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Neutron induced reactions 

direct reactions 
compound 

nucleus reactions 

+
+

solid state 

1 meV 10 MeV neutron kinetic energy 

1 nm neutron wave length 10 fm 
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Neutron-nucleus reactions 

Reaction:       • X + a → Y + b 
   • X(a,b)Y 

    • X(a,b) 
 
Examples of  
equivalent notations:    
 
 
Reaction cross section  σ, expressed in barns,  1 b = 10–28 m2 
 
Neutron induced nuclear reactions: 

 • elastic scattering  (n,n) 
 • inelastic scattering   (n,n’) 
 • capture  (n,γ) 
 • fission (n,f) 
 • particle emission (n,α), (n,p), (n,xn) 
 

Total cross section σtot: sum of all reactions 

238U + n → 239U* 
238U + n → 239U + γ
238U(n,γ) 

10B + 1n → 7Li + 4He 
10B + n → 7Li + α
10B(n,α)   
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Neutron-nucleus reactions 

 Reaction:  • X + a → Y + b 
    • X(a,b)Y 

 
 

 Cross section:  
function of the kinetic energy of the particle a 
 

 
 Differential cross section: 
 function of the kinetic energy of the particle a 
and function of the kinetic energy or the angle 
of the particle b 

 
  
 Double differential cross section:  
function of the kinetic energy of the particle a 
and function of the kinetic energy and the angle 
of the particle b 

→ 
a 

X Y b 
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Cross sections σT, σγ, σn et σf 
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Neutron fluxes and cross sections 
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Neutron induced reaction cross sections 
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Neutron fluxes and cross sections 

10
-5
10

-4
10

-3
10

-2
10

-1
10

0
10

1
10

2
10

3
10

4
10

5
10

6
10

7
10

8

neutron energy (eV)

0.0

1.0

e
n

e
rg

y
 d

s
tr

ib
u

ti
o

n
 

 o
f 

n
e
u

tr
o

n
 f

lu
x water  

moderated 
thermal  
fission 

 

stellar  
spectra 

 

10
-5
10

-4
10

-3
10

-2
10

-1
10

0
10

1
10

2
10

3
10

4
10

5
10

6
10

7
10

8

neutron energy (eV)

10
-8

10
-6

10
-4

10
-2

10
0

10
2

10
4

c
ro

s
s
 s

e
c
ti

o
n

 (
b

a
rn

)

total
fission
capture

(n,n’)

(n,xn)



    Frank Gunsing, CEA/Saclay          Joint ICTP-IAEA School, Trieste, 26-10-2015    12 

0.0

0.5

1.0

n
e

u
tr

o
n

 f
lu

x
 (

d
n

/d
ln

E
)

Neutron fluxes and cross sections 

10
-5
10

-4
10

-3
10

-2
10

-1
10

0
10

1
10

2
10

3
10

4
10

5
10

6
10

7
10

8
10

9

neutron energy (eV)

10
-8

10
-6

10
-4

10
-2

10
0

10
2

10
4

c
ro

s
s
 s

e
c
ti

o
n

 (
b

a
rn

)

total

fission

capture

(n,n’)

(n,xn)

reactor (ex. ILL) 

unmoderated tof 
(ex. GANIL-NFS) 

mono-energetic 

pulsed white sources 
 n_TOF, GELINA  

stellar (ex. FZK) 

water  
moderated 

thermal  
fission 

 

stellar  
spectra 

 

spallation 
(MEGAPIE) 



    Frank Gunsing, CEA/Saclay          Joint ICTP-IAEA School, Trieste, 26-10-2015    13 

10-3

10-2

10-1

100

101

102

0 10000 20000 30000 40000 50000
En (eV)

to
ta

l c
ro

ss
 s

ec
tio

n 
(b

ar
n)

56Fe + n

Interference of σpotential and σn 

transmission 
T = exp(–n.σT) 

0<T<1 



    Frank Gunsing, CEA/Saclay          Joint ICTP-IAEA School, Trieste, 26-10-2015    14 

Classical – Quantum Physics 
 

Classical physics 
• particles, Newton’s law of motion 
• electromagnetic waves, Maxwell's laws of electromagnetism 
 
 
Quantum physics 
• particles (momentum) and waves (wavelength) are different  
descriptions of the same thing. Related by Planck’s constant h. 
 
                                         De Broglie wavelength: 
 
From 1900, observations of electrons, photons behaving as particles or 
waves in different experiments (black body radiation, photo-electric effect, 
crystal diffraction). 

Probability of a particle being at time t, having position x is related to a “wave 
function”. 
 
Probability (Born interpretation):  
 
The wave function is a solution of the Schrödinger equation (postulate). 
 

���

� =
h

p
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The hydrogen atom 

Hydrogen atom 
 
• quantum system of one proton, one electron 
 
• the system can be in well-defined energy states (electron orbits). 
 
