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Metrology (GUM)

Measurement result

A quantity value being attributed to a measurand (quantity of interest)
together with any other available relevant information

—> A measurement result includes its uncertainty

International vocabulary of metrology
Basic and general concepts and associated terms (VIM)
(JCGM 200:2012)

Evaluation of Measurement data
Guide to the expression of uncertainty in measurement
(JCGM 100 :2008)



‘?; Measurement result

Input quantities =P Qutput quantity (measurand)

e.g. Determination of activity A, based on a-spectroscopy

detection efficiency

m
Q

measured quantity : C,=C'-B
measurand LA
Co = & Q P, A,
Modef Ay = Cq/ & QP,
- — — —

Cq observed count rate in the peak :
P, escape probability :
Q solid angle depends on (H, @, @,) i




‘% KAE%\F\ Measurement result

Input quantities =P Qutput quantity (measurand)

(X4, X5, X3, ...) Model Z
- determination of activity A, based on a-spectroscopy :
exp. observable cC,=C-B
measurand : A, c Z = FOX, X0 X )
model L AgE——= I

_eaQPa



A <]
/Ny Measurement result

Input quantities =P Qutput quantity (measurand)

(X4, X5, X3, ...) Model Z
- determination of activity A, based on a-spectroscopy :
exp. observable cC,=C-B
measurand : A, c Z = FOX, X0 X )
model L AgE——= Lo
€q QP
- determination of decay constant
exp. observable C, (1)
decay constant Ay M(Z, X{,X,,X5,...) =0
model ; Cy = ehat

X*(Ng) = (Cq (1) =Cp(t) T Ve (Cq(t) = Cp(D))



General

Input quantities =P Qutput quantity (measurand)

(X3, Xps X3, ...)  Model :
Input
/\_’
e Measurement results X1 Model
+ /\ — M(X,,X,,X3,Z) =0 _t/\

e calibration constants
e influencing quantities /\ —_—
e physical constants




Input quantities =P Qutput quantity (measurand)
(X4, X5, X3, ...) Model Z

X1

Model
A—b M(Xy,X5,X3,2) = 0 juei-
X, |
/\
X3

Ideally :
Define Probability Distribution (PD) of (X,X,,X;, ...) and transform into PD of Z
* Analytically (deterministic)
* MC simulations (stochastic)



General

Input quantities =P Qutput quantity (measurand)
(X4, X5, X3, ...) Model Z

Model
A—b M(Xy,X5,X3,2) = 0 juei-
X, |
/\
X3

Common practice :
General Law of Uncertainty Propagation (GLUP), based on:
* Properties of Normal Probability Distributions
* Combined with 1%t order Taylor development for non-linear problems



Cf ;KAERZF Most common operations : Z = K (Y — B)

" Quantity Z deduced from:Z=Y-B (B: correction)

e experimental observable (ytu)

e application of correction (background) (b *u,)

= Quantity Z deduced from: Z=KY (K : correction factor)

e experimental observable (ytu)

e application of a correction factor (k+u)



GLUP : independent variables

(y,u,), (b,u,) and (k,u,) independent input quantities = estimate of Z

; =

Z=Y+B = z=y+b uz—uf,+ut2)

Z=Y—-B = z=y-b u§:u3,+u,§
2 2 2
- _ 2 _ 2.2 ,.22 u, _ Yy U
Z=KY = z=ky u; =k uy +y°up =t
4 vo ok
2 2 2 2 2
Y u u u u
2= Dm0 WEghgu o
K k ke k 4 VA ¢



Normal (Gauss) distribution

_(x-p)?
2y _ 1 202
q)(X’ uio— ) - 2_’_[ o e 0.4 _—N(u: 10’0'2: 1)
Characteristics 03 _
Mean ' M X
?:/\c‘;l\;ﬁlilﬂce : 022 . § 02k FWHM ~ 2.355 g
D= 2. o
0.1F
Variance = uncertainty
0.0 — '

4 6 8 10 12 14 16
X [ unit



Linear function of independent variables

Z : linear function of independent random variables X ,_;

PD of Z = f(X;; i,...,n) is normal distribution with

n o of

n
* Mean Hz = 2.Cj H;
i=1

n
e Variance V@2)=07=) ¢ o
i=1



Z : non-linear function _of independent random variables X ,_;

PD of Z = f(X;; i,...,n) is normal distribution with

15t order Taylor development

n of
Z:f(ul,,un)+zgl (Xl_pl) g| -
i=1 ox;|
My
* Mean Hz =T(Hq,-. M)

e Variance V(Z)= Zg.

