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Perihelia reduction: 2

The planetary problem

The Hamiltonian governing the motion of n planets and a star

interacting through gravity only is:

n
leanets,star(u7 V) — Z ‘2;1 N Z Vs — :

— Vv
i=0 * 0§i<j§n| 1 J|
Mp =mp: sSun , My = umy, ---, My, = um, : planets
_ 3 _ 3
u; = (ui1,uso,u53) € R vi = (Vi1,Vig, Viz) € R Vi # V;

n 3
standard 2 — form: Q=) » dujjAdvi;  (3+3n d. o £f.)
i=0 j=1
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Perihelia reduction: 3

The heliocentric reduction of translation

lnvariance

Translation invariance allows to study the motion of the relative

positions

CiXi = Vi — Vo i:].,"',l'l.

This is governed by the 3n--degrees of freedom Hamiltonian

n
il 1 L Yi s =
Hplanets = b'( - )+’u ( B )
planets ; 1 2 |Xi‘ 1§§j§n 11K} Cj_Cj ‘CiXi o Cij‘

= hine + ,ufpert

where ci, by =0,(1) Q=737 ,dy;;Adxi; (3nd. o. f.)
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Perihelia reduction: 4

Symmetries
Hplanets 18 1nvariant:
a) by rotations:
(yi,%;) — (Rys,Rx;) V i, R € S0(3)

This is due to the three independent, mon—-commuting integrals

C= (Clac27c3) — in X Vi ;
i=1

b) by reflectionms:
+1
(yi,%1) = (oys,7%3) V i, o, T = +1
+1
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The integrable part

Consider the integrable part

1

\Xi|

N—

n ' 2
hint(Yla"' y Yny X1, " 7Xn):Zb1(|y;‘ -
i=1

assuming that

2
- 1

ysl® <0 Vi=1,---,n
- 1

Then the unperturbed motion for the coordinates

(yi,%1) € R3 x R3

evolves on Keplerian ellipses.
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The ‘‘proper degeneracy’’

In action--angle coordinates,

ly5 ]2 I 1

2 x;| 212 2a;

is one-dimensional

Therefore, the integrable part becomes

b
212

hKep(Lla T 7Ln) — _Z

i=1

Perihelia reduction: 6

a function of only on m action coordinates, out of 3n.
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Canonical elliptic elements after Jacobi
method

(‘ ‘Delaunay Coordinates’’)
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Védan prefixed [rame
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Perihelia reduction: 9

Q; =dL; Adl; +dG; Adg; +dB; AdY; = Zinj A dx;

Q—ZQ ZdL Adl; +dG; Adg; +dB; Add;

i=1

where: Xx; = (Xi17X127Xi3> Yi = (Yi17Yi27Yi3)
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Poincaré Coordinates (H. Poincaré, 1892)

Poi = (A, f,p,q) € R* x T® x R*® x R*"

pJ —I_ qu = \/Q(LJ — Gj)e—i(gj+19j) pJ—i—H _|_ 1qJ+n — \/Q(GJ L Bj)e—iﬁj

(py a5 )=1(0,0) &=  jth eccentricity =0

(pj—|—n7qj—|—n) — (O, O) < jth inclination = O

Qj = dLj Adfy +dp; Adqy + dpj4n A dQjtn
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The elliptic equilibrium (Arnold, 1963)

Consider the perturbing function expressed in Poincaré

coordinates, averaged over fi, ---, fly:

fPoinC (La P, q) — (27_‘_)11

/ fPoinC (L, g, p, q)dgl s dgn .
[0,27]®

Then

(pv q) =0

is an elliptic equilibrium point for fp(L,p,q), for all
L=(Ly, - ,Ln).
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Theorem on the stability of planetary motions
(Arnold, 1963)

“‘For the majority of inttial conditions under which the
instantaneous orbits of the planets are close to circles lying in
a stngle plane perturbations of the planets one another produce
wnm the course of an infinitte time little change of these orbits,

provided the masses of the planets are sufficiently small.’’
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The long proof of Arnold’s theorem

V. I. Arnold, 1963: planar three--body problem. Uses

Poincaré coordinates;

J. Laskar & P. Robutel, 1995:

spatial three--body problem.

Use Jacobi reduction of the nodes;

M. Herman & J. Féjoz, 2004:

general problem. Use Poincaré

coordinates + abstract arguments to reduce degeneracies

(indirect proof);

L. Chierchia & G. Pinzari, 2011: general problem. Use RPS

coordinates (direct proof).

measure of the invariant set.
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Perihelia reduction:

All these proofs are based on KAM Theory.

a) Arnold’s KAM Theory requires:

al) f(L,p,q) is in BNF of sufficiently high order:

P +ai
f(L,p,q) = o°(L —|—ZO’ )T + = ZO’lJ )TiTs + - T = ————

i,j=1

a2) deto? # 0 (twist condition).