• transitions between these states can be observed as electromagnetic 
  radiation 
 
• Observed:  energy states: En = -13.6/n2 eV, with n=1 the ground state  
 
• wavelengths observed corresponding to transitions between  
  these states (ΔE=hc/λ) 
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The hydrogen atom – Bohr model 
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The hydrogen atom – Bohr model 
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The hydrogen atom – Bohr model 
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Discrete states of the hydrogen atom 

E∞=0 

E1=-13.6 eV 

E2 

E3 

En 

excitation 
energy 

hydrogen atom 
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Discrete states of the hydrogen atom 
Hydrogen atom 
• quantum system of one proton, one electron 
• the system can be in well-defined energy states (electron orbits). 
• transitions between these states can be observed as electromagnetic radiation 
• energy states: En = -13.6/n2 eV, with n=1 the ground state  
• wavelengths observed corresponding to transitions between these states (ΔE=hc/λ) 
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The Schrödinger equation 

Time-independent, for a spinless, onedimensional particle: 

���

� ~2
2m

d

2
 (x)

dx

2
+ V (x) (x) = E (x)

 E
energy potential 

wave function 

Solutions:     ,   

Interpreted as probabitliy 
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The Schrödinger equation 

Time-independent. Equation for a spinless, onedimensional particle: 

� ~2
2m

d

2
 (x)

dx

2
+ V (x) (x) = E (x)

h
� ~2

2m
r2 + V (x)

i
 (x) = E (x)

Ĥ (x) = E (x)

Hamiltonian 
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Quantum system: the infinite well 

Solve Schrödinger equation, 
for a spinless, onedimensional particle 
 
Probability  

� �2

2m

d2�(x)
dx2

+ V (x)�(x) = E(x)

Example: The infinite well 
for a spinless, onedimensional particle: 

V (x) = 0 for 0 < x < a

V (x) =� elsewhere

Solution: 

V=0 

V=∞ 

x=0 x=a 

���
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Quantum system: the infinite well 

Solve Schrödinger equation, 
for a spinless, onedimensional particle 
 
Probability  

� �2

2m

d2�(x)
dx2

+ V (x)�(x) = E(x)

Example: The infinite well 
for a spinless, onedimensional particle: 

V (x) = 0 for 0 < x < a

V (x) =� elsewhere

Solution: 
⇥n(x) =

�
2
a

sin
n�x

a

En =
�2�2

2ma2
n2

V=0 

V=∞ 

x=0 x=a 

E3 

E1 

E2 

En 

���

E4 

E5 

E6 
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Quantum system: the infinite well 

Solve Schrödinger equation, 
for a spinless, onedimensional particle 
 
Probability  

� �2

2m

d2�(x)
dx2

+ V (x)�(x) = E(x)

Example: The infinite well 
for a spinless, onedimensional particle: 

V (x) = 0 for 0 < x < a

V (x) =� elsewhere

Solution: 
⇥n(x) =

�
2
a

sin
n�x

a

En =
�2�2

2ma2
n2

V=0 

V=∞ 

x=0 x=a 

E3 

E1 

E2 

En 

���

E4 

E5 

E6 
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Quantum system: the finite well 

Solve Schrödinger equation in two regions:  
• inside and outside the well 
• normalize solutions to match value and derivative and borders x=0 and x=a 
 
Now the wave function exists also outside the well at x<0 and x>a 

V0 

V=0 

x=0 x=a 

� ~2
2m

d

2
 (x)

dx

2
+ V (x) (x) = E (x)

0 < x < a � ~2
2m

d

2
 (x)

dx

2
+ V0 (x) = E (x)

x < 0, x > a � ~2
2m

d

2
 (x)

dx

2
= E (x)
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Quantum system: the finite well 

Solve Schrödinger equation in two regions:  
• inside and outside the well 
• normalize solutions to match value and derivative and borders x=0 and x=a 
 
Now the wave function exists also outside the well at x<0 and x>a 

V0 

V=0 

x=0 x=a 

Match value  
and derivative 

� ~2
2m

d

2
 (x)

dx

2
+ V (x) (x) = E (x)

0 < x < a � ~2
2m

d

2
 (x)

dx

2
+ V0 (x) = E (x)

x < 0, x > a � ~2
2m

d

2
 (x)

dx

2
= E (x)
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Quantum system: the finite well 

Solve Schrödinger equation in two regions:  
• inside and outside the well 
• normalize solutions to match value and derivative and borders x=0 and x=a 
 
Now the wave function exists also outside the well at x<0 and x>a 

V0 

V=0 

x=0 x=a 

Match value  
and derivative 

In general, a generic state can be written 
as a linear expansion of it eigenstates: 
       
 
 
 
 (x) =

X

k

ck k(x)
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Quantum system: the potential barrier 

Solve Schrödinger equation in three regions:  
• free travelling particle of energy E 
• inside and outside the well 
• normalize solutions to match value and derivative and borders x=0 and x=a 
• transmission and reflection 

V=V0 

x=0 x=a 
V=0 
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Quantum system: the potential barrier 

Solve Schrödinger equation in three regions:  
• free travelling particle of energy E 
• inside and outside the well 
• normalize solutions to match value and derivative and borders x=0 and x=a 
• transmission and reflection 

V=V0 

x=0 x=a 

Match value  
and derivative 

V=0 
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Quantum system: the potential barrier 