g;%)



Probability distributions

(1) Poisson distribution to account for counting statistics
For large W the distribution approaches a normal distribution

(2) Central limit theorem (CLT)

The sum of a large number of independent and identically-distributed random
variables will be approximately normally distributed

(3) Principle of maximum entropy (ME)

If only the mean and standard deviation is given, the optimal probability
distribution for further inference is the normal distribution

= in most cases normal distribution can be assumed



Probability distributions

(1) Poisson distribution to account for counting statistics
For large W the distribution approaches a normal distribution

0.15

B Pxx=k, p=10)
N(u = 10, o’= 10)

0.10

P(x = k)

0.05

0.00




Probability distributions

(1) Poisson distribution to account for counting statistics
For large W the distribution approaches a normal distribution

(2) Central limit theorem (CLT)

The sum of a large number of independent and identically-distributed random
variables will be approximately normally distributed



Central limit theorem

0.04 | (1, 0) — L= X+ X)
— X, (10, 2.0) 0.02 L—— Normal (30,4.4)
——X, (10, 1.4) '
0.03 | ——X_ (10, 1.0)
X N
© ©
< N
0.01 \ I
0.00 : ! : ' : ! : 0.00
0 5 10 15 20 20 40
X/ unit

n
Z = > X; normal distribution with Hz = 21 and 0% = Zciz
i=1 =1 =1




GLUP : independent variables

(y,u,), (b,u,) and (k,u,) independent input quantities = estimate of Z

; —

Z=Y+B = z=y+b uz—uf,+ut2)

Z=Y—-B = z=y-b u§:u3,+u,§
2 2 2
- _ 2 _ 2.2 ,.22 u, _ Yy U
Z=KY = z=ky u; =k” uy +y°up =t
4 vo ok
2 2 2 2 2
Y u u u u
2= Dm0 WEghgu e
K k ke k 4 VAR ¢



Exercise: (Y,B) = estimateofZ=Y -B

= Experiment
Independent observables of Y

Common background

= Determine an estimate of Z = (Y- B)

(1) Average of (y,, y,)
(V1,Y,) independent

(2) Background subtraction
(y,b) independent

(yliuyl
(bxuy)
—_Y1tY>
Y 2
z=y—b
- +
S=Y17Yo
2

+
(y2 _uyz
2,2
+
2= Yy
y 4
u? =u? +u?
Z Yy b
2,2
, _ Uy, tuy,
u- — +u



= Experiment
Independent observables of Y

Common background

= Determine an estimate of Z = (Y- B)

(1) Determine of (z,, z,)

(2) Average of (z,, z,)
suppose (z,,z,) independent

(v> iuyz




Exercise: (Y,B) = estimateofZ=Y -B

Experimental data (y,,y,) and b : independent

(1) Subtract b from y (full details of the experiment are required) :

+ u, +u
YaTV¥o e i +Ut2>

2 ‘ 4

=

(2) Based on reporting of only (z,,u, ) and (z,, u,,) ( supposing that (z,, z,) are independent)

+ + 2
2172 _Y1¥Ys 2 Yz Y, 2 v Ty, [ Up
2 2 ’ 4 : 4 2

Z—

(z,, z,) are not independent !



_ \ of
Z=f(X;; i=1,...,n) Z=Y ¢ X ¢ =—

=1 Ox K
Mean Variance
n n
: _ 2 _ 2 2
" |Independent variables: Uy —Zci U o) _Zci oF
i=1 i=1
L 2N 2 2
= Dependent variables: " =Zci L; 07 :ZCi g; + ZZ i Cj Vi
- i=1 iz j




GLUP : linear function, Z vector dim. m

Cll Clz Cln O-:|_ V12 Vln Cll C21 le
2 C C C
C21 C22 Czn V21 02 V2n 12 22 m2
Vi =
2
_an Vn2 ot Gn | _Cln C2n ' ' ' Cmn_
_le Cm2 Cmn

General Law of Uncertainty Propagation (GLUP)



GLUP : (Y,B) = estimateof Z=Y-B

KAERI

(y]_) uyl))(y2) uyz)and (b) ub) - (Z]_; 22) — (y]_ _b, y2 _b) and Vzl’22 - (Z,UE

(Y,Y,,b) : independent (1) (2)

(1) Determine (z,,2,) = (y;-b, y,-b) and V,_,, from (y,u,.), (y,,u,,) and (b,uy)

