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Introduction

Smale, DIFFERENTIABLE DYNAMICAL SYSTEMS 1967.

”the

same phenomena and problems of the qualitative theory of

ordinary differential equations are present in their simplest form in

the diffeomorphism problem. Having first found theorems in the

diffeomorphism case, it is usually a secondary task to translate the

results back into the differential equations framework. ”.

Lorenz 1963: Example of a persistent singular attractor (with

periodic orbits accumulating on the singularity).
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Star flows and Hyperbolicity

Definition

A vector field X is called a star flow if every periodic orbit of any

vector field C
1
-close to X is hyperbolic.

A Star diffeomorfism is hyperbolic and viceversa

Not true for Flows: Splitting of singularities and periodic

orbits are not compatible.
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Star flows and Hyperbolicity

Questions and Answers

Blackboard:

Can a Star flows be characterized by a weaker form of

hypebolicity? How do we make the two different splitting

compatible?

Definition

We say that a compact invariants set Λ for a vector field X is

Singular hyperbolic, if the tangent space splits invariantly and

continuously in one of the following ways:

TΛM = E
ss ⊕ E

cu
with E

ss
contracting and E

cu
volume

expanding,

TΛM = E
cs ⊕ E

uu
with E

cs
volume contracting and E

cu

expanding.
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Star flows and Hyperbolicity

An isolated chain recurrent class of a star flow X on a 3 or 4

manifold are either hyperbolic, or singular hyperbolic, the

same is true for robustly transitive sets. (Morales, Paćıfico and

Pujals, and Li, Gan and Wen ).

It was recently proven by Yi Shi, Shaobo Gan and Lan Wen

for every chain recurrent class C of X a generic star flow X , if

all singularities in C have the same index, then the chain

recurrent set of X is singular hyperbolic.
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Questions and Results

We could ask:

Are there Star flows with singularities of different indexes in

the same Chain recurrent class?

Can this be made so that the behavior is robust? (the

neighbor flows have chain recurrent classes with singularities

of different indexes)

if they exist, do they have some weak form of hyperbolicity?.

In order to understand the big picture in higher dimensions, new

examples need to be generated, to illustrate the different

possibilities.
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Results

Theorem (j.w C.Bonatti)

There exists a compact manifold M with dim(M) = 5 such that

there is a C1
open set U1 ⊂ X 1

(M) and an open set U ⊂ M such

that for any X ∈ U1
we have the following properties:

U is an isolating neighborhood, and we call ΛX the maximal

invariant set of X in U.

All periodic orbits in U are hyperbolic with the same index.

There are 2 hyperbolic singularities σ1 and σ2 in ΛX such

indσ1 = indσ2 + 1.

Both singularities are accumulated by periodic orbits and both

are in the same chain recurrent class.
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The construction in R3

Connect a Lorenz attractor and a Lorenz repeller by some region

such that radial foliation is taken by the flow to cut an annulus in

the bottom radialy:
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The construction in R3

Using it to connect the Lorenz attractor with the repeller:

We now need to create orbits going from the lorenz atractor to the

lorenz reppeler, We would not be able to do this in dimension 3.
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The construction in R3

Now we include this dynamics in a five dimensional space
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The construction in R3

Comments on hyperbolicity

The example

Is not Singular hyperbolic

has no dominated splitting of tangent space

, we search for hyperbolic properties in the Normal space

Blackboard:
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The construction in R3

Comments on hyperbolicity

As in Li, Gan, Wen ’s work, we extend de Linear Poincaré flow

to the singularity.

Definition

We call reparametrized linear Poincaré flow and we denote Ψt , the

linear cocycle defined as follows: Ψ
t
(L, u) = �Dφt(v)�

�v� · ψt
N(L, u)

where L ∈ P(M) is the flow direction, u ∈ N the normal space at L

and v a non vanishing vector in L.

In our example the reparametrized linear Poincaré flow is

Hyperbolic We call this propertie, Multisingular Hyperbolicity

and it is robust.
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The construction in R3

Grazie!

Thank you!

Gracias!
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