Solve Schrödinger equation in three regions:  
• free travelling particle of energy E 
• inside and outside the well 
• normalize solutions to match value and derivative and borders x=0 and x=a 
• transmission and reflection 

 1(x) = Ae

ik(x)x +Be

�ik(x)x

 2(x) = Ce

ik(x)x +De

�ik(x)x

 3(x) = Ee

ik(x)x + Fe

�ik(x)x

k(x) =
p

2m(E � V0)/~2

V=V0 

x=0 x=a 

Match value  
and derivative 

V=0 
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Quantum system: the potential barrier 

Solve Schrödinger equation in three regions:  
• free travelling particle of energy E 
• inside and outside the well 
• normalize solutions to match value and derivative and borders x=0 and x=a 
• transmission and reflection 

 1(x) = Ae

ik(x)x +Be

�ik(x)x

 2(x) = Ce

ik(x)x +De

�ik(x)x

 3(x) = Ee

ik(x)x + Fe

�ik(x)x

k(x) =
p

2m(E � V0)/~2

V=V0 

x=0 x=a 

Match value  
and derivative 

V=0 
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Quantum system: the potential barrier 

Solve Schrödinger equation in three regions:  
• free travelling particle of energy E 
• inside and outside the well 
• normalize solutions to match value and derivative and borders x=0 and x=a 
• transmission and reflection 

 1(x) = Ae

ik(x)x +Be

�ik(x)x

 2(x) = Ce

ik(x)x +De

�ik(x)x

 3(x) = Ee

ik(x)x + Fe

�ik(x)x

k(x) =
p

2m(E � V0)/~2

j =
~

2mi
( ⇤r �r ⇤ )

V=V0 

x=0 x=a 

Match value  
and derivative 

V=0 

transmission T = |F |2/|A|2 = jtrans/jinc
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Quantum systems 

Other useful excercises in 1D: 
• barrier potential 
• finite potential well 
• harmonic oscillator 
 
More complicated in 3D, V=V(r), more particles, degeneracy: 
• cartesian well 
• spherical well 
• harmonic oscillator 
• realistic potentials (Wood-Saxon), 
   
à  No analytical solution possible,  
     numerical solutions 
 
Apply to real quantum systems: 
atoms (hydrogen) but also to nuclei. 
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Quantum systems 

Other useful excercises in 1D: 
• barrier potential 
• finite potential well 
• harmonic oscillator 
 
More complicated in 3D, V=V(r), degeneracy: 
• cartesian well 
• spherical well 
• harmonic oscillator 
• realistic potentials (Wood-Saxon), 
   
à  No analytical solution possible,  
     numerical solutions 
 
Apply to real quantum systems: 
atoms (hydrogen) but also to nuclei. 
 
A nucleus is a quantum system of 
nucleons (protons and neutrons), bound 
together by the strong force. 
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The nucleus as a quantum system, shell model 

neutrons protons

16
8O

neutrons protons neutrons protons

17
8O

15
8O
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The nucleus as a quantum system 

neutrons protons
 –V0 

 0 

level scheme representation: 
excited states of a nucleus 
(shell model and other states) 

ground state
1st excited state

2nd excited state

3rd excited state

AX 
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nuclear state

shell model representation: 
configuration of nucleons in their 
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The nucleus as a quantum system 

neutrons protons
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The nucleus as a quantum system 
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The nucleus as a quantum system 

neutrons protons
 –V0 
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The nucleus as a quantum system 

7Li 

1
CITATION :
Nuc lear Physics (2002 )

From NNDC (BNL )
program ENSDAT

  
 
7
3Li4–1   

 
7
3Li4–1

    Adopted  Leve ls ,  Gammas    1988Aj01 ,2002Ti10   

3 /2– 0.0 stable

1 /2– 477.612 73 fs

7 /2– 4630 93 keV

5 /2– 6680 0.88 MeV

7 /2– 9670 �400 keV

14700 �700 keV

  Level  Scheme  

47
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M
1(

+E
2)46
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7
3Li4

1
CITATION :
Nuc lear Physics (1990 )

From NNDC (BNL )
program ENSDAT

 1
 
2
6C6–1  1

 
2
6C6–1

    Adopted  Leve ls ,  Gammas    1990Aj01    

0+ 0.0 stable

2+ 4438.91 10.8!10–3 eV

0+ 7654.20 8.5 eV

3– 9641 34 keV

(0+ ) 10300 3.0 MeV

1– 10844 315 keV

2– 11828 260 keV

1+ 12710 18.1 eV

(2– ) 13352 375 keV

4+ 14083 258 keV

1+ 15110 43.6 eV

2+ 16105.8 5.3 keV

2– 16570 300 keV

33470 1.93 MeV

  Level  Scheme  

44
38

.0
3 

E
2

32
14

.8
3 

E
2

96
37

 E
3

82
68

.0
3 

M
1

12
70

3 
M

1

24
00

 M
1

74
53

.3
 M

1

10
66

6.
00

 M
1

15
10

0 
M

1

33
95

.3
 M

1

64
63

 E
1

11
66

1 
M

1

16
09

4.
2 

E
2

16
55

8 
M

2

1
 
2
6C6

12C 

Level schemes from ENSDF 
www.nndc.bnl.gov/ensdf 
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1