Used by Arnold, 1963; Laskar & Robutel, 1994; Chierchia & P.,
2011.
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Perihelia reduction: 15

b) Herman’s (weaker) KAM Theory requires that the frequency map
L — w(L) := (Ouhkep(L), 0" (L))
is non-planar:

w(l)-c#0 forall ¢ =(cqy, " ,Cpuin) € R* XR"

Used in an indirect way by Herman & Féjoz, 2004.
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« Refined KAM theory is not enough to construct quasi-periodic

motions.

« To construct BNF, in general, one needs

m

m
Y olki £0 YV 0# (ke kn) €20, > [k <M
i=1

i=1
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Perihelia reduction:

The degeneracy due to rotations, and Herman’s

Consider the formal associated BNF

%—j{:cf 73—+ j{: 0 7175 : Ti = Ei%;ﬂi

i,j=1

Then

ol (L)=0 (Arnold, 1963)

S tolL)=0  (Herman, 1990s)

Thts prevents the construction of Birkhoff nmormal form, hence
checking Arnold’s condition, as well as checking Herman’s

condirtion.
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The rotational degeneracy appears at any order
of BNF

Moreover:

of .. 3 (L)=0 if ij;=2n for some j (Chierchia & P. 2011).

11,...

In particular:

=0=03,, = deto’(L)=0.

i,2n

This vrolates Arnold’s condition.
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However. ..

The proper degeneracy allows for more freedom in the choice of

coordinates.
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Keplerian ellipses

& = (Li,1;,C;,P;) €Ry X T X R® x S2

—

G
A 1.
//‘ié%%?
L? — semimajor axis, l; = mean nomaly

C; = angular momentum, P; = perihelion, P; L C;, |Piy|=1
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Perihelia reduction:

Good systems of coordinates

We like systems of coordinates of the form (L, 1, Y, X) where
L.::(Ll,---,Ln) 7 1_::(11’...71n)

and the 4n coordinates
X:::(Xl,'-- ,in) 7 Y:::(Yl,'-- 7Y2n)

parametrize (possibly mixing) the planet’s perihelia and angular

momenta:
P17 7Pn ’ C17 7Cn
and, moreover
n 2n
Q:ZdLi/\dliJerYi/\dXi .
i=1 i=1
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Perihelia reduction: 22

Classical systems of coordinates (up to 2011)

1) Delaunay-Poincaré coordinates (~1890; available for all n).

Widely used in the literature: Tisserand, Poincaré, Arnold,

Nekhorossev, Robutel, Albouy, Herman, Féjoz, Kaloshin, ...

2) Jacobi-Radau reduction of the nodes (1842; three bodies;

reduce integrals, keep reflection symmetries)

Reduce the number of degrees of freedom by 2; bypass degeneracies. Used

by Laskar & Robutel. Awvailable just for n=2.
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New entries (2009/2011--> present)

3) Boigey-Deprit coordinates (F. Boigey, 1982; A. Deprit, 1983);

Applications: wunknown (out of the case n=2, where they reduce to Jacob?

reduction of the modes).
4) RPS coordinates (P. 2009, Chierchia & P. 2011).

Due to P. 2009, after rediscovering Deprit’s coordinates. Reduce just
one degree of freedom; bypass rotational degeneracy; keep symmetries
(reflections and rotation around C). Allow for a direct proof of

Arnold’s theorem (Chierchia & P., Inv. Math., 2011).

5) Perihelia reduction (P. 2015).
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Perihelia reduction: 24

Boigey—-Deprit coordinates: mailn features

Boigey-Deprit coordinates are action—-angle coordinates for n

particles
(L,T,%,1,v,%) € R* XR* X R* X T* x T" x T"

Two couples of the

U= (¥, %) = (1, 1)

are mostly important:

‘I’n = Z \Pn—l =
an::: C #&k—l::: g
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Perihelia reduction: 25

For a system of n particles in E=R®, consider

]
Cj = X3 XYj SJ = ch S, =C= (Cl,CQ,Cg) . integ'r‘als

i=1
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A negllglble Couple (i. e. the rotational degeneracy)

4C)L
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Perihelia reduction: 27

Generalizing Jacobi--Radau’s construction

-
S,
G
S .
Z; >
’

~

L.

vy — fixed, 141 = line of the nodes, moving
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Iteration
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Regular Planetary Symplectic Coordinates

)
L
< n
Ei:1i+%+z¢k Yo =0
X i—1
( n
pi = v/2(Ls —Ti)cos (i + > 1)
< i_ln
Q= —v/2(Ls —Ty)sin(vi + > 1)
\ i—1
/ n
Pj+n = \/2(Fj+1 + Y51 — ‘I’j)COSZ Vx
X ' a
Qj4n = —\/2(rj+1+qu_1—qu)sin2¢k 1<j<n-—1
\ i
)
< Pon = v/ 2(G — Z)cos(
| qm = —/2(G — 2)sin¢ (P. PhD, 2009).
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Direct proof of Arnold’s Theorem

e Let

”~

f) — (pla"' 7p2n—1) ) q — (q17°°' 7q2n—1)) .