(2) Determine ( z, u;) from (z,,z,) and Vs



GLUP : (Y,B) = estimateof Z=Y-B

(y]_; uyl))(yZIUyz)and (bl ub) - (21122) - (yl _bl y2 _b) and Vzl,zz

(1)

(y1,Y,,b) : independent

Step (1)

1) Determine Vi vpb

independent observables
—> uncorrelated uncertainties

2) Determine C

model:Z=Y-B

3)|V;=CV, , »C'

- _yl Iy2 ’

uy, 0
—_ 2
yY1,yzrb = 0 uyz
0
0z, 0z, 0Z,
oy, aY, 0B
g:
0z, 9z, 0z,
oy, oy, 0B

1 0
0 1

-1
-1

|



GLUP : (Y,B) = estimateof Z=Y-B

(yliuyl))(y2)uy2)and (bl ub) - (21122) = (yl _b' y2 _b) and V21,22 zgyyl,yz,b QT

(y,,Y,,b) : independent (1)
Step (1) —
V; CVy v bC
— - _ _uz O ]
uu 0 off1 o Vi
10 -11| & 1 0 -1
v = 0 u 0 0 1 — 0 uz
21,2, 0 1 -1 Y2 , 0 1 -1 v,
0 up|[-1 -1

_ i __ué utZ)_




GLUP : (Y,B) = estimateof Z=Y-B

(yliuyl))(y2)uy2)and (bl ub) - (21122) — (y]_ _bl y2 _b) and Vzl,z2 - (2

yus
Z
(y,,Y,,b) : independent (1) (2)
Step (1) : Determine (z,,z,) = (y;-b, y,-b) and covariance matrix V2
2 2 2
u, +u u
2,2 V:=CV c’ v, o= | P b
1,2, ViV € Yo { PR,
Step (2) : Determine ( Z, u;)
- + — T
7= 2172 VE _gyzllzz g
2 o
2 2 2 1 2 2
§:|:1 1i| V_ZI:E 1:| Uyl *Up Up 2 :uV1 +UV2 +uk2)
2 2 22 2 upoup tup | |1 4
| 2




GLUP : (Y,B) = estimateof Z=Y-B

Experimental data (y,,y,) and b : independent

(1) With full details about experiment: first average of (y,,y,)

Z—=

(2) Based on reporting of (z,, z,) and V,

Z—

yity,
2

y1tYs
2

b

b

1,22
. uf’l +u\2/2 2
Full covariance u> = 2 +up

Only diagonal terms




i ” of
Z=f(Xi; |=1,...,n) Z:ZCi Xi C;=—

Mean Variance
n n
: _ 2 _ 2 2
" |Independent variables: Uy —Zci H; o) _Zci oF
i=1 i=1
® Dependent variables: Ilz:ZCi M; Z i i~ Vi
- i=1 iz j




Linear function of variables (normal PDF)

Z : non-linear function of random variables X;_, , with (Y4; =1,...,n;V3)

n
Z=1(X;; i=1,...,n) sz(lll,.-.,lln)+2gi (X —I) 8i :%
15t order Taylorlzéevelopment b
Mean Variance
" Independent variables: Mz =f(Hy,....H,) of :Zn:giz of
i=1
n
= Dependent variables: W, =f(dy,e., 1) oE :Zl:giz o 4 Z;,Z 8i 8j Vjj
i= E




)
5 ;K—\\ GLUP : Matrix notation (general)

AERI

Z=f(X;; i=1,..,n)
e Mean

e Covariance matrix

Non - linear

Z=f(j1y ) + Gy (x ~ Hy)

G, :sensitivity matrix

dim (m xn)
8ik = il
W ==
©Axy
H, =f(y,)
V, =Gy Vy Gy

—> basis of General Law of Uncertainty Propagation (GLUP)

(sandwich formula, V,=G V, G')



GLUP:(Y,B)=>Z=Y-B

(y]_ruyl)r(y21uy2)r"-i(ynluyn) and (blub) - (Z]_ruyl)r(ZZIUZZ)I---;(anuZ )

(Y1,Yo)-r YD) : independent z;=y;-b
2 2 2 2 7]
uyl +ub ub ' ' ' ub
2 2 2 2
ub uyz +ub ' ' ' ub
(21,22,.--,Zn) = (yl - b)’ (yz - b), YY) (yn - b) ME il B
ub ub uf’n +u|:2)




GLUP : (Y,B) = estimateof Z=Y-B

(yl’uyl);(y2’uy2)""’ (ynruyn) and (b; ub) - (Z,UE)

(Y1,Y5 Y, D) s independent

j:]_ m J:]-
. - 1 <« 2, 2
z = y-b 47 = —zzuv,"'ub
\m™ia



GLUP : (Y,K) = Z = KY

European
Commission

(vi,uy ) lya,uy ), lyq,u, ) and kou) - (zg,uy ), (25,0, ), (2,0, )

(Y1, Y9, YD) : independent Z; =kyi
Kuy, +yiuk  y1YoUg - Y1Vl
A kK'up +yjup - - Y2V nUi

(21,22,...,Zn) = (kyl , ky2 y ooy kyn ) V; = .