CITATION :
Nuc lear Data Sheets (2009 )

From NNDC (BNL )
program ENSDAT

19
7

8
9Au119–1 19

7
8
9Au119–1

    Adopted  Leve ls ,  Gammas    

2– 0.0 2.6947 d

1– 55.1800 0.28 ns

0– 91.0040

1– 192.9427 0.7 ns

3– 236.0441 �0.15 ns

1– 259.3382 �0.2 ns

2– 261.4033 �0.2 ns

3– 328.4800 �0.15 ns

2– 362.8972 �0.15 ns

1– 368.2529 �0.15 ns

1– 495.5091

3– 529.1671

4– 544.0081

2– 548.9326

3– 625.4276

1–,2– 632.4792

2– 702.4785

1– 703.7274

4+ 758.395

4– 764.478

2– 786.5336

1– 789.2954

2– 800.0380

3– 835.362

3– 894.2527

1–,2– 896.5651

1–,2– 918.5862

1–,2– 956.9448

3– 987.5714

2– 1056.714

1–,2–,3– 1075.533

2– 1124.877

3– 1157.2356

1+,2+,3+ 1191.558

1–,2– 1256.005

3– 1272.1312

1–,2–,3– 1335.535

1–,2– 1371.475

1–,2– 1402.084

2–,3– 1431.638

3– 1472.091

1–,2– 1505.164

3– 1542.775

1–,2– 1554.423

3– 1560.399

  Level Scheme  

Intensities :  relative photon branching from each level

&  Multiply placed ;  undivided intensity given
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The nucleus as a quantum system 

198Au 
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The nucleus as a quantum system 

208Pb 1
CITATION :
Nuc lear Data Sheets (2007 )

From NNDC (BNL )
program ENSDAT

20
8

8
2Pb126–1 20

8
8
2Pb126–1

    Adopted  Leve ls ,  Gammas    

0+ 0.0 stable

3– 2614.522 16.7 ps

5– 3197.711 294 ps

4– 3475.078 4 ps

4– 4261.871 >520 fs

4+ 4323.946 11.7 ps

4– 4358.670 194 fs

4– 5968.55 7.6 fs

12+ 6100.69

(13– ) 6448.40

14– 6743.42

6920.7

2– 6929.6

2– 6969.3

1,2+ 6980 �1.8 fs

7001.0

(3– ) 7020.2

1– 7063.53 0.025 fs

1– 7083.2 0.050 fs

3–,4– 7137.3

1 7177.0 �0.57 fs

7196.6

1 7206.9 �0.51 fs

7218.6

1– 7240 �0.24 fs

7264.4

1+ 7278.68 0.585 fs

2+ 7315.4

1– 7332.4 0.016 fs

3– 7389.0

1– 7415 �0.17 fs

7528.79

1– 7548.6 �0.35 fs

1– 7631 �0.57 fs

1,2+ 7685.4

1 7722.6 �0.62 fs

1 (– ) 7913 �0.48 fs

(15– ) 7974.04

(14– ) 8026.95

8264.38

(15– ) 8350.79

(16– ) 8562.94

8723.50

(14–,15,16– ) 8812.70

(17+ ) 9061.2

9103.1

9394.4

10136.8

10196.1

10342.0

10357.4

10372.2

10552.4

11361.0

11958.1

  Level Scheme  

Intensities :  relative photon branching from each level

43
06

.1

43
15

.0

37
71

.6

69
80

38
03

.3

10
52

.3
  3

8

26
60

.3
  1

00

26
96

.7
  4

4

27
58

.6
  5

5

70
63

.4
 [E

1]

70
83

.1
 [E

1]

45
22

.7

71
76

.9

45
82

.0

72
06

.8

40
20

.8

72
40

40
66

.6

72
78

.5
4 
[M

1]

73
15

.3

73
32

.3
 [E

1]

39
13

.9

74
1510

80
.2

14
28

.0

75
48

.5

76
31

76
85

.2

77
22

.5

79
1344
5.

1

12
30

.8

49
8.

0

12
83

.4

15
78

.623
7.

5

32
3.

7

37
6.

8

16
07

.621
2.

3

45
9.

2

19
80

.0

24
9.

9

78
5.

623
17

.8

4229
0.

429
1.

3

74
2.

4

80
1.

7

94
7.

6

96
3.

0

23
5.

435
6.

3

10
19

.0

59
7.

0

99
1.

4

15
88

.7

72
5.