« The averaged perturbing function of the planetary problem

frrs(L, P, Q) = / foore (L, £, D, @)l - - dly
Tn

can be put in BNF.

e This BNF has non trivial twist.
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Three Remarks

. Jacobi--Radau, Boigey—--Deprit’s coordinates are not defined

for the planar problemn.

« Except for n=2, there are not parities associated to
reflection symmetries. Imn particular, the elliptic

equilibrium 1s lost, under full reduction.

« RPS coordinates are defined for the planar problem, but
reduce just ome d. o. f. Moreover, they are specific

coordinates for the elliptic equilibrium.
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Some questions concerning their application

« What about quasi-periodic motions away from the elliptic

equilibrium?
« Do they exist?

e Which is their measure?
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Theorem 1 [P. arXiv 2015, 78 p. A variant of Arnold’s Theorem]

Let neN, n>2, 0< epip < €pax < 0.6627. Assume

aj ol on
€nin < €5 < epax , a< ay " <ca® , and pu<ca
i+1

Then:

1) a positive measure ‘‘Cantor’’ set of (3n-2)-dimensional

quasi—pertodic motions exists, with

meask, ;5
K as a—0

measB,

11) Such set tends to the corresponding (2n-1)-dimensional set of

motions of the planar problem when the inclinations tend to zero.

A related result has been announced by J. Féjoz since 2013.
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The reduction of perihelia

DY

b
Snez

0Ny
&

Loy
—b
— >

Y

£oa

-
Nam
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Consider the following sequence of ‘‘third axes’’

k — Sy = P - 5S40 = - = 51 — Py
! | |
arbitrary C Cy
where
J
Sj::EE:Ci::jth partial angular momentum, P; = jth perihelion
i=1
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The coordinates P = (L,¥,0,1,%,0)

4©)L
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The other coordinates
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Novelties

e« P coordinates are defined for planar problems. In fact, they

are singular when S; || P;, or P; || S;_ 1.

« There 1is an tnvolution associated to reflection symmetries:
R: (8,9,L,9,¢,1) = (—8,¥, L, —v,¢p,1) mod 27Z"
. There are 2! planar equilibria:
(B8;,9;) = (0, ky7) ki =0, 1, i=1---,n—1

associated to R.

o« The tori of Theorem 1) are obtained as bifurcating from the

equilibrium
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The next challenge: to prove co-existence of

stable and unstable motions
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A result by Jefferys and Moser, 1966

In the three--body problem there exists a Cantor family of

three-—dimensional hyperbolic tori provided:
1) the planets’ eccentricities are very small;
11) thetir mutual inclination ¢ 4s sufficiently large:

3
cos®i < c (40° < 4 < 140°) .

NB: for small mutual inclination hyperbolic tori turn to be
elliptic, with possibly different number of frequencies.
(Laskar & Robutel 1995; Biasco, Chierchia & Valdinoci, 2003).
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New hyperbolic tori in the spatial 3BP

(co-existence of stable and unstable motions)

Theorem 2 (P. work in progress)

In the three--body problem there exists a Cantor family of

hyperbolic tort with three independent frequencies, provided:

1) the mutual inclination is wvery small;

11) the two planets revolve opposite one two the other, with the

outer one clockwise with respect to C;

111) the following conditions are satisfied

Ll > lein(‘CD ’ L2 > L2min(|C|) ’ ‘C‘ < ‘Couterl < ‘Couter|max(L17L27 ‘CD
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Full Nekhorossev stability in spatial 3BP

Theorem 3 (P. work in progress)

All the motions of the three body problem where mo mean motion
resonances occur and the eccentricity of the inner planet s

sufficiently small are Nekhorossev stable.

(Nekhorossev, 1977; Niederman, 1996): stability of semi——major
ares; (P. 2013): full stability for planar 3BP.
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The three--body secular Hamiltonian in Jacobil

coordinates
a3
Jac - 88.% Gg
G? G?
x((Bcoszi-—-1)@5——3£§)-+-1551n21(1-— E%)0052g1>
1 1
, GZ + G5 — G2
COS1 =
2G4Go

(Harrington, 1969)
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and in P-coordinates

2 3 2 2
— aj L2{5 2 2 34@1_G2(2 2 2
fr = mm,—— —2|—-(30% —G2) — = G2+ G2 — 26
P 1 2‘433 Gg 2(: 1 2) 9 L% 2 1
1 (G2 — 02)(G% — B2
+2\/(G§—@§)(G2—@§)cosz91)+5( 2 1}12 1)sin2191
1

+const + h.o.t.(a; /ay)
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Thank You!
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