1
) , (y2,uy2

) : independent experimental observables of Y

(k,uk) : experimental observable of K, independent of (y1,y2)  

y1 = 1.00 ± 0.10

y2 = 1.50 ± 0.15

k = 1.00 ± 0.20

Determine best estimate of Z = KY

(y1,y2,k) ⇒ <z> = <ky>
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Solutions
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Problem:

G. D’Agostini, NIM. A346 (1994) 306 

D. Neudecker et al., NSE, 170 (2012), 54 - 60 

not well defined covariance matrix 

Solution: include the correction factor K as a model parameter and additional 

experimental input data

Zhao & Perey ORNL/TM-12106

D’Agostini, NIM A346 (1994) 306

Fröhner, NSE 126 (1997) 1 - 18
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Solution for PPP

� Experimental input

� Model

Least squares on (y1,y2) and applying correction factor afterwards : zo = 1.154 ± 0.245
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Definitions and terminology

International vocabulary of metrology

Basic and general concepts and associated terms (VIM)

(JCGM 200:2012)

Evaluation of Measurement data

Guide to the expression of uncertainty in measurement

(JCGM 100 :2008)

http://www.bipm.org/en/bipm/



Definitions and terminology

• Error ⇔ Uncertainty

• Precision ⇔ Accuracy

• Reporting of uncertainty

− Standard ⇔ expanded

− Combined uncertainty

− Correlated ⇔ uncorrelated



Measurement error and uncertainty

� Measurement error : difference between two values

“result of a measurement minus a true value of the measurand ”

can be + or -

� Measurement uncertainty : dispersion of a distribution 

“non-negative parameter characterizing the dispersion                   

of the values being attributed to the measurand”

always > 0

determined by the width of the PDF of the error component(s)

error ≠≠≠≠ uncertainty



Measurement error and uncertainty

� Measurement error

Difference between values

+ or -

� Uncertainty

Derived from width of a distribution

> 0
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z / unit

Z : measurand, i.e. quantity of interest, with true value µ
Y : result of an experiment to estimate true value of Z

all measurements in same conditions  (e.g. measurement time,…) 

B : correction for a  known systematic effect (background)

Z = Y-B

GLUP : (Y,B) ⇒⇒⇒⇒ estimate of Z = Y - B

True value
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z / unit

Z : measurand, i.e. quantity of interest, with true value µ
Y : result of an experiment to estimate true value of Z

all measurements in same conditions  (e.g. measurement time,…) 

K : correction for a  known systematic effect (normalization)

Z = K Y

GLUP : (Y,B) ⇒⇒⇒⇒ estimate of Z = KY

True value
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GLUP : (Y,B) ⇒⇒⇒⇒ estimate of Z = KY

True value

µ
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Z : measurand, i.e. quantity of interest, with true value µ
Y : result of an experiment to estimate true value of Z

all measurements in same conditions  (e.g. measurement time,…) 

K : correction for a  known systematic effect (normalization)

Z = K Y

∑
=

=
m

1j

jy
m

1
y ∑

=
−

−
==

m

1j

2
j

2
y

2
y )yy(

1m

1
su

j

m

s
u

m

1
u

y

j

2
y2y j

== ∑



Measurement precision and accuracy

� Measurement precision

“Closeness of the agreement between the results of replicate measurements on the 

same measurand under specified conditions”

� Measurement accuracy (related to systematic error) 

“Closeness of the agreement between the result of a measurement and a true value 

of the quantity intended to be measured (measurand) ”



Precision ⇔⇔⇔⇔ Accuracy

Accurate

Precise

Inaccurate
(due to a systematic error or bias)

Imprecise



Reporting of uncertainties

Standard or expanded uncertainty

•Standard uncertainty

λp = 1 with p = 0.68 

•Expanded uncertainty

λp > 1

e.g. λp = 1.96 ⇒ p = 0.95

σλ=± pxx uwithux
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Reporting of uncertainties 
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Reliable experimental data and results

Requires

• Understanding of the measurement process (scientific background)
− experimental observables

− measurement model

• Well documented experimental observables, including
− all experimental details (input parameters, systematic effects)

− all uncertainty components (correlated and uncorrelated)

⇒ Propagation of uncertainties (uncorrelated & correlated) not complicated

GLUP :

Note : GLUP & GLSQ based on normal probability distributions

⇒ AGS-formalism (concept) 
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Generation and use of covariance data 

in nuclear energy applications

10 – 11 December 2015
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