4

20
8

8
2Pb126



    Frank Gunsing, CEA/Saclay          Joint ICTP-IAEA School, Trieste, 26-10-2015    44 

The nucleus as a quantum system 

239U 1
CITATION :
Nuc lear Data Sheets (2003 )

From NNDC (BNL )
program ENSDAT

23
9

9
2U147–1 23

9
9
2U147–1

    Adopted  Leve ls ,  Gammas    

5 /2+ 0.0 23.45 min

(5 /2+ ) 0.0+x >0.25 µs

7 /2+ 42.543

1 /2+ 133.7990 0.78 µs

3 /2+ 145.769

174.0+x

5 /2+ 193.987

(7 /2– ) 292.5872

(11 /2– ) 372.7

(3 /2– ) 477.8+x

5 /2– 539.290

(1 /2 )+ 687.880

3 /2+ 715.834

1 /2– 815.181

3 /2– 823.718

(3 /2 )+ 853.24

5 /2+ 893.28

(1 /2 )– 932.88

(3 /2 )– 961.88

3 /2+ 965.638

(5 /2 )+ 988.07

3 /2+,5 /2+ 990.504

5 /2+ 1062.49

1 /2,3 /2 1066.82

(1 /2+,5 /2+ ) 1083.4+x

1149.8

(3 /2+ ) 1152.79

1 /2+ 1155.01

3 /2+ 1167.14

(1 /2 )– 1194.61

5 /2+ 1201.0

(3 /2– ) 1223.31

1 /2–,3 /2– 1241.99

1 /2–,3 /2– 1306.22

(1 /2–,3 /2– ) 1360.98

1399.6

1436.90

1481.60

1 /2–,3 /2– 1520.40

1 /2,3 /2+ 1573.3

(1 /2–,3 /2– ) 1626.9+x

(3 /2– ) 1630.6+x

3 /2, (1 /2 ) 1717.1

(1 /2–,3 /2– ) 1767.5+x

1776.5+x

1808.2+x

(1 /2+ ) 3107.0+x

  Level Scheme  

@  Multiply placed ;  intensity suitably divided

Intensities :  relative photon branching from each level
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D =100 keV
Sn =10 MeV

D =10 eV

Nuclear levels 

ground-state 

neutron separation energy 

nuclear levels (238U: 400000) 
 level density =  
 number of levels per unit energy 
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D =100 keV
Sn =10 MeV

A+1X

AX

D =10 eV
n + σ 

En

En

Compound neutron-nucleus reactions 
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D =100 keV
Sn =10 MeV

A+1X

AX

D =10 eV
n + σ 

En

En

Compound neutron-nucleus reactions 

compound 
nucleus reaction 

+
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Neutron induced reactions: 
Chart of nuclides 
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Neutron induced reactions: 
Chart of nuclides 

proton drip line 

neutron drip line 
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Chart of nuclides 

stable
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Chart of nuclides 

stable
β–

EC, β+

α
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Neutron separation energy 

N 

Z 

4 - 10 MeV 
for stable nuclei 
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Fission of 235U+n et 238U+n 

239U

238U

fissionable

Sn = 4.8 MeV

6.6 MeVn +  6.2 MeV

236U

235U
fissionable  

Sn = 6.5 MeV

n +  

excitation  
energy
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Decay of a nuclear state 

state with a life time τ: 
 
 
 
definition (Heisenberg): 
 
 
 
Fourier transform gives energy profile: 
 
 
 
 

eigen state, 
transitition E0→Ef  
life time τ

Γ

E
0 E

I(E) = Γ / 2π
(E − E0 )

2 + Γ2 / 4

  
Γ =

h
τ

  Ψ(t) = Ψ0e
− iE0t /he−t / 2τ

E0

Ef
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Neutron-nucleus reactions 

Solve Schrödinger equation of system to get cross sections. 
Shape of wave functions of in- and outgoing particles are known,  
potential is unknown. Two approaches: 

 • calculate potential (optical model calculations, smooth cross section) 
 • use eigenstates (R-matrix, resonances)    

Conservation of probability density: 
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R-matrix formalism 

+ 

entrance channel 

+ 

exit channel compound nucleus 

partial incoming wave functions: 

partial outgoing wave functions: 

related by collision matrix: 

cross section: 

Internal region (r<ac compound nucleus): 
• wave function is expansion of eigenstates λ. 

External region (r>ac, well separated particles): 
• no interaction, Schrödinger equation solvable. 
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Find the wave functions 

separation distance 

external region 

internal region 

match value and derivate of Ψ  

Internal region: very difficult, Schrödinger equation cannot be solved directly  
solution: expand the wave function as a linear combination of its eigenstates. 
using the R-matrix: 

External region: easy, solve Schrödinger equation  
central force, separate radial and angular parts. 
solution: solve Schrödinger equation of relative motion: 

 • Coulomb functions  
 • special case of neutron particles (neutrons): fonctions de Bessel 


d2

dr2
� `(`+ 1)

r2
� 2mc

~2 (V � E)

�
rR(r) = 0
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10
-2

10
-1

10
0

10
1

!  (dimensionless)

-0.2

0.0

0.2

0.4

0.6

0.8

1.0
j x

(!
)

2.9"10
1

2.9"10
3

2.9"10
5

2.9"10
7

neutron energy, A=238 (eV)

L=0

L=1

L=2

L=3

The R-matrix formalism 

⇥ = r/�

(⇥ = ac/�)
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r

(r)c!

ca

internal external region

0

match value and derivative

The R-matrix formalism 
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r

(r)c!

ca

internal external region

0

match value and derivative

The R-matrix formalism 

� =
�

c

ycIc +
�

c�

xc�O�
c

� = �(Rcc�)