2 2 2
k uyn_1 Yn-1¥YnUk

2 2 2 2 2 2 2
| YnY1Ui YnY2Uk © YaYaaU KUy FyRug |



GLUP : (Y,B) = estimate of Z = KY

(yl’uyl);(y2’uy2)""’ (ynruyn) and (kr uk) - (E,UE)

(Y1,Y5 Y, D) s independent

N |
1
~
3 |+
™
<

2 m
2 k —2
us =—— E uz_ +y uﬁ
Z 2 yJ
m i=1

N
[
=

<

_ _ _ k* & 2 +—2 2
U; = 2Zuvj Y U
m” 3



Covariance and correlation matrix

Covariance matrix
e Symmetric

(21,27) = (y1 =b,y; ~b) e Positive definite (see AGS presentation)
C 2,2 2] 1 =
vz [T W Vi, 46, +)

exmrRr: |
2

Up

Plzq,25) =
\/(uf,l + utz)) (uf,2 tz))




- /KAERI"

Problem: n data points (x,,y,), .., (X,, ¥,) and a model ?:f()?,a)
Y depends on X and parameters (py,...,p,) with n>k.

Determine from the experimental data (;, §) the best estimate of parameters (p,...,p;)

10°
Background model
N 2
— - - n
By (t) =bg +by e Mt +b, e A2t + by e Aslttto) = 10
Determine best estimate of: %) 10°
c
> >
p:(bO)b]_))\]_;bZ;)\Z;bBI)\?,) 8 0
10 EXp.
b e e e ®  Black resonance
Yy minimizing B (1)
-> -> _ -> -1 llllll' [l [l llllll' [l [l llllll'
Xz(p):(Bexp (t) - BI\/I(tr p))T MB:-xp (Bexp (t) - Bl\/l(t; p)) 10 10° 10* 10° 10°

Time-of-flight / ns
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Zeyo : experimental observable
Z\(t,n,K) :model for theoretical estimate of Z, | . ___iexp
Model: . or
o
e R-matrix theory : parameterisationof cby RP (n) Z .
e Experiment :parameter vector K o
>
T(E) ="
Z\(E) =+ - g To
M( ) Yr (E) — (1 _e—nGtot )_O-_r + ... —Torr
\ Otot =
\ 2
R(t,E) Zy,(E)dE 7
ZM(t) == Zexp (t) ©
j R(t,E)dE a
200 220 240 260

Neutron energy / keV



)
é ;K:I? Least Squares Adjustment (LSQ)

Ym = G p (x1,y1) (x2,¥2), (x3,y3) + V:
_Y>|V| — ao +a1)_2
X* @in =0y =) V=1 (y=fulep)
F_; = (ag,a1) 300
B:V»Qnyli; g 200
P P Y ;
— Ty, 1 ~ -1 100
00'10'20'30'40

x-value / unit



é ; My Least Squares Adjustment (LSQ)

Ym = G- p (x1,y1) (x2,¥2), (x3,y3) + V:

-

Y|V| — ao +a1X

X2 (O)min =(y = fig (,0))" v (v =i (x,p))

;:(V11V21V3) Input from
S experiment
p = (ag,a1) u\2/1 0 o
2
p= V.Gl Vv 'y -y v 0
PP Y 0 O uy
_ 3
= (GIvtG:)™ I
Py —P 1 X]_ Model
ga =1 Xz
_1 X3_




Least Squares Adjustment (LSQ)

Problem: vy :f&,B) depends on X and parameter vector (p,...,p)

n experimental data points (x,,y,), ..., (X, y,) with covariance V-

Determine from the data (;<, ;/) the best estimate of (py,...,p,) (n > k).

(1) Maximum likelihood . vector 5 which maximizes the likelihood

. ) 1 —%(?—f&,ﬁ)fygl(E—f&,B))

—> maximize: L(»,V* = e

= minimize: XZ(IS):(;'—f(;(,B))T Mil (y —(x,p))

(2) Least squares adjustment : vector 5 which minimizes the expression

= minimize: X’ (P)=(y =F0c,p) V-1 (v =lx,p))



Least Squares Adjustment (LSQ)

Problem: vy :f&,B) depends on X and parameter vector (p,...,p)

n experimental data points (x,,y,), ..., (X, y,) with covariance V-

Determine from the data (;<, ;/) the best estimate of (py,...,p,) (n > k).

(1) Maximum likelihood . vector 5 which maximizes the likelihood
- L((» y )») 1 — NV (%P
= maximize: v,Vop| = e
-y _
Jdet2Tv;)

Least squares adjustment (LSQ)

= minimize: X" (P)=(y =f,p) V-1 (v =f(x,p) /

(2) Least squares adjustment : vector 5 which minimizes a sum of squares

n

- 1 -
= minimize: X°(p) = D_—-(y; =f(x;,p))* for independent data points (x,,y,), -, (X, V,)
i=1 uyi



Input from experiment :

Model
Minimize
Linear model

T(:G~p

T

V.GT vty
p—p Yy y

— ~Ty 1 ~ 1
V, = (61" G;)




Input from experiment :

Model
Minimize
Linear model

?:G*p

T

V.GT vty
p—p Yy y

— ~Ty 1 ~ 1
V, = (61" G;)

X2(p) = (v~ f(x,p)" V" (v~ f(x,p))
Non-linear model (1% order Taylor)

Boii = 3 f(x,p) O f(x,p')+G,, (0 —p')

p' : first estimate

0—p') = V. GLV
(p—p') V- G5V

V- = (GIvtGg.)?
—P (—p'—v —p')

p'=p}
Vo = V5

solved by iteration, requires first estimate

2= f,p') <—




)
& xﬁ LSQ : non-linear model (example)

Input from experiment : (x,y) v
Model - Y = f(X,p) Y = ag +a1)»(a2 B = (a,,31,3,)
Minimize : X%p) = (y=f(x,p))" V.t (y = f(x,p))

Non-linear model (1% order Taylor)
of.

f(;'é) O p)+ 6y P s " a—plj 1 x2 axZinxg |
p' : first estimate . ng alxgz nx,
(p—p') = V., gg-,y;l (z—f(x,p')) < G; =
V; =@ VTG
i } 1 x% a;x2lInx,
Vo =V, = i

solved by iteration, requires first estimate




4000 ke u,, (full covariance) ) ,.:.,-
= === u, (only diagonal elements) . ,..’,.-"
= 3000}
=
=
2000+
1000

O L 1 z 1 z 1 z 1 z
0 200 400 600 800 1000
X [/ unit

o))
o
1

1 +150
a, =  4.00+0.38 Viag,ay) = {

p(a,,a;) = 0

p=V.G vty
P PP Y y
o ~Ty 1~

yp - (gb’y; gp
= oL @ T
yVM B §F’ Vp QB

V, : Only diagonal terms

22608 O

0

0.146

|




y / unit

4000

3000

2000

1000

[ cocenees Uy (full covariance)
=== Uy (only diagonal elements)

200 400 600

X [ unit
ag = 1 %150
a, = 4.00+0.38
p(a,,a;) = —0.94

800 1000

y / unit

5000

. yexp
Yu
4000 F Uy (full covariance)
“=-- Uy, (only diagonal elements)
3000
2000 F
1000 F
0 N 1 N 1 N 1 N 1 N
0 200 400 600 800 1000
X [ unit
ag = 1.00x0.10
a; = 4.00x0.13
p(a,,a;) = —0.006

European
Commission
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5000 5000

" yEXP " yexp
Yu ’ Yu
4000 F Uy (full covariance) '::-" 4000 \.,.“ -------- Y (full covariance)
=== Uy (only diagonal elements) . .,..'.,.- < O -\ ===s Uy, (only diagonal elements)
= 3000t =2 3000}
> >
= =
2000 F 2000 F
1000 1000
O af 1 N 1 N 1 N 1 N O . 1 . 1 . 1 N [ :.'-
0 200 400 600 800 1000 0 200 400 600 800 1000
X [ unit X [ unit
ag = 1 +150 ag = 4001£251
a = 4.00%+0.38 a = 4.00%x0.45

p(a,,a;) = —0.94 p(a,,a;) = —-0.971



* X %
* %
* *
* *

* 4 K

 enent Generalized Least Squares Adjustment (GLSQ)

- ->

X2 (O)min =(v = f(x,p))" VT (y- f(x,p))

N .1~ Generalized Least Squares (GLSQ)
p=V.G-V."y Account for
S e Uncertainties on x
_ Ty, 1 -1 * |nclude prior information on model
V. = (G-V-" G:) prior
—P —p—y — parameters p

F.H. Frohner, "Evaluation and Analysis of Nuclear Resonance Data",
https://www.oecd-nea.org/dbdata/nds_jefreports/jefreport-18/jeff18.pdf
F.H. Fréhner, "Assigning uncertainties to scientific data”, Nucl. Sci. Eng. 126 (1997) 1 -18



@/ GLSQ : + uncertainties on x

zm = h(g) =h(x,p) Account for (x,Vz) and (y,Vs)

 |nclude (ZV;) as experimental input
X* @min = =h(x,p))" V- (z=h(x,p)) o
z=(x,y) VE defined by (V;(,V;,)

—q') = V. I rl o <«
(@-q’) = V. G;V." (z—h(q))

_ _ ->
Vg = <§£.¥; ! G. ) 1 * Include x as a model parameter

a=(x,p)

h(g)=<- - -
y =f(y,p)

q
solved by iteration - {X = X




& A GLSQ : + uncertainties on x

European
Commission
I

Example: (Xlly]_)r (X21y2)/ (X3;y3) + (V;IV;) YM - ao +a1X
* Include (3(’,VX) as experimental input data —
- _
u, 0 0 0 0 O
0 u, 0 0 0 O
. oo 0O 0 u. 0 0 0
_— V-» - 3
z=xy) 7o o o 20 0
1 -
0 0 0 0 u o0 (a-q') = V. GV V» (z2—h(@')) <—
0 0 O 0 u Vi = (@ vle. )
| 3 ] >_ _ql_z _ql
e Include X as a model parameter : q=(Xp) 9-=49
1 0 O 0 O] Vi = V5| solved by iteration
0 1 0 00
x X O 0 1 0O
h(a) = %%a, 0 0 1 x
y =f(x,p) ! !
0 a 0 1 x,
0 0 a; 1 xg) L




&Em GLSQ : + uncertainties on X + prior (p,, V=

Example: (Xlly]_)r (X2,Y2), (X3;y3) + (V;;V;)
* Include (X,V,) and prior (,,V,0) as input data

(W@ v,, 0 0 0 0 O
Vaoy U, O O 0 0 O
0 0 u 0 0 0 O
z(»)»(_»)V‘O 0 0 u 0 0 O
—P,X ¥ % 0 0 0 0 u 0 O
0 O 0 0 0 u o0
1
0 o 0 0 0 0 u
2
0 0O 0 0O 0 0 O
- - >
e Include X as a model parameter: q=(x,p)
0 0 0 10
0O 0 0 01
S S 1 0 0 00O
X X 0 1 0 00
h(q) %o 0 1 0 o0
y =f(x,p)
a, 0 0 1 x4
0 a 0 1 x,
0 0 a; 1 Xx3]

)

=
<N O O O O O O o

(@-q) =V

Vi = (GLVo1G-)™
q—z

V. GLV (2=h(d) <—

_ql

q =d
Vi = V5| solved by iteration
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Input from experiment : (x,y) (V;,V;I) + (po,yao) z2=(pg,%,y) Vs c:]ffirled by (VBO’VQ’VYI)
Model Z = h(q X.p i
ode VAR h(q) - h(X,p) I"|(q):<;(:5(>
Minimize . X% = (z=h(@)' V;* (z—h(a)) Y =f(X,p)
Generalized least squares fit (GLSQ)
- - - - ah
"+ - A g i e
h(ﬂ) Hh(@)+G5(a-q) P g, Accounts for:
g : first estimate e Uncertainty on all experimental quantities

(a-q) = V., G5V (z-h(g") <—

e

Vg =GV, G )
q =a}
Vo = V5

solved by iteration, requires first estimate

Prior information on model parameters
Correlation between all exp. quantities
X <y
Po < X
Po = Y
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Input from experiment : (x,vy) V; + (pg, V5 )

—Po
Model © Y = f(X.0 . .
V=R v ey
H : model parameters
Bayes' theorem : PH|DJ)UOP(D|HI)P(H[J) D : experimental data

model

—

no correlation between prior
and updating experimental data

s S of,
f(x,p) Of(x,p) + G5 (0 —p') 801 = 5o
J

-

—A T T ALl (!
P =P, +V- G- (G- Vo G-, + V) © (2 =(f(x,p) +Gilpo —P))) <

Vo =\ =V GL (G- V- GI +Vi) G- W
p o o—p —p o07p p' o

solved by iteration



Propagation of uncertainties by CUP

Conventional uncertainty propagation (CUP)

GLUP GLSQ
V7 =Gy Vx Gy (@=d) = V. GLV-" (z=h(d))

V- = (GTv1G.)™
Ve = (6, G

z

Based on
 Normal (Gaussian) PDF's

e Linear problem (1%t order Taylor development)



Example : background fit
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B(t) =bg + by tP2

3
10 Exp. (grouped)
5 — Fit (grouped)
10
= S
2 5
c 1
a i 10
@ 5 10°F e
c = bt NN
= ..‘.
; gop I
0%k T
10-3 3 4 5 6 7
10 10 10 10 10
Time-of-fligth / ns Time-of-flight / ns
= limited number of counts per time channel —> grouped data
= Uncertainties not well defined by u¢ :«/E = Poison can be approximated by normal

= Poison cannot be approximated by normal



é ;K AERLF Example

(Yi,uy,), (ypu,,) @ independent experimental observables of Y

(k,u,) : experimental observable of K, independent of (y,,y,)
y, = 1.00 £ 0.10
y,= 1.50 £ 0.15
k =1.00 £ 0.20

Determine best estimate of Z = KY
(y1)y2)k) = <Z>= <ky>



(?KAEZ?I o Solutions

A) (y11y2’k) — (§/k) — sz; B) (y11y21k):> (21,22) — ;
GLSQ GLSQ




A) (v, v2, k) = (y,k) = z=ky
GLSQ

|1.154iO.245|

2.0

y / unit

- Y
1.5F

(v,.Y,)

0.5

1of """ + _____

Measurement number

z [ unit

2.0

1.5}

1.0f

0.5

B) (yq,y,, K= (21,2,) = z

GLSQ
|O.882 + O.218|
= (z,z)
7
1 2

Measurement number




= <) .
g/ Peelle’s Pertinent Puzzle
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Problem:
. — — - 2102 + 2202
G. D’Agostini, NIM. A346 (1994) 306 2=ky 5 = Y2 Y1
D. Neudecker et al., NSE, 170 (2012), 54 - 60 O_2
2 2 A0k, _. 2
0\’1 T 0\’2 ! k2 (V1 -v2)

not well defined covariance matrix

Solution:include the correction factor K as a model parameter and additional
experimental input data

e

Z

Zhao & Perey ORNL/TM-12106 Y1~ E

D’Agostini, NIM A346 (1994) 306 . ;

Fréhner, NSE 126 (1997) 1 - 18 (y,k)=f(z,k) =1y, = M
k =k




Solution for PPP

= Experimental input

10.102 0 0
(y,k) =(1.00,1.00,1.50) V -0 0152 0
—yl Iy2 'k
0 0 0.20°

= Model , -
X (zg, ko) = (y1,y2,k) —f(zg,ko)) yyl,yz,k ((y1,y2,k) —f(zg,ko))
Y1 zi
(VK =fEk) =1y, = z, =1.154 + 0.245 :{1 0.94}
- ko =1.00 +020  — [094 1

Least squares on (y,,Y,) and applying correction factor afterwards : z, = 1.154 + 0.245



‘% KAE%\F\ Definitions and terminology

International vocabulary of metrology

Basic and general concepts and associated terms (VIM)
(JCGM 200:2012)

Evaluation of Measurement data
Guide to the expression of uncertainty in measurement
(JCGM 100 :2008)

http://www.bipm.org/en/bipm/



&KAE;’? Definitions and terminology

e Error < Uncertainty

* Precision < Accuracy

e Reporting of uncertainty
— Standard < expanded
— Combined uncertainty

— Correlated = uncorrelated



Measurement error and uncertainty

= Measurement error : difference between two values
“result of a measurement minus a true value of the measurand ”

can be + or -

error Z uncertainty

= Measurement uncertainty : dispersion of a distribution

“non-negative parameter characterizing the dispersion
of the values being attributed to the measurand”

always >0
determined by the width of the PDF of the error component(s)



P(2)

0.10

Reference Measurement

I I
0.08 value result
0.06 Uncertainty
qu= SZ
0.04 Error
0.02
OOO N 1 N 1 1 N 1 s H s
0 20 40 60 80 100 120

Measurement error and uncertainty

Z / unit

= Measurement error

Difference between values
+ Or -

= Uncertainty

Derived from width of a distribution
>0



C / AER| GLUP : (Y,B) = estimateof Z=Y-B
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Z : measurand, i.e. quantity of interest, with true value
Y : result of an experiment to estimate true value of Z

all measurements in same conditions (e.g. measurement time,...)

B : correction for a known systematic effect (background)
/=Y-B
0.10 S — :
| True value =__ 1 & :
0.08} H :y——Zy”
[ m - 1
I |
1
0.06}
<
a [ ' '
0.04 ; E
0.02}
000 N 1 1 : 1 1 N E N Z — y _@
0O 20 40 60 80 100 120

z [ unit




European
Commission
I

é ; AERL GLUP : (Y,B) = estimate of Z = KY

Z : measurand, i.e. quantity of interest, with true value
Y : result of an experiment to estimate true value of Z

all measurements in same conditions (e.g. measurement time,...)

K : correction for a known systematic effect (normalization)
Z=KY
0.10 R ’. _
| True value o1& 2 2 1 — 2
1 _ 1 u>. =" =—— -
0.08} H :V——Zy,: i Y m—1z(y Y;)
1 m . 1 J:]_
1 =1 I
1
0.06} ] 5
N | _ 2 _ %y
(ol Uu- R u =
0.04} y \/m2 ZJ: i m
0.02} . . >
000 N 1 1 N 1 N H N Z - y u; - _Sy +y Uk
0O 20 40 60 80 100 120 m
z /[ unit
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é ; AERL GLUP : (Y,B) = estimate of Z = KY

Z : measurand, i.e. quantity of interest, with true value
Y : result of an experiment to estimate true value of Z

all measurements in same conditions (e.g. measurement time,...)

K : correction for a known systematic effect (normalization)
Z=KY
0.10 e . .
| True value o1& 2 2 1 — 2
1 _ 1 u>. =" =—— -
0.08} H :V——Zy,: i Y m—1z(y Y;)
! m =1 ! =1
|
1
0.06} 1 3
N | _ 2 _ %y
(ol u- = |—— u =
0.04}f Y \/m2 ZJ: i Jm
0.02}
2
| = = y U, _ |15y u
: : Z= £ = +
0.00t——~ L U y -2 2
0O 20 40 60 80 100 120 Z m k
z /[ unit y




Measurement precision and accuracy
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=  Measurement precision

“Closeness of the agreement between the results of replicate measurements on the
same measurand under specified conditions”

= Measurement accuracy (related to systematic error)

“Closeness of the agreement between the result of a measurement and a true value
of the quantity intended to be measured (measurand) ”



Precision < Accuracy

Accurate Inaccurate
(due to a systematic error or bias)

o . ‘

Imprecise



Standard or expanded uncertainty

e Standard uncertainty
A, =1 with p=0.68

d(X)dx

e Expanded uncertainty
A >1
e.g. A, =1.96=p=0.95

X+ u

0.4

with u, =A, O

X

— @ =0,0°=1)




Reporting of uncertainties

(y,u,), (b,u,) and (k,u,) independent input quantities = estimate of Z

Z=Y+B = z=y+b uz—uf,+u§

; =

Z=Y—-B = z=y-b uz—uf,+u,§

u2 Uz u2

Z=KY = z=ky uz =k? uj +yug z = Y 4k
2 2 2

4 vo ook

2 2 2 2 2

Y u u u u
Z:— — Z:X uf: ;+y4u|3 _;: ;+ I;
K k ke k 4 VA ¢

Combined uncertainties



Reliable experimental data and results

Requires

e Understanding of the measurement process (scientific background)
— experimental observables
— measurement model

e Well documented experimental observables, including
— all experimental details (input parameters, systematic effects)
— all uncertainty components (correlated and uncorrelated)

—> Propagation of uncertainties (uncorrelated & correlated) not complicated
. —_ T . _b__)' —_ Ty,1 _>_ _>|
GLUP: V, =G, V, G, GLSQ: (a=a) = V. G V.~ (z~h(q'))
(T2 -1
yq (Qayg Qa)
Note : GLUP & GLSQ based on normal probability distributions

= AGS-formalism (concept)



Generation and use of covariance data
in nuclear energy applications

10 — 11 December 2015
Organized by : SCKeCEN and EC—-JRC—-IRMM
at EC—JRC - IRMM
Retieseweg 111

B — 2440 Geel
Belgium

http://academy.sckcen.be/en/Events/