Rcc� =
�

�

��c��c�

E� � E
Ic = Icr

�1⇤ci
�Y �

m�
(�,⇥)/

�
vc

Oc = Ocr
�1⇤ci

�Y �
m�

(�,⇥)/
�

vc

xc0 ⌘ �
X

c

Uc0cyc
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The R-matrix formalism 

� =
�

c

ycIc +
�

c�

xc�O�
c

� = �(Rcc�)

Rcc� =
�

�

��c��c�

E� � E

Ic = Icr
�1⇤ci

�Y �
m�

(�,⇥)/
�

vc

Oc = Ocr
�1⇤ci

�Y �
m�

(�,⇥)/
�

vc

xc0 ⌘ �
X

c

Uc0cyc

The wave function of the system  
is a superposition of incoming and 
outgoing waves: 

The physical interaction is 
included in the collision matrix U:  

Incoming and outgoing 
wavefunctions have form: 

The wave function depends on 
the R-matrix, which depends on 
the widths and levels of the 
eigenstates.  
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The R-matrix formalism 

U = �P1/2[1�R(L�B)]�1[1�R(L⇤ �B)]P�1/2�

The relation between the R-matrix and the collision matrix: 

The relation between the collision matrix and cross sections: 

⌅cc0 = ⇤⇥2
c |�c0c � Uc0c|2channel to one other channel: 

⇤cr = ⇥�2
c(1� |Ucc|2)channel to any other channel: 

⇤cc = ⇥�2
c |1� Ucc|2channel to same channel: 

⇤c,T = ⇤c = 2⇥�2
c(1� ReUcc)channel to any channel (total): 

Lc = Sc + iPc =

✓
�

Oc

dOc

d�

◆

r=ac

with: 
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10-3 10-2 10-1 100 101
!  (dimensionless)

-3.0

-2.0

-1.0

0.0

S L(!
)

2.9"10-1 2.9"101 2.9"103 2.9"105 2.9"107
neutron energy for A=238 (eV)

L=0
L=1
L=2
L=3

The R-matrix formalism 
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The R-matrix formalism   Neutron Cross Section Measurements

10–4

10–3

10–2

10–1

100

101

P
L(

r)

2.9×10–1 2.9×101 2.9×103 2.9×105 2.9×107

Neutron energy for A=238 (eV)

L=0
L=1
L=2
L=3

–3.0

–2.0

–1.0

0.0

S
l(

r)

10–3 10–2 10–1 100 101

ρ (Dimensionless)

10–4

10–3

10–2

10–1

100

101

F
l(

ρ)

⊡ Figure 
The functions Pℓ(ρ), Sℓ(ρ), and ϕℓ(ρ) for ℓ = , , ,  shown as a function of ρ and as a function of
equivalent energy for a nucleus withmass A = 

If the boundary conditions Bc , defined by (), are real, then the δλc and the γλc are real
and hence R is real. In addition R is symmetrical. A common choice is to take

Bc = Sc ()

which eliminates the shift factor for s-waves, but introduces an energy dependence.The choice
Bc = −ℓ has also been proposed (Fröhner ). At low energy this is equivalent as can be seen
in > Fig. , where Pℓ , Sℓ and ϕℓ are plotted as a function of ρ and as a function of equivalent
energy for a nucleus with mass A = .

So () defines the collision matrix in terms of the parameters of the R-matrix, γλc and Eλ ,
representing the physical process of the reaction, and the quantities Pc , Sc , ϕc , describing the
known incoming and outgoing waves Ic and Oc , outside a sphere with radius ac .The values Bc
determine the boundary conditions at the matching point of the internal and external region,
and are free to be chosen.The unknowns of the R-matrix, γλc and Eλ, need to be determined
in order to know the U-matrix and subsequently the cross sections.
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The R-matrix formalism 

The Breit-Wigner Single Level approximation:  
total cross section:  

⇤c = ⇥�2
cgc

�
4 sin2⌅c +

����c cos2⌅c + 2(E � E� �⇥�)��c sin2⌅c

(E � E� �⇥�)2 + �2
�/4

⇥

⇤T (E) = 4⇥R�2 + ⇥�2g

�
4�n(E � E0)R�/� + �2

n + �n�� + �n�f

(E � E0)2 + (�n + �� + �f+)2/4

⇥

neutron channel: 
only capture, scattering, fission: 
other approximations: 
 
total cross section: 

c = n

sin⇥c = � = kac� = 0 cos�c = 1 �� = 0
�⇥ = � = �n + �� + �f

potential 
interference elastic capture fission 

total width 
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The R-matrix formalism 

The Reich-Moore approximation:  
 

Use the fact that there are many photon channels, with Gaussian distributed 
amplitudes with zero mean: 

< ��c�µc >= �2
�c⇥�µ

Rcc0 =
X

⇥

�⇥c�⇥c0

E⇥ � E � i�⇥�/2
c /2 photon

Then photon channels can be eliminated in the R-matrix: 

X

c2photon

�⇥c�µc =
X

c2photon

�2

⇥c�⇥µ = �⇥��⇥µ

The sum over the amplitudes of the photon channels becomes then: 
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Measured reaction yield 

isolated Breit-Wigner 
resonance, decaying 
quantum state with half-
life τ=h/Γ  
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Measured reaction yield 

isolated Breit-Wigner 
resonance, decaying 
quantum state with half-
life τ=h/Γ  

Doppler broadened 
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Measured reaction yield 

resolution broadened and 
shifted

isolated Breit-Wigner 
resonance, decaying 
quantum state with half-
life τ=h/Γ  

Doppler broadened 
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Measured reaction yield 

real measurement  
with background 

Doppler broadened 

isolated Breit-Wigner 
resonance, decaying 
quantum state with half-
life τ=h/Γ  

resolution broadened and 
shifted
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Measured quantities for resolved resonances 

• Experimental quantities are not cross sections but reaction yields and     
  transmission factors 

 

reaction yield: 

 
 

transmission: 

 
 

 

cross section: 

 

• Cross sections are functions of the resonance parameters 
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Measured quantities for unresolved resonances 

• Experimental quantities are average yields and average transmission factors 

 

reaction yield: 

 
 

transmission: 
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Measured quantities for unresolved resonances 

• Experimental quantities are average yields and average transmission factors 

 

reaction yield: 

 
 

transmission: 
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Measured quantities for unresolved resonances 

• Experimental quantities are average yields and average transmission factors 

 

reaction yield: 

 
 

transmission: 

 
 

 

 

• change of parameters describing the cross section 

resolved           unresolved parameters 
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Measured quantities for unresolved resonances 

• Experimental quantities are average yields and average transmission factors 

 

reaction yield: 

 
 

transmission: 

 
 

 

 

• change of parameters describing the cross section 

Neutron strength  
function: 

resolved           unresolved parameters 
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Average cross sections 

The relation between the energy averaged collision matrix and 
energy averaged cross sections: 

average scattering: 

      shape elastic (potential) 

      compound elastic 

 

average any reaction 

 
average total 

 

average single reaction 

 

average compound nucleus 
formation 

 

 

 

 

�cc = ⇡�2
cgc|1� Ucc|2

�se
cc = ⇡�2

cgc|1� Ucc|2

�ce
cc = ⇡�2

cgc
⇣
|Ucc|2 � |Ucc|2

⌘

�c,T = 2⇡�2
cgc(1� ReUcc)

�cr = ⇡�2
cgc(1� |Ucc|2)

�cc0 = ⇡�2
cgc|�cc0 � Ucc0 |2

�c = ⇡�2
cgc(1� |Ucc|2)
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Average cross sections 

• From optical model calculations one can calculate          but not                 
 

• Therefore, only                                        can be calculated, of which only 
  the total average cross section can be compared directly with measurements. 
 

• In OMP one uses transmission coefficients 

  

• Average single reaction cross section (Hauser-Feshbach): 

 

�c,T , �se
cc, �c

Ucc |Ucc|2

Tc = 1� |Ucc|2

�cc0 = �se
cc�cc0 + ⇡�2

cgc
TcTc0

⌃Ti
Wcc0

Wcc0 =
⇣�c�c0

�

⌘ �

�c �c0

related to average parameters:

width fluctuations:
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Cross sections σT, σγ, σn et σf 
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Cross sections σT, σγ, σn et σf 
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Cross sections σT, σγ, σn et σf 
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D =100 keV
Sn =10 MeV

A+1X

AX

D =10 eV
n + σ 

En

En

Compound neutron-nucleus reactions 

compound 
nucleus reaction 

+
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Orbital momentum 

J = I+ 1/2+ `

⇡ = ⇡i ⇥ (�1)`

• orbtial momentum of incoming neutron relative to nucleus: 
 
• Resonance spin and parity: 
 
 
 
 
 
• partial waves: 
 
 
 

s-wave ` = 0

p-wave ` = 1

d-wave ` = 2

f-wave ` = 3
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Nuclear level densities 

low-lying levels:
Count levels, all Jπ

level density  
model

neutron resonances:
Count levels, selected Jπ, 
extract D0

• All level density models reproduce the low-lying levels and D0 at Sn   

neutron binding  
energy 
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Compound nucleus reactions 
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Level densities: the level spacing D0 

• The level spacing D0 at the neutron binding energy 
   is a crucial input parameter for calibrating level density models. 
   Level density: ρ = 1/D. 
 
 
• D0 is the spacing between levels excited by neutrons on nuclei bringing in    
  zero orbital momentum (s-wave resonances). 
 
 
• Spacings from higher orbital momentum are equally important, but in  
  general much more affected by missing levels. 
 
 
• Problems concerning the determination of D0: 

 - spin and parity assignment of levels 
 - corrections for missing levels (which are not  
   observed experimentally) 
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Level spacing D0 
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Level spacing D0 
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Level spacing D0 
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Level density basics 

Level density definition: ⇥(U, J,�) =
⇤N(U, J,�)

⇤E

⇥(U, J,�) = ⇥U (U)� ⇥J(J)� ⇥�(�)Simplify, use factorization: 

⇥(�+) = ⇥(��) =
1
2

�(U) =
1
T

exp
�
�U � U0

T

⇥
�(J) = exp

�
� J2

2⇥2
c

⇥
� exp

�
� (J + 1)2

2⇥2
c

⇥
• parity distribution: 

• spin distribution: 

• energy distribution: 
  (constant temperature) 

Many more sophisitcated models, especially for ρ(U). 
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Level density by counting levels: staircase plot 
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Level density from resonance positions 

 
 
• Other information needed to estimate the number of missing levels. 
 
 
• Use the properties of the statistical model of the nucleus to find missing levels. 
  Works for medium and heavy nuclei. 
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What is the statistical model for a nucleus? 

• Neutron resonances correspond to states in a compound nucleus, which is 
  a nucleus in a highly excited state above the neutron binding energy. 
 
 
 
• The compound nucleus corresponds to a very complex particle-hole configuration. 
    à Gaussian Orthogonal Ensemble (GOE) 
 
 
 
• The transition probability between two levels is related to the matrix elements of 
the interaction between two levels.  
 
 
 
• Matrix elements (amplitudes γ) are Gaussian random variables with zero mean. 
Observables are widths Γ ~ γ2. 
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The statistical model  

The nucleus at energies around Sn can be 
described by the 
Gaussian Orthogonal Ensemble (GOE) 
 
The matrix elements governing the nuclear 
transitions are random variables with a 
Gaussian distribution with zero mean. 
 
• Consequences: 
   • The partial widths have a Porter-Thomas 
     distribution.   
   • The spacing of levels with the same  
     Jπ have approximately a  Wigner 
     distribution. 
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Chi-square distribution 
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• If ν random variables xi have independent Gaussian distributions,  
   z = Σxi

2 has a chi-square distribution with ν degrees of freedom. 
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Chi-square distribution 
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• If ν random variables xi have independent Gaussian distributions,  
   z = Σxi

2 has a chi-square distribution with ν degrees of freedom. 
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• neutron widths  ν = 1
• radiation widths  ν = large number 
• fission widths  ν ∼ 4
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Chi-square distribution 

x =
�

2

< �

2
>

PPT(x) =
1p
2⇡x

exp

�
� x

2

�

For neutron widths (s-waves), use the effective reduced neutron width 
 
  

x =
g�0

n

< g�0
n >

�0
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p
(E)

and 
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Chi-square distribution 
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For neutron widths (s-waves), use the effective reduced neutron width 
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and for easy handling use 
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Neutron widths 
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Neutron width distribution 
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The statistical model  

The nucleus at energies around Sn can be 
described by the 
Gaussian Orthogonal Ensemble (GOE) 
 
The matrix elements governing the nuclear 
transitions are random variables with a 
Gaussian distribution with zero mean. 
 
• Consequences: 
   • The partial widths have a Porter-Thomas 
     distribution.   
   • The spacing of levels with the same  
     Jπ have approximately a  Wigner 
     distribution. 
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Spacing distribution of two consecutive levels 
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Evaluated nuclear data libraries 

Libraries 
• JEFF - Europe 
• JENDL - Japon 
• ENDF/B - US 
• BROND - Russia 
• CENDL - China 

 
Common format:  

ENDF-6 
 
Contents: 

Data for particle-induced reactions (neutrons, protons, gamma, other) 
but also radioactive decay data 

 
Data are indentified by “materials”  

(isotopes, isomeric states, (compounds) ) 
ex.  16O:  mat =  825 
   natV:  mat = 2300 
   242mAm:  mat = 9547 
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Files for a material 
from report ENDF-102  

  1 General information                                                          
  2 Resonance parameter data                                                     
  3 Reaction cross sections                                                      
  4 Angular distributions for emitted particles                                  
  5 Energy distributions for emitted particles                                   
  6 Energy-angle distributions for emitted particles                             
  7 Thermal neutron scattering law data                                          
  8 Radioactivity and fission-product yield data                                 
  9 Multiplicities for radioactive nuclide production                            
 10 Cross sections for photon production                                         
 12 Multiplicities for photon production                                         
 13 Cross sections for photon production                                         
 14 Angular distributions for photon production                                  
 15 Energy distributions for photon production                                   
 23 Photo-atomic interaction cross sections                                      
 27 Atomic form factors or scattering functions for photo-atomic interactions                                                                 
 30 Data Covariances obtained from parameter covariances and sensitivities       
 31 Data covariances for nubar                                                   
 32 Data covariances for resonance parameters                                    
 33 Data covariances for reaction cross sections                                 
 34 Data covariances for angular distributions                                   
 35 Data covariances for energy distributions                                    
 39 Data covariances for radionuclide production yields                          
 40 Data covariances for radionuclide production cross sections                  
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Example: part of an evaluated data file 
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The library JEFF-3.1 
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• K. S. Krane, Introductory Nuclear Physics, Wiley & Sons, (1988). 
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• P. Reus, Précis de neutronique, EDP Sciences, (2003). 
• J. E. Lynn, The Theory of Neutron Resonance Reactions, Clarendon Press, Oxford, (1968). 
• F. Fröhner, Evaluation and analysis of nuclear resonance data, JEFF Report 18, OECD/NEA (2000). 
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   Rev. Mod. Phys. 69 (1997) 995. 
• D. Cacuci (ed.), Handbook of Nuclear Engineering, Springer (2010). 